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1 Introduction

Recent empirical papers, including Nielsen, Sgrensen and Taber (2010), Landais (2015), Si-
monsen, Skipper and Skipper (2015) and Card, Lee, Pei and Weber (2016), conduct causal
inference via the regression kink design (RKD). A natural extension with a flavor of treatment
heterogeneity is the quantile RKD (QRKD), which is the object that we explore in this paper.

Specifically, consider the quantile derivative Wald ratio of the form

QRKD(r) = et DX B e v ) (11)
i, L0(2) — Lt pg, 20()

at a design point xy of a running variable x, where Qy|x(7|z) := inf{y : F(y|x) > 7} defines
the 7-th conditional quantile function of Y given X = z, and b is a policy function. Note that

it is analogous to the estimand of Card, Lee, Pei and Weber (2016):

limgz, 2 EBlY | X = 2] — limgp,, 2 E[Y | X = 1]

G ’

RKD =

1.2
limg |4, %b(m) — limgtg, (1.2)

except that the conditional expectations in the numerator are replaced by the corresponding
conditional quantiles. While the QRKD estimand (1.1) is of potential interest in the empirical
literature for assessment of heterogeneous treatment effects (e.g., Landais, 2011), little seems
known about econometric theories of identification, estimation, and inference. This paper
develops causal interpretation (identification) and estimation theories for the QRKD estimand
(1.1). Consequently, we also propose methods of inference for heterogeneous treatment effects
based on the QRKD.

Making causal interpretations of the QRKD estimand (1.1) is perhaps more challenging
than the mean RKD estimand (1.2) because the differentiation operator - and the condi-
tional quantile do not ‘swap.” For the mean RKD estimand (1.2), the interchangeability of

the differentiation operator and the expectation (integration) operator allows each term of the



numerator in (1.2) to be additively decomposed into two parts, namely the causal effects and
the endogeneity effects. Taking the difference of two terms in the numerator then cancels out
the endogeneity effects, leaving only the causal effects. This trick allows the mean RKD es-
timand (1.2) to have causal interpretations in the presence of endogeneity. Due to the lack
of such interchangeability for the case of quatiles, this trick is not straightforwardly inherited
by the quantile counterpart (1.1). Having said this, we show in Section 2 (and more formally
in Appendix A.1) that a similar decomposition is possible for the QRKD estimand (1.1) by
applying Sasaki (2015), and therefore argue that its causal interpretations are possible.

For estimation of the causal effects, we propose sample-counterpart estimators for the QRKD
estimand (1.1) in Sections 3. To derive their asymptotic properties, we take advantage of
the existing literature on uniform Bahadur representations for quantile-type loss functions,
including Kong, Linton and Xia (2010), Guerre and Sabbah (2012; 2014), and Qu and Yoon
(2015a). Qu and Yoon (2015b) apply the results of Qu and Yoon (2015a) to develop methods
of statistical inference with quantile regression discontinuity designs (QRDD), which is closely
related to our QRKD framework. We take a similar approach with suitable modifications
to derive asymptotic properties of our QRKD estimator. Weak convergence results for the
estimator as a quantile process are derived. Applying the weak convergence results, we propose
procedures for testing treatment significance and treatment heterogeneity following Koenker
and Xiao (2002), Chernozhukov and Ferndndez-Val (2005) and Qu and Yoon (2015b). In
Section 4, we conduct Monte Carlo experiments. The results of the experiments support our
theoretical properties.

Literature: The model and method studied in this paper fall in the broad framework of
design-based causal inference methods, including RDD and RKD. There is an extensive body

of literature on RDD by now — see for example the special issue of Journal of Econometrics



edited by Imbens and Lemieux (2008) and the literature review by Lee and Lemieux (2010).
The first extension to quantile treatment effects in the RDD framework was made by Frandsen,
Frolich and Melly (2012). More recently, Qu and Yoon (2015b) develop uniform inference
methods with QRDD that empirical researchers can use to test a variety of important empirical
questions on heterogeneous treatment effects. While the RDD has a rich set of empirical and
theoretical results including these quantile extensions, the RKD method that developed more
recently does not have a quantile counterpart in the literature yet, despite potential demands
for it by empirical researchers (e.g., Landais, 2011). Our paper can be seen as either a quantile
extension to Card, Lee, Pei and Weber (2016) or a RKD counterpart of Frandsen, Frolich and

Melly (2012) and Qu and Yoon (2015b).

2 Causal Interpretation of the QRKD Estimand

The causal relation of interest is represented by the structural equation

y = g(b,z,e).

The outcome y is determined through the structural function g by two observed factors, b € R
and z € R, and a scalar unobserved factor, ¢ € R. We assume that g is monotone increasing
in ¢, effectively imposing the rank invariance; causal interpretations in a more general setup
with non-monotone g and/or multivariate € is discussed in Appendix A.1. The factor b is a

treatment input, and is in turn determined by the running variable x through the structural

equation
b=0b(z)
: : : : : db
for a known policy function b. We say that b has a kink at xq if b'(z]) := lim, St d(;) #+
lim,_, - % =:V/(zy) is true, where x — x¢ and x — z, mean z | 7y and z 1 x¢, respectively.
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Throughout this paper, we assume that the location, xg, of the kink is known from a policy-

based research design, as is the case with Card, Lee, Pei and Weber (2016).
Assumption 1. V' (zg) # V' (xy ) holds, and b is continuous on R and differentiable on R\ {zo}.

The structural partial effects are g;(b,z,€) := %g(b,x,e), go(b,z,€) == %g(b,x,e) and
g3(b,x,€) := % g(b, x,€). In particular, a researcher is interested in g; which measures heteroge-
neous partial effects of the treatment intensity b on an outcome y. While the structural partial
effect g; is of interest, it is not clear if the QRKD estimand (1.1) provides any information
about ¢;. In this section, we argue that (1.1) does have a causal interpretation in the sense
that it measures the structural causal effect g1(b(xg), 2o, €) at the 7-th conditional quantile of
€ given X = xy.

Under regularity conditions (see Appendix A.1), an application of Lemma 1 of Sasaki (2015)

to the current model yields the decomposition

9 B L B fjoo %fs\X(e | x>d€
%QYP{(T | 2) = g1(b(), 2, €) - (z) + ga(b(z), T, €) Fox(e] @)

where 7 = Fx(e | x). The first term on the right-hand side is the partial effect of the

-g3(b(x),x,€), (2.1)

running variable x on the outcome y through the policy function b. The second term is the
direct partial effect of the running variable on the outcome y. The third term measures the
effect of endogeneity in the running variable x. We can see that this third term is zero under
exogeneity, a% feix = 0. In order to get the causal effect g;(b(z),x,€) of interest through the
QRKD estimand (1.1), therefore, we want to remove the last two terms in (2.1).

Suppose that the designed kink condition of Assumption 1 is true, but all the other functions,
91, 92, g3, 1/ f-|x and & f. x, in the right-hand side of (2.1) are continuous in (b, z) at (b(z), zo).
Then, (2.1) yields

ZQyix (| xf) — £Qyx (7 | zy)
b () — U'(xq)

= gl<b(x0>’ Zo, 6)7



showing that the QRKD estimand (1.1) measures the structural causal effect g1 (b(x), xo, €) of
b on y for the subpopulation of individuals at the 7-th conditional quantile of € given X = x.
This section provides only an informal argument for ease of exposition, but Appendix A.1
provides a formal mathematical argument under a general setup without the rank invariance

assumption. Furthermore, we provide a result for the case of fuzzy QRKD in Appendix A.2.

3 Estimation and Inference

We propose to estimate the QRKD estimand (1.1) by the sample counterpart

b
QRKD(r) = limg, .z, 0 () — limgpg, '(2) o

with the two terms in the numerator given by the one-sided local linear quantile smoothers

B*(r) = i} arg min Z d;rK(xih_ o
a,f3 i1 n,T

)p-(yi — o — B(x; — x9)) and

A

f7(1) = 15arg minZdi—K( -
a,B i—1 n,T

Xy — Xo

)PT(% —a— Bz — xo)%

for 7 € T, where T C (0, 1) is a closed interval, K is a kernel function, p,(u) = u(r —1{u < 0}),
di = 1{x; > xo}, d; = 1{x; < 20}, and 15 = [0,1]". A researcher observing a sample {y;, x;}7",
of n observations can compute (3.1) explicitly to estimate (1.1).

In the remainder of this section, we first develop Bahadur representations for the compo-
nent estimators, B+<T) and B_(T), uniformly in 7 over T". Second, weak convergence results are
developed for quantile processes for B+(T) and B ~(7), which in turn yield weak convergence re-
sults for quantile processes for the QRKD estimator of treatment effects. Third, using the weak
convergence results, we propose some tests of hypotheses concerning heterogeneous treatment

effects.



We fix some notations for convenience of our analysis. Although they are not direct objects

df K (520)p- (yi —

of interest, the level estimators are denoted by 4" (r) = Jfargmin} ., d;

a,B8
d; K (5720)pr(ys — o = B(x; — x0)), where 1 =

i=1""

a — B(x; — xg)) and & (7) = ¢y arg min H "
a,p

[1,0]". We define the kernel-dependent constant matrices N*(7) = [77(1,u) (1, u) K (u)du and

N=(1) = ffoo(l, w)' (1,u) K (u)du. Some transformations of data points are succinctly written

as z;,, = (1,(¥; — 20)/hn-) and Ki,, = K(3="). Define the linear extrapolation error
+ ~
e = [Q(7]xg) + (2 — mo)%] — Q(7|z;) and the estimation errors ¢(7) = \/nh, [&* (1) —

Qt|l), P, (BT (1) — 8Q(8T:|f ). We make the following assumptions.

Assumption 2. There exist T > xg and z < xg such that the following conditions are satisfied:
(i) (a) The density function fx(-) exists and is continuously differentiable in a neighborhood of
xo and 0 < fx(xg) < 00. (b) {(yi,z;)}Py is an i.i.d. sample of n observations of the bivariate
random vector (Y, X).

(i) (a) fyix(ylz) is Lipschitz continuous on [inf(; )erx (ng.2) Q(T|T), SUD(r 1yt (20,21 R(T|T)] X
(20, 7] and [inf (- yerx(z.me) Q(T|T), SUD(-p)erx(pm) @(TIT)] X [2,20). (b) There exist finite con-
stants fr, > 0, fu > 0 and € > 0, such that fy|x(Q(7|x) + n|x) lies between fr and fy for all
TeT, |n <eandx € [z, 7]

(iii) (a) Q(7|xd), 0Q(T|xd)/0T,Q(T|xy), and dQ(7|ry)/OT exist and are Lipschitz contin-
wous in T on T. (b) 0Q(7|x)/0x and dQ*(t|x)/0x* exist and are Lipschitz continuous on
{(z,7)|x € (x0,Z], 7 € T} and {(z,7)|x € [z,20), 7 € T}.

(iv) The kernel K is compactly supported, Lipschitz, differentiable, and satisfying K(-) > 0,
[K)du =1, [uK(u)du = 0. Also, [;~u"K(u)du and ffoo uF K (u)du are finite for k =
1,2,3. The matrices N* and N~ are positive definite.

(v) The bandwidths satisfy h,, = c(7)h,, where nh3 — oo and h,, = o(n"'/°) as n — oo, and



c(+) is Lipschitz continuous satisfying 0 < ¢ < ¢(1) <€ < oo for all T € T.

Part (i) (a) requires smoothness of the density of the running variable. This can be in-
terpreted as the design requirement for absence of endogenous sorting across the kink point
x9. The i.i.d assumption in part (i) (b) is usually considered to be satisfied for micro data of
random samples. Part (ii) concerns about regularities of the conditional density function of Y
given X. It requires sufficient smoothness, but does not rule out quantile regression kinks at
xg, which is the main crucial assumption for our identification argument. Part (iii) concerns
about regularities of the conditional quantile function of Y given X. Like part (ii), it does not
rule out quantile regression kinks at xy. Part (iv) prescribes requirements for kernel functions
to be chosen by users. In Section 4 for Monte Carlo experiments, we propose an example
of such a choice to satisfy this requirement. Finally, part (v) specifies the rate at which the
bandwidth parameters diminish as the sample size becomes large. It obeys the standard rate
for a first-order derivative estimation, but we also require its uniformity over quantiles 7 in 7.
While h,, = o(n~'/?) is required for a valid inference without bias reduction. This requirement
can be relaxed to h, = O(n~'/%) if one is willing to take an additional step of bias reduction
— see Appendix B. Under this set of assumptions, we obtain uniform Bahadur representations

for the component estimators, 3+ (1) and B‘(T), of our interest.

Lemma 1. Under Assumption 2, we have

~ nhnﬂ'(éﬁ_(T) - Q(T‘wa_)) 1 -1 & 2 T 33+
o) = A e A L

A n 2 o2
A (B (r) — 28l ’

N (N*) "L (nhor) 2 S0 (7 — My < Q(rlza) N 2in e Kinrdi)
fx(xo)fnx(Q(TIfEJ)IxJ)

+ 0p(1)



uniformly in 7 € T. In particular, we have

R ) + LINTYL oo 92 +
o (3 ) - L), BT [T POT) 1 yiyan)

:‘/2(N+)_1(”hn,f)_% Yo (7= Wy < Q(rlx:)}) zimr Ko rdy)
Fx (@0) fyix (Q(7]2g)|zg)

+ 0p(1)
uniformly in T € T. Similar results hold for 5~ (7).

A proof is provided in Appendix D.2 — auxiliary results of uniform consistency that are used
to prove this theorem are also provided in Appendix D.1. The Bahadur representation obtained
in this lemma is uniform in quantiles 7 € T for a fixed location of the running variable x. Kong,
Linton and Xia (2010) derived a Bahadur representation that is uniform in x for a fixed quantile
level. Guerre and Sabbah (2012) derived a result that is uniform in both 7 and x for interior
points — see also Guerre and Sabbah (2014). Since we are interested in a representation at the
boundary point zy of the truncated distribution, and since we did not require the uniformity
in z, and we developed our approach more closely following Qu and Yoon (2015a).

Applying the uniform Bahadur representation in Lemma 1, we now establish weak conver-
gence results for our component estimators. We focus on B*, but a similar result follows for
B_. Furthermore, since these right and left estimators use two mutually exclusive sides of an
i.i.d. sample on the running variable, their asymptotic distributions are mutually independent
processes. This independence allows the asymptotic distribution of the QRKD estimator (3.1)
to be easily constructed using the asymptotic distributions of the two quantile processes of B+

and B*.

Theorem 1. Under Assumptions 2, we have the weak convergence

nh%,er(xo)fﬂX(Q(ﬂxS_)|$8_) X

R 7|t SN @ 20(7|xt
(B+(7) - aQ(a:l 0) o hn,T 2(]\; ) /D UZa Q@(xl 0)(1,u)/K(u)du) = G+(T),



for the zero mean Gaussian process G (1) defined over T with covariance function

E(GH(r)GT(s)) = (/{(T)/{(s))_lﬂ(r A s —18) (N T (r, s)(N1) ey

k(r) K(s)

!/
for each r,s € T, where T™(r,s) = [* [ } K(HZ‘T)) [1 u } K(KE‘S Ydu with k(1) =

Pz /B2 = CET;) > (¢/e) > 0. A similar result follows for 5 (7).

A proof is provided in Appendix D.3. While we write the above weak convergence result

/ — 2 +
explicitly accounting for the finite-sample bias term h,, . LQ(N;) : I UQW(L w) K (u)du, it

goes away in large sample as h, , goes to zero uniformly in 7 € 7". In other words, this bias
term can be considered to be absent in the above equation. With this said, in case one wish to
reduce this finite-sample bias, we propose in Appendix B how to estimate this bias term.

We are now ready to present a weak convergence result for our QRKD estimator (3.1).
By Section 2.1 of Giné and Nickl (2015), the sum of two independent Gaussian processes is
a Gaussian process with the mean (respectively, the covariance) being the sum of the means

(respectively, the covariances).

Corollary 1. Under Assumptions 1 and 2 we have the weak convergence

Jnhi, (QEJ?D(T) . QRKD(T))

1 [ G (1) 3 G (1)
Fx (o) (W(2g) = ¥ (29)) LIvix(Q(Tleg)|zg)  frix(QTlwg)|wg) ]

=Y(1) =

The random process Y'(-) has mean zero, as G*(7) and G~ (1) do. For any pair r, s € T of

quantiles, the covariance can be computed by:

1
fx(@o) (¥ (2g) — ¥ (2))?
EGH*(r)G*(s) EG™(r)G~(s)

Frix(Q(rlag)ag) frix (Q(slag)2g) i Frix (Q(rlzg)lag ) fyix (Q(s|g )z ) |

EY(r)Y(s)] =
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This uniform convergence result is applicable to many purposes, such as to compute uniform
confidence bands for the QRKD. Of particular interest may be the empirical tests of the fol-
lowing hypotheses among others.
Treatment Significance HS : QRKD(7) =0 forallTeT.
Treatment Heterogeneity Hl': QRKD(r) = QRKD(r') foral r,7 €T.
They are both considered in Koenker and Xiao (2002), Chernozhukov and Fernandez-Val (2005)

and Qu and Yoon (2015b), among others. Following the approach of these preceding papers,

the two hypotheses, HS and H{!, may be tested using the statistics

WS,(T) = sup|Q§l?D(7')| and

TeT
WH,(T) = sup QﬁD(T)—/QﬁD(T’)dT/,
TeT T

respectively. Consequence of Corollary 1 are the following asymptotic distributions of these

test statistics, a proof of which is provided in Appendix D.4.
Corollary 2. Under Assumptions 1 and 2, we have
(i) /nh3 W Su(T) = sup,er |Y (7)| under the null hypothesis HY ; and

(i) \/nh WH,(T) = sup,cr |¢prip(Y)(T)| under the null hypothesis HE', where ¢pxp
(9)(1) = g(7) — [, g(r")dr" for all g € L2(T), the space of all bounded, measurable, real-valued

functions defined on T.

4 Monte Carlo Experiments

Consider the following policy function with a kink at g = 0.
2¢ itz <0
b(x) =
0.5z ifx>0
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For convenience of assessing the performance of our estimator for homogeneous treatment effects

and heterogeneous treatment effects, we consider the following three outcome structures.

Structure 0:  g(b, x,€) = 0.0b + 0.5z + 0.052° + ¢
Structure 1:  g(b, x,€) = 0.5b + 0.5z + 0.052° + ¢

Structure 2:  g(b,z,€) = 0.5[0.5 + F.(e)]b + 0.5z + 0.052% + ¢

where F. denotes the CDF of €. Note that Structures 0 and 1 entail homogeneous treatment

effects, while Structure 2 entails heterogeneous treatment effects across quantiles 7 as follows.

Structure 0:  ¢1(b,z,Q:(7)) = 0.0
Structure 1:  ¢1(b,z,Q:(7)) = 0.5

Structure 2: ¢y (b,x,Q(7)) = 0.5[0.5 + 7]

Allowing for endogeneity, we generate the primitive data according to

2

ii.d. Ox POx0e
A 2

€ POX O o

£

where ox = 0. = p = 0.5. For estimation, we use the tricube kernel defined by

K(w) = o (1~ ul)’ 1{lu] < 1.

The bandwidths are selected with our choice rule based on the MSE minimization — see Ap-
pendices B and E for details.

Figures 1 and 2 show Monte Carlo distributions of the QRKD estimates under Structure 1
and Structure 2, respectively. In each of the two figures, the left column lists results with no
bias reduction, and the right column lists results with bias reduction (based on Appendix B).
The top row, the middle row and the bottom row list results for the sample sizes N = 1,000,

12



2,000 and 4,000, respectively. In each graph, the horizontal axis measures quantiles 7, while
the vertical axis measures the QRKD. The true QRKD are indicated by solid gray lines. The
other broken curves indicate the 5-th, 10-th, 50-th, 90-th, and 95-th percentiles of the Monte
Carlo distributions of our estimates based on 5,000 Monte Carlo iterations. We observe the
following four points in these figures. First, the displayed distribution shrinks for each structure
at each quantile 7 as the sample size N increases. Second, the results in the left column with
no bias reduction are biased. Third, the results in the right column with bias reduction indeed
improve the biases. Fourth, even the results in the left column with no bias reduction have the
bias diminishing in NV, evidencing the asymptotic unbiasedness. These aspects of the results
confirm that our methods work as in theory.

In order to more quantitatively analyze the finite sample pattern, we summarize some basic
statistics for the Monte Carlo distributions in Tables 1 and 2 for Structure 1 and Structure
2, respectively. In each table, the four column groups list the absolute biases (MC Bias),
the standard deviations (MC SD), root mean squared errors (MC RMSE), and the rejection
frequencies for point-wise 5%-level t-tests for the null hypotheses of the true QMTE values
(MC 5% Size). The upper half of each table displays statistics for the results with no bias
reduction (No BR), and the lower half of each table displays statistics for the results with bias
reduction (With BR). For each structure at each quantile 7, we again observe that SD and
RMSE decrease as the sample size N increases. We also observe that the results with bias
reduction have close-to-zero biases whereas those without bias reduction are biased. However,
the results with bias reduction tend to produce slightly larger SD and RMSE than those without
bias reduction. These patterns are consistent with our previous discussions on Figures 1 and 2.
Observe that the MC 5% sizes are reasonably accurate at each quantile for each structure with

bias reduction, while they can explode without bias reduction. We remark that the latter fact
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does not contradict with our theory, because the practical choice of optimal bandwidth based
on an approximate MSE fails to under-smooth the estimates while our theory of asymptotic
distribution without bias reduction requires an under-smoothing. As such, we recommend the
bias reduction in practice when one chooses to use the optimal bandwidth.

While these sizes concern about point-wise inference, we also provide uniform inference
results. Table 3 shows rejection probabilities for the 95% level uniform test of significance
(panel A) and the 95% level uniform test of heterogeneity (panel B) based on 1,000 Monte Carlo
iterations. Panel A shows that the rejection probability for the test of the null hypothesis of
insignificance does not increase in the sample size for Structure 0, while it increases in the sample
size for each of Structure 1 and Structure 2. Panel B shows that the rejection probability for
the test of the null hypothesis of homogeneity does not increase in the sample size for Structure
0 and Structure 1, while it increases in the sample size for Structure 2. These results are

consistent with the construction of Structure 0, Structure 1, and Structure 2.

5 An Empirical Illustration

In labor economics, causal effects of the unemployment insurance (UI) benefits on the duration
of unemployment are of interest from policy perspectives. The elasticity of labor supply with
respect to changes in unemployment insurance is an intertwining result of two endogenous
forces — the liquidity effects and the moral hazard effects. Landais (2015) demonstrates a
reinterpretation of these forces in terms of the traditional framework of dynamic labor supply,
and shows how the moral hazard effects of UI on search efforts can be explained by the Frisch
elasticity concept, i.e., responses of search efforts to changes in benefits keeping the marginal

utility of wealth constant. He then proposes an empirical strategy using the RKD to identify
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the moral hazard effects of UL. Using the data set of the Continuous Wage and Benefit History
Project (CWBH — see Moffitt, 1985), Landais estimates the effects of benefit amounts on the
duration of unemployment. In this section, we apply our QRKD methods, and aim to discover
potential heterogeneity in these causal effects.

In all of the states in the United States, a compensated unemployed individual receives a
weekly benefit amount b that is determined as a fraction 7; of his or her highest earning quarter
x in the base period (the last four completed calendar quarters immediately preceding the start
of the claim) up to a fixed maximum amount b, i.e. b = min{7 + &, bye}. The both
parameters, 71 and b,,.., of the policy rule vary from state to state. Furthermore, the ceiling
level b,,.. changes over time within a state. For these reasons, empirical analysis needs to be
conducted for each state for each restricted time period. The potential duration of benefits is
determined in a somewhat more complicated manner. Yet, it also can be written as a piecewise
linear and kinked function of a fraction of a running variable x in the CWBH data set.

Following Landais (2015), we make our QRKD empirical illustration by using the CWBH
data for Louisiana. The data cleaning procedure is conducted in the same manner as in Landais.
As a result of the data processing, we obtain the same descriptive statistics (up to deflation)
as those in Landais for those variables that we use in our analysis. For the dependent variable
y, we consider both the claimed number of weeks of UI and the actually paid number of weeks.
For the running variable x, we use the highest quarter wage in the based period. The treatment
intensity b is computed by using the formula b(z) = min{(1/25) - x, by}, with a kink where
the maximum amount is b,,,, = $4, 575 for the period between September 1981 and September
1982 and by, = $5, 125 for the period between September 1982 and December 1983.

Table 4 summarizes empirical results for the time period between September 1981 and

September 1982. Table 5 summarizes empirical results for the time period between September
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1982 and December 1983. In each table, we display the RKD results by Landais (2015) for a
reference. In the following rows, the QRKD estimates are reported with respective standard
errors in parentheses for quantiles 7 € {0.10,--- ,0.90}. At the bottom of each table, we report
the p-values for the test of significance and the test of heterogeneity.

We can observe the following patterns in these result tables. First, the estimated causal
effects have positive signs throughout all the quantiles, implying that higher benefit amounts
cause longer unemployment durations consistently across all the outcome levels. Second, these
causal effects are smaller and insignificant at lower quantiles, while they are larger and signifi-
cantly different from zero at middle and higher quantiles. This pattern implies that unemployed
individuals who have longer unemployment durations tend to have larger unemployment elas-
ticities with respect to benefit levels. This result is consistent with a simple intuitive story;
individuals with longer unemployment durations are associated with lower abilities and are
therefore more likely to show moral hazard. The extent of this increase of the causal effects in
quantiles is more prominent for the results in Table 4 (1981-1982) than in Table 5 (1982-1983).
Third, the causal effects are very similar between the results for claimed UI as the outcome
and the results for paid Ul as the outcome variable. The respective standard errors are almost
the same between these two outcome variables, but they are not exactly the same. Fourth, the
uniform tests show that the causal effects are significantly different from zero for the both time
periods. Lastly, the uniform tests show that the causal effects are significantly heterogeneous

in Table 4 (1981-1982), while the heterogeneity is insignificant in Table 5 (1982-1983).
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6 Summary

Economists have taken advantage of policy irregularities to assess causal effects of endogenous
treatment intensities. A new approach along this line is the regression kink design (RKD)
used by recent empirical papers, including Nielsen, Sgrensen and Taber (2010), Landais (2015),
Simonsen, Skipper and Skipper (2015) and Card, Lee, Pei and Weber (2016). While the
prototypical framework is only able to assess the average treatment effect at the kink point,
inference for heterogeneous treatment effects using the RKD is of potential interest by empirical
researchers (e.g., Landais, 2011). In this light, this paper develops econometric tools for the
quantile regression kink design (QRKD).

We first develop causal interpretations of the QRKD estimand. It is shown that the QRKD
estimand measures the marginal effect of the treatment variable on the outcome variable at the
conditional quantile of the outcome given the design point of the running variable. Second, we
propose a sample counterpart QRKD estimator, and develop its asymptotic properties for sta-
tistical inference of heterogeneous treatment effects. Using uniform Bahadur representations,
we derive a weak consistency result for the QRKD estimator. Applying the weak consistency
result, we propose procedures for statistical tests of treatment significance and treatment het-
erogeneity. We also discuss finite-sample bias reduction and bandwidth selection. Monte Carlo
experiments support our theoretical results. Applying our methods to the Continuous Wage
and Benefit History Project (CWBH) data, we find significantly heterogeneous causal effects
of unemployment insurance benefits on unemployment durations in the state of Louisiana for
the period between September 1981 and September 1982. Finally, while the main text mostly
focuses on the sharp QRKD that is relevant to our empirical illustration, we remark that iden-

tification and estimation results for the fuzzy QRKD are also available in Appendices A.2 and
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C for completeness.
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A Causal Interpretation in General Settings

A.1 Causal Interpretation without Rank Invariance

In this appendix, we inherit the basic settings from Section 2 except that the unobserved factors
e are now allowed to be M-dimensional, as opposed to be a scalar. As such, we can consider
general structural functions g without the rank invariance. Define the lower contour set of €

evaluated by ¢(b(z), z,-) below a given level of y as follows:
V(y,a) = {e € RM|g(b(x),z,€) < y}.

Its boundary is denoted by OV (y, x). Furthermore, the velocities of the boundary 9V (y, x) at u
with respect to a change in y and a change in x are denoted by dv(y, z;u) /0y and dv(y, x; u)/dx,
respectively. 3 denotes an (M — 1)-dimensional rectangle. For a short hand notation, we write
h(z,e) = g(b(z),z,€) and hy(z,€) = %. Let m™ and HM~! denote the Lebesgue measure

on RM and the Hausdorff measure on 9V (y, z), respectively.! Letting X = supp(X), we make

the following assumptions.

Assumption 3. (i) h(-,€) is continuously differentiable on X \ {xo} for all e € € and h(z,-)
is continuously differentiable for all x € X. (ii) ||Vch(z, -)|| # 0 on OV (y,x) for all (z,y) €
X x Y. (iii) The conditional distribution of € given X is absolutely continuous with respect to
mM, fox is continuously differentiable, and f.x € CH(X; LYRM)) is true. (iv) [5, . fox(€]
) dHM () > 0 for all (x,y) € X x Y. (v) OV (y,-) € CH(Z x X;RM) holds for ally € Y and
OV (-, z) € CHXE x Y;RM) holds for all x € X. (vi) dv(y,- ;-)/0x € CH(X; LY(X)) holds for all

y €Y and Ov(-,x ;-)/dy € CYY; L} (X)) holds for all x € X.

We obtain the (M — 1)-dimensional Hausdorff measure by the restriction of the function HM~! : oRY
R defined by HM~!(S) = supssginf {37, (diamU;)M~* | U2, S; D S, diamS; <} to the collection of

Carathéodory-measurable sets.
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Assumption 4. Let v(x,€) := |Vch(z,€)||™". There exist values p > 1 and q > 1 satisfying
p~ a7t =1 such that |Y(z, | ooy gy, -1y < 00 and |[fell ooy gy r-1) < 00 hold for

all (z,y) € X x ).

Assumption 5. There exists a function w € L*(OV (y,x), HM™') such that

Y (x, €)hy(, €) fox (e|x)| < wle) for all e € XV (y,x) for all x € X.
Assumption 6. limxﬁmga%Qy‘X(ﬂx) and limxﬁ%—a%QmX(ﬂx) exist.

Assumptions 3 and 4 are used to derive a structural decomposition of the quantile partial
derivative — see Sasaki (2015) for detailed discussions of these assumptions. The regularity
conditions in Assumptions 5 and 6 together facilitate the dominated convergence theorem to
make a structural sense of the QRKD estimand (1.1). With B(y, ) denoting the collection of

Borel subsets of 0V (y, ), we define the function p,, : B(y,z) — R by

Js HVeh—l(:Jc,e)er|X(€|J])dHM—l<€>

for all .
(o) or all S € B(y,x)

Nyﬁ?(S) = 1
favw,w) TV eh(z,0)l feix

The next theorem claims that this is a probability measure and gives weights with respect to
which the QRKD estimand (1.1) measures the average structural causal effect of the treatment
intensity b on an outcome y for those individuals at the 7-th conditional quantile of Y given

X:l'().

Theorem 2. Suppose that Assumptions 1, 3, 4, 5 and 6 hold. Then, p,, is a probability

measure on OV (y,x) for all (x,y) € X x Y, and we have
QRKD(r) = E,, ., [91(b(x0), %0, ¢)] (A1)
where T = Fy|x(y | o).

A proof is provided in Appendix D.7. We may derive a similar causal interpretation for the
case of fuzzy QRKD — see Appendix A.2. As is often the case in the treatment literature (e.g.,
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Angrist and Imbens, 1995), this theorem shows a causal interpretation in terms of a weighted
average. Specifically, (A.1) shows that the QRKD estimand (1.1) measures a weighted average
of the heterogeneious causal effects g1(b(xg), xo, €) displayed on the right-hand side of (A.1).
The weights given in the definition of p, ,, are proportional to f. x(€|zo)/||Vch(xo, €)| which
is positive on the conditional support of € given X = xy. In other words, the QRKD estimand
measures a strict convex combination of the ceteris paribus causal effects of b on y for those
individuals at the 7-th conditional quantile of Y given X = z3. One may worry about the
obscurity of the causal interpretations under the ‘weighted’ averages. There are two special
cases where the QRKD estimand allows for causal interpretations in terms of purely unweighted
averages, i.e., ||V h(xg,e€)| is constant in €. One example is the case where the structural
function g(b, z, - ) is monotone in a scalar unobservable €, which is the special case discussed
in Section 2. The other example is the more general case where the structure exhibits partial
additivity, e.g., g(b,x,€) = Zi\f:l emg™ (b, ). When an empirical practitioner is reluctant to
make either of these assumptions, the QRKD estimand can be still interpreted as a weighted
average measurement of the treatment effects among the subpopulation of individuals at the
7-th conditional quantile of Y given X = z(. In either of these cases, heterogeneity in values of
the QRKD estimand across quantiles 7 can be used as evidence for heterogeneity in treatment

effects. Therefore, we can still conduct statistical inference for heterogeneous treatment effects

based on the weak convergence results obtained in Section 3 and Appendix B.

A.2 Causal Interpretation of the Fuzzy QRKD

While Appendix A.1 focuses on the case of sharp QRKD, our identification result (Theorem
2) can be extended to the case of fuzzy QRKD in an analogous manner to the corresponding

extension in Card, Lee, Pei and Weber (2016). In the current appendix section, we show the
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causal interpretation for the fuzzy QRKD.

The fuzzy QRKD estimand reads as

limaye, 5:Qy(x (7 | ) — limaa, 5 Qvix (7 | 2)

limgzy 2E[B | X = ] — limgy, 2 E[B|X = 2]’

where B denotes the random variable for the treatment intensity. Unlike the sharp case, it is not
deterministically controlled by the running variable. With the M-dimensional unobservables

€ = (€1, €2) decomposed into two parts, we specify the relevant causal structure by

y = g(b,e)

b = b(l’,ﬁl)

For short-hand notations, we write bi(z,€;) = 2b(z,¢;) and h(z,€) = g(b(z, 1), 7, e2). With

these notations under the above setup, we make the following assumption.

Assumption 7. (a) b( - ,€1) is continuous on X and continuously differentiable on X \ {xq}
for all €;. (b) There exist an absolutely integrable function that envelops by(z, -) for all x. (c)
E[(bi(xg,e1) — bi(zg,e1))|X = @o] and [(bi(zg,€e1) — bi(zg, €1))dpy 0 (€) exist and are finite

and nonzero, where [, , is defined as in Section A.1.

Under this assumption, together with the basic assumptions from Section A.1, we obtain
the following causal interpretation of the fuzzy QRKD estimand by similar lines of proof to

those of Theorem 2.

Theorem 3. Suppose that Assumptions 3 (with the modified definitions of g, h and € in the

current appendix section), 4, 5, 6 and 7 are satisfied. For each y € Y, we have

limg 4, %wa(T | ) — limgty, %QYlX(T | z) _
limg ey ZE[B | X = 2] — limyygy ZE[B|X =] 0"

[91(b(0, €1), w0, €2)]

b x+,e —b1 (g ,€1))dpy,zq (€
where T = Fy|x(y | o) and 1y 4,(S) = ff“g((bll((xf,ell))fbf(;f,611));(1:;200((6)) for all S € B(y, x).
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B Bias Reduction and Bandwidth Selection

B(NT)™L roo QBQQ(TZM(J{)(

While the bias term h,, 2= 0 e

1,u) K(u)du in Theorem 1 is asymptotically
negligible, some users may wish to mitigate this finite sample bias by explicitly estimating

it. Such a reduction may make a difference especially when the uderlying quantile regressions

2Q(r|zd)

exhibit large curvatures. The second derivative —5—

can be consistently estimated by the

one-sided local quadratic quantile smoother

n
AT () = oare min S @ K (20
(7) = yarg min'y” 4/ K

) (yi — o = By — 20) — A — 5170)2),

i=1 T

where h,,, denotes a bandwidth parameter and ¢4 = (0,0, 1). The left version of the estimator
A~ (7) can be similarly defined. To ensure effective bias correction with these estimators, we
first obtain a uniform Bahadur representation for the second derivative estimator Min a
similar manner to Lemma 1, and then derive its asymptotic properties in a similar manner to
Theorem 1. To this goal, we introduce additional short-hand notations. Some transformations
of data points are denoted by z,, . = (1, (z; — %) /hnr, (x; — x0)?/h2 ) and K, » = K((z; —

70)/hn+). We let N* denote the 3-by-3 matrix with the (i, j)-th element given by ujﬂ;z =

Jo© w2 K (w)du. With these notations, we make the following assumption.

Assumption 8.
(1) 0Q3(7|z) /023 is finite and Lipschitz continuous on T X ([z, 7] \ {zo}).
(ii) 0Q3(7|xd)/0x® and 0Q3(T|xy)/0x® are finite and Lipschitz continuous in 7 € T.
(iii) The bandwidths satisfy hy. = c(7)hy,, where nh? — oo and h, = o(n~Y7) as n — oo, and
c(+) is Lipschitz continuous with 0 < ¢ < ¢(1) < ¢ < oo forall T € T.
(iv) h3h-° = o(1).
Following a similar argument to the proof of Lemma 3 by Qu and Yoon (2015b) and using
our Lemma 5 in Appendix D.1 yield the following Bahadur representation result for AT
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Lemma 2. Under Assumptions 2 and 8 (i)—(iii), we have

e (3 () - S22y
V) (o) S (7 — 1 < Q) Furd K
fx (o) frx (Q(7]2q) g

+ 0p(1)
uniformly in 7 € T. A similar result holds for 5\_(7').

With a similar reasoning as the proof of Theorem 1, this representation yields the following

asymptotic property.

Lemma 3. Under Assumptions 2 and 8 (i)-(iii), we have the weak convergence

A 2 T + _
B P ) o QU o) (3 ) — S TATEO) o, vy,

for the zero mean Gaussian process G (1) defined over T with covariance function

E(GT(r)GT(s)) = (ﬁ(r)m(s))_l/Q(r As—r1s)g(NT)Y T (r, s)(N1) g,

r(r)  w(r)
K(T) = Pz [ n1 o = C(CS%) > (¢/2) > 0. A similar result follows for A~ (7).

/
for each r,s € T, where T*(r,s) = [;* [1 _u_ H_QQ} K(=) ll t u? ] K( () du with

Proof. The proof is almost the same as the proof of Theorem 1. The only difference is that we

now work with the Bahadur representation from Lemma 2 instead of Lemma 1. O

With Lemmas 1-3, we can now derive a weak convergence result for the slope estimator Bt

with a uniform bias correction as follows.

Theorem 4. Under Assumptions 2 and 8, we have

s e (@l ) (3% = 2L o) [T 1R )
= G (1),

where GT(1) is defined in Theorem 1.
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Proof. From Lemmas 1 and 2, we can write

[e.9]

Tt s (QUrla o) (34 = ZETE) = & o)

o O w(1, u)’K(u)du>

B3\ 1/2
=An,+ (}_15’ ) B, +0,(1)

n,t

le(NJr)il(nhn,T)i% Z?:1<T - ]l{yi < Q(7—|xi)})zi,n,fdei,n,T)

AnT =
7 fx (x0)

BnT _ _Lg(N—F)_l(anﬂ')i% Z:’Lzl (T — ]l{yl S Q(T’:Ei)})zi,n,fdjki,n,f
’ fx (o)

The term A, , weakly converges to G* by Theorem 1. Assumptions 2 and 8 imply that the

second term is o0,(1) since B, ; is O,(1) by Lemma 3. Therefore, the desired result follows. [

We can define a version of the QRKD estimator with bias reduction by

(3*(1) = 5 (1) = (Bpta 3 ()N ) R = A (1)(N) ' R0))

QRED yp(7) = V(xg) — V(wg) |

where RY = [* v*uK (u)du and R~ = [°_ w*aK (u)du. By similar lines of argument to Corol-

lary 1, we obtain the following weak convergence result for this estimator with bias reduction.

Corollary 3. Under Assumptions 1, 2, 8, we have the weak convergence

Jnhi, (Q/R?DBR(T) . QRKD(T))
1 { G*(1) B G~ (1) .
Vix(@o) (0(xd) = ¥(z9)) Livix(Q(Tlzg)l7g)  frix(Q(T]7g)]7g)

Finally, we discuss bandwidth choices. We derive the first-order optimal bandwidths in

=Y(1) =

terms of mean square errors (MSE) in finite sample.

Corollary 4. Under Assumption 2, the approzimate optimal choice of hy,  is

1

e 6 T(1 = 7)h(N ) ITH(N )1y 3n_
"\ B(NH)TIDH)? (@) (fyx (Q(7l2g) 2 )2

where Dt = [ UZ%W(I,U)’K(U)CM, T = [ (L u) (1, u)K (u)du.

=

Y
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Corollary 5. Under Assumptions 2 and 8, the approximate optimal choice of Bnﬁ 18

e _90 _ (1= 7)y (NI TH(N*) g %n
"N GINT)TIDR)? fx (o) (frix (Q(7fag)|ag)?

~=

Y

where N = [°[1,u, v?][1,u, v?] K (w)du, TT = [[*[1,u,v?)[1,u,v?] K (u)*du, and D+ = [ u?

Qg ulzy 1, u, v?]' K (u)du.

Proofs are provided in Appendix D.5 and D.6. Note that these two corollaries prescribing
the approximate MSE-optimal bandwidth choices involve unknown densities, fx and fyx,
as well as the unknown conditional quantile function ). We suggest to plug-in preliminary
estimates, fX fy| x and Q, where bandwidth choices for these preliminary estimates in turn can
be conducted by existing rule-of-thumb or data-driven methods. See Appendix E for a guide

to practice in a bandwidth choice procedure.

C Estimation and Asymptotics for the Fuzzy QRKD

The main text focuses on the sharp QRKD. In this appendix, we provide an estimator for
the fuzzy QRKD estimand developed in Appedix A.2 and its asymptotic properties. The
conditional mean of the policy with errors, b(X,e1), is written as m(x) = E[b(X,e1)|X = z].
The regression is also represented by the canonical decomposition B = m(X) + U, where the
error U satisfies E[U|X = 0] = 0 and V(U|X = x) = ¢?(z). The fuzzy QRKD estimand can

then be estimated by

OREDA) = Z5 = )

where the numerator is the same as the one in Section 3. For denominator, we use the local

derivative estimator

o S B E — e) (— o S KIS
m (‘IO ) - 1 n xi—x0\ Jt+
nhn ZZ 1 K( hn )d
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as in Equation (4.14) of Pagan and Ullah (1999). The left counterpart, m/(z, ), can be defined
analogously. Notice that we are using h,, as the bandwidth for //(z¢). This is reasonable
for the asymptotic argument because, as we will see, /() and 47 () have the same rate of

convergence. We make the following assumptions.

Assumption 9.

(i) The partial derivatives of fx, m and [b*fpx (b, - )db exist up to the third order and are
bounded.

(ii) There exists a § > 0 such that E[|JU** | X = ] < oo and [ |K (u)*™° < c0.

(iii) || K'|| < o0

(iv) fyxp exists and is continuous in x for each (y,b) € R%. Also, there exists a > 0 such that
[’ (25) — m/ ()| > a.

(v) There exists an T such that Q(T|-) is monotone on (o, T).

Theorem 5. Under Assumptions 2, 7, and 9, we have

(m/(xg) — m'(2))Ga(7) = (B (1) = B~(7))Ga(b)

(m/(xg) = m’(xq))? ’

V3 (QREK D (1) — QRKD;(1)) =

where Ga is a Gaussian process with mean zero and covariance function as following: for any
gwenr, s, T €T and let b stand for the dimension of m'(x), Cov(Ga(b), Ga(D)) = 03, + 0y,

Cov(Ga(T),Ga(b)) = 0}y + 0., Cou(Ga(r),Gals)) = o/ + 0,

ot~ K0
T (;f/; e L e actmna

K (0)(b— Eb(X, &)|X = 20]) fyrxn(y, 70 + hav, b)dvdydb,

rss Where

ot = 0(1/2) rAs—rs) =Lty o +)-1,
" e els) o) o Qe oo o Qe faa) |0 TR T )

and the left counterparts are defined analogously.
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A proof of this theorem is provided in Appendix D.8

D Mathematical Appendix

D.1 Auxiliary Lemmas: Uniform Consistency

In this appendix section, we develeop the following auxiliary results that show uniform conver-
gences of some useful local sample moments over T'. While it is stated for right observations

only, we remark that similar results hold for left observations too.

Lemma 4. Under Assumption 2, we have

(i) (Nhy ) 30 KiprZinr 2 a5 fx(xo)NT uniformly in 7 € T;

,n, T

(1) (Nhr) ™" 30000 frix (Gils) 1nTZlnTZznrd:r = Frix(Q(r]zg)|zg) fx (wo) N uniformly in
T e T with any §; lying between Q(|x;) and Q(7|x;) + e;(1) + (nhpr )22 _dF (1) for each

l?’L’T (2

v

(iii) (nh%ﬂ_)_l Z?:l %(zﬁ;f()) 02 Q6x2|xo h2 Zi,n,er‘,n,rd;r i fxéxo) fooo U2 82626(;2\903) (1, u) K (u)du

uniformly in 7 € T.

Proof. (i): We claim FE [(nh,w) Yo Kinrzing2 dﬂ — fx(zo)NT uniformly in 7 € T and

1,MN, T 1

(hnr)” Zl K Zins ] dt 2 B [(nhnﬁ) Zl lKlnszszTdﬂ uniformly in 7 € T.

N, T

. B _ N2 -
We provide a proof for only th(nh, ) >0, KinsZinsZiprte = (nhnr) IS (a’;mjo) K(m;mjo )

Similar arguments apply for the other simpler entries.

First note that, by Assumption 2 (i)(a), (i) (b), (iv), and (v),

Euy(nhy, ) Z KinrZigrZip i 12 = / W’ K (u){fx(z0) + f'(x0)uhn . + o(uhy,.)}du.
0

Assumption 2 (i) (a) implies that f%(x) is bounded in a neighbourhood of . Assumption 2 (iv)
and (v) then implies that the right-hand side in the equation above is fx(x¢)tbNtio + O(hy.r).
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Since O(hy,,.) = O(c(T)hy,) = O(chy,), the convergence is uniform in 7 € 7.

In the remainder, we show the uniform convergence of the stochastic part using empirical
process theories. For notational convenience, we denote sup{supp(K)} = k. Let .F = {;
MR{K(G(IZ_TO ) > O}K(a ml_zo JI{z; > 20} : (1,a) € T x [0,00)}. Because each f € F
is right continuous under (iv) of Assumption 2, this family is a point-wise measurable class
— see Einmahl and Mason (2005) and Section 2.3 of van der Vaart and Wellner (1996). For
each (1,a) € {T x [0,00), x; — %1{[((%) > 0} is monotone on its support
and bounded by k? under (iv) of Assumption 2. Meanwhile, ¢(7) is finite and bounded away
from 0 uniformly in 7 € T under (v) of Assumption 2, and so is (1/¢(7)). Therefore, x; —
“(f(lT—_IO)Q]l{K (a(“( 1 arizo)y 5 0} is of bounded variation. x; — 1{z; > zo} is trivially of bounded
variation. Putting them together, we have that each element in .% is of bounded variation with

K HKHOO , where the constant ¢ is from (v) of Assumption 2. Since

a measurable envelope F'(z;) =
F is a finite constant, ||F|l, = ([ ]FIQfX(xi)dxi)(lm < oo. Without loss of generality as it is

bounded, we can assume F' < 1. For a function of bounded variation being the difference of

two monotone functions, by Theorem 2.7.5 of van der Vaart and Wellner (1996), there exists a

constant k < oo such that log Njj(e || F||, , F, La(P))

measures P supported on supp(X).

Now, for every finite §, we have J(4, .7, F) = f(f supp /1 +log Nij(e|[Flly,-#, Lo(P))de <

fgul%—ﬁde < o00. Since F' € Ly(P), with any constant ¢° € [supscz Pf ||F||,], 6 =

o/ ||F|,and M = max;<;<, F(X;) < 0o, we can apply Theorem 5.2 of Chernozhukov, Chetverikov

and Kato (2014) to obtain

6, F, F)?
\/_Zf /fdPH < J(6,.Z,F)||F|,+ HM||25J2(\/75 . F)

lsup
fez
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Multiplying both sides by (v/nh,)~! yields

n n

E h,n_r 1 T; — X 2K T — X d+ hn,r 1 —SL’O LCZ'—.TO d+ :|
B R ol e R e R CORRD E e R g
1 M|, T(6, F, F)?

Thus, the right hand side goes to 0 if nhfw — 00 as n — oo. Finally, Markov inequality gives
the desired result.

(ii): As in the proof of (i), we show F [(nh,”) Yo Syix (Wil i) K Zim 7 2, dﬂ —

Fyix(Q(r)ad)|xd) fx (o) Nt uniformly in 7 € T, and then we show (nh, )t D" fyx(¥ilz:)
KHLTZWTZ””CZZ+ - F [(nhnﬁ) S Jyix (Gilzs) MTZMTZMTdﬂ uniformly in 7 € T.
First we bound |Q(7|z;) — (Q(7|z:) + ei(1) + (nhy,,) Y22 QE(T)MH{K(%;—?) > 0} =

M, T

,n,T

lei(T) + (nh, )42 QB(T)IH{K(%) > 0}. Following part 1 of the proof of Theorem 1 in
Qu and Yoon (2015a), and using part (i) of our Lemma 4, we have ¢(r) < +/Iognh, with

probability approaching one uniformly in 7 € T'. Therefore, under Assumption 2 (iv) and (v),

we have (nhy,.)" V22, _o(r JH{E(5-22) > 0} = Oy lognhn ) yniformly in ¢ and 7 € 7.

in, ‘r nhn

We next bound ei(T)IL{K(%) >0} = {[Q(T|xa“)+(:vi—x0)8Q(gm|a:o+)} _Q(T|IZ)}1{K(%) >

0}. By the mean value expansion of Q(7|x;) at = xo +  and let x — z§, we have

() L{J (520) > 0} = [2901a) 2000 () 1 { K (5=20) > 0} < M || (7, 20) — (, D)]| (i~

xo)ﬂ{K(%) > 0} < M ||(maxT,zp) — (minT, z)|| O(h,) = O(h,) uniformly in 7 € T for
some constant M by Lipschitz continuity and properties of bandwidth from Assumption 2 (iii)
(a), (iii) (b) and (iv).

Similarly, we can bound |Q(r]zg) — Q(7]x:)|1{K (% 2*) > 0}. By the joint Lipschitz
continuity from Assumption 2 (iii)(a)(b), we have |Q(7|zd) — Q(T|x2)|]l{K(%) > 0} <
M ||(xg, ) — (x;, 7)|| = O(h,) uniformly in 7 € T for some constant M.

Combing the auxiliary results above, we have |Q(7|x;) — MIL{K(%) >0} < |Q(7]x;) —
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(Q(rlwi)+es(r)+(nhn) 722, () L{K (5722) > 0} = Op(y/4522) +O(hy) and |Q(r a7 )

Q(7]x;) | I{K (%) > 0} < 1} = O(hy,) uniformly in 7 and in 7 € T. By the triangle inequality,

Q(7]xg) — 5| L{K (5=22) > 0} < Op(y/ lognh") + O(hy,) uniformly in ¢ and 7 € T'.
Using Assumption 2 (i) (a), (i) (b), (ii) (a) and (iv) along with the asymptotic bounds

obtained above,
EL2 nh?’lT ZfYIX yz|xz) znTZznTzzanj—L?
=fyix(Q(rlag)|2d) fx (0)es N Ttz + Op((log nhn /nhn)2) + O(hy)

holds uniformly in 7 € T'. Convergence of the other entries follows similarly.

a?(z;—0)? Ti a(r; —T al(x;—T
For the second part, let # = { z; — (o ZETJ)E/‘X(I]' “1{K( ( o )0)) > O}K(l—o)]l{xl >

zo} ¢ (1,a,0) € T x [0,00) X [Inf(70)erx (wo,2) Q(T|T), SUD (1 p)er (20,5) @(T]7)] }. Notice that
the interval of infimum and supremum is bounded by Assumption 2 (iii) (b). An argument

similar to the proof of (i) shows that each element in .# is of bounded variation with a

EQHKHOOSUP(%I) fY\X

: , where the supremum is taken over (z,y) €

measurable envelope F(z;) =
(20, 7] X [inf(r2)erx (20.2) Q(T|T), SUD (- 1y e (m0,7) @(T]2)], under parts (i), (iv) and (v) of As-
sumption 2. Applying the same inequality from Chernozhukov, Chetverikov and Kato (2014)
provides a bound for expectation that goes to zero if nh? — 0. Markov inequality then gives

the desired result.

2
_ S 92 & .
(iii): We focus on the entry thy(nhd )7' 37", %(I;Lnfo) %(;2'%)h?L’TzZ-,mTKi,n,deLg. Simi-

lar arguments apply to the other entries. The process is similar to (i). The deterministic

part can be shown by computing the expectation. For the stochastic part, let # = {x; —

aS(ZZT_)fO)g 82@(9(:;2'360 H{K(a xcl( )IO > O}K( ) 1{z; > 20} : (1,0) € T x[0,00)} is a VC type
class with a measurable envelope F'(x;) = k3m”+”°° where m = supp % < 0o under As-

sumption 2 (iii)(b) and T is compact. Then the same uniform consistency argument applies
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under parts (iii) (a) (b), (iv) and (v) of Assumption 2. The same inequality from Chernozhukov,

Chetverikov and Kato (2014) and Markov inequality give the desired result. O

Following similar reasoning, we also have the corresponding results for uniform convergences

of some local moments for local quadratic regression.

Lemma 5. Under Assumption 2, 8, we have

(i) (nhy. )10, K””z””z dJr = fx(zo)N*t uniformly in 7 € T

(i) (nﬁnﬁ) ZZ 1fY|X(%|‘731) ZnTzlnTZzanz i fY|X(Q(T|$§)|$3)fx($0)N+ uniformly in

7 € T with any §; lying between Q(7|x;) and Q(7|x;) + &(7) + (nhy )22, df ( ) for each

i, where (1) = \/nhp. |6 (7) — Q(rlzd), hpr (B (7) =2 ‘% ), k2, (Mﬂ-%%)y and
X, 2 T:E+
&i(r) = [Q(rlad) + (s — ) 22700 4 (4 — )2 22U _ (71
_ 3
fiii) ()7 S0y (52 ) RS 51 R D 50D [0 b TR, w, w2 K () du

uniformly in 7 € T.

D.2 Proof of Lemma 1

Proof. For this lemma, we mostly follow the proof of Theorem lin Qu and Yoon (2015a). The
major difference is that we focus on the second coordinate of gg instead of the first one. By step
1 of the proof of Theorem 1 in Qu and Yoon (2015a) which is applicable under parts (i), (ii) (a),
(ii) (b), (iii) (a), (iii) (b), (iv) and (v) of our Assumption 2, we have sup, oy ||o(7)|| < (lognh,)'/
with probability approaching one as n — oo. Asymptotically, therefore, we only need to focus

on studying the behavior of the subgradient

(subgradient) = Z{T — ) < ei(T) + (nhn,T)_l/zzg,n,qu(T))}Zi,n,TKi,n,de
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on the set @, = {(1,¢(7)) : 7 € T,||o(7)| < logl/Q(nhn)}, where v)(7) = y; — Q(7|z;) and

ei(1) = [Q(7]zg) + (zi — ﬂUo)aQ(aTJfg)} — Q(7|z;). Denote

Su(T,0(7), €i(7)) = 12 Z{P ) <ei(T) + (nhn,T)_lﬂzz(,n,rﬁb(T)) )

_]l(u?(T) <ei(T) + (nhn,7)71/2zz{,n,r¢(7))}Zi,n,‘rKi,n,‘rd;r'
Theorem 2.1 of Koenker (2005) and Assumption 2 (iv) imply (nh,)~'/? - (subgradient) =
O,((nh,,)~Y?) uniformly in 7 € T.

Following Qu and Yoon (2015a), we can rewrite the subgradient (scaled by (nh,)~/?) as

U Z{r ~ ) < ei() + (nho )220 S7)) 2t K

={S,(7,0(7), e:(7)) = S (7,0, (7))} + {Sn(7, 0, €i(7)) = Su(7,0,0)} 4 S,(7,0,0)

- QZ{T ) < &) + (nhag) 22 ()20 Y 2o K,

The differences inside the first two pairs of curly brackets are of order o,(1) on the set ®,, by
Lemma B5 of Qu and Yoon (2015a), which is applicable under parts (i), (ii) (a), (ii) (b), (iii)
(a), (iii) (b), (iv) and (v) of our Assumption 2. The S,,(7,0,0) term is O,(1) under Assumption
2 (i) (a), (iv), (v). The conditional probability in the last term is a conditional CDF of Y| X.
Applying the first order mean value expansion to the last term at y = Q(7|z;) yields

2 Z{T ) < e(7) + (nhng) ™22 S0 ) Y i K i

= - (nhn)_1/2 Z fY|X (gzlxz)ez (T)Zi,n,TKi,n,Td;'i_
i=1

— (nhn)_l/z(nh 1/ ZfY|X yszz) ’LTLTZlnTZznT i )QB( )

where §; lies between Q(7|x;) and Q(7|x;) + e;(7) 4 (nhy,) 22 _dFé(r).

l'I’L’T (2

Taking the above auxiliary results together, we can now rewrite subgradient (scaled by
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(nhy)~?) as
S (7‘ 0 O) —1/2 ZfY\X yz|xz)ez( )Zi,n,TKi,n,Td;_
— (nhn)*lﬂ(nh 1/ ZfY\X yz|x1) ’LTLTZZTLTZZTLT i )Qg( )

Recall that this subgradient (scaled by (nh,)~/2) is 0,(1) uniformly in 7 € 7.

By Lemma 4 (ii), (nhnﬁ) 27, 1 fYIX(yz|xz) 1717'21717'Zzn7'dj_ - fY\X(Q(7_|ZB(—)~_)|$(—)~_)JCX(:EO)]V+

uniformly in 7 € T" and so

Sy (7,0,0) — —1/2 ny‘x UilTi)ei(7)zin Ko di
Z(th:)l/Q[fyx(Q(T\fg)\xg)fx(fBo)N++0p( )]6(7) + 0p(1)

uniformly in 7 € T. Since N is positive definite and fyx(Q(7|zg)|zg) fx (o) > 0 by parts

(i), (ii) (b) and (iv) of Assumption 2, we obtain

(1) =(fx(0) fy1x(Q(7|z) |z )NT + 0,(1) )_lx

(
A 1/2
|: hn) Sn(Taovo)_(nhn,7>_1/2fY\X ‘:U() ‘:U() Zez Z’LTLT ’L’an +0p(1)

n,t

(D.1)
uniformly in 7 € T

Under Assumption 2 (iii) (a), (iii) (b) the Taylor expansion and e;(7) = [Q(7|x{) + (x; —

0Q(rlzg )]

To) =g, | — Q(7|x;) suggest that for any x; > x¢ such that (; —x0)/h, € supp(K), we have

. Lz, —xo 262@(7‘55(—;) 2 2
61(7—) - _§< hn;r > 8113'2 hn,r + O(hn,T)

uniformly in 7 € T. By Lemma 4 (iii), we have —(hy, ) 2(nhy-) "t > 0 €i(T)zinr Kin-d; Lt

@ o u?? a( FQUrirg) )(1,u)’K(u)du uniformly in 7 € T. Substitute this and S, (7,0,0) with its
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definition into equation (D.1), we have

; (NJr)il(nhn,T)_% Z?:l (1 — Wy < Q(T|xi)})zi,n,TKi,n,de_)

(1) = fx(:vo)fwx(Q(TIxJ)!xo*)
 ((NT)7L [ 02 0
uniformly in 7 € T. N

D.3 Proof of Theorem 1

Proof. By Theorem 18.14 in van der Vaart (1998), it suffices to show the finite dimensional
convergence in distribution and the tightness. The tightness follows from the boundedness
assumptions of fy and fy|x, and by Lemma B3 in Qu and Yoon (2015a) which is applicable
under our Assumptions 2 (i), (ii) (a), (ii) (b), (iii) (a), (iii) (b), (iv) and (v). Specifically, the
denominator is bounded away from zero by Assumption 2 (i), and the numerator is tight by
their lemma.

For finite dimensional convergence in distribution, We introduce a couple of additional

short-hand notations. For each 7 € T, let

1 (NN - My < Qi) D2 d Kinr
\/ﬁ fX(xO)h’n,‘r .

Z;:i(T) =

For any finite set {71, ..., 7} C T of quantiles, we write W,"(71, ..., 7) = (Z, ,(11), ..., Z,]; (k).

n,

Note that

E(L’Q(N+)1(7“ -y < Q(rlxi)})Zi,n,rdez‘,n,r> _E<L’Q(N+)1E[(T — 1y < Q(Tlxi)})!X]Zi,n,rdei,nm)

fX(l’O)hn,r Ix (%)hn,r
(B i)
Ix (IL‘O)hn,r

holds for each n € N and r € T'. Since it is n-invariant, let > CO’UW;Z-(Tl, s Th) = Sfryme}-

The entry of the covariance matrix ¥, . - corresponding to the pair r,s € T" of quantiles is

.....
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given by

E(LIQ(N+)_1(T —1{y: < Q(Tlxz)})zznrd KHH") <L,2<N+)_1<5 — 1{y; < Q(3|xi)})zi,msd;_Ki,n,8>,
fx (zo)hnr fx(x0)hn,s
(NT) 2 Wi s Ko 21 o (N ) Thiad (1 A s — 1s)

fX (370) \V4 hn,rhn,s

=K

o | 1
=(k(r)k(s)) V2 (r As —rs)dy(N*)™! v u ——)du(N*
(st s =) [T GRS [ R
K(r)

We remark that the last line is invariant from h,, ; because they cancel out through change of

variables and by h,, = ¢(7)h, in Assumption 2 (v). This is finite because Assumption 2 (iv)

and (v) imply | [;* ukK(Kz;))K(%)dm <Kl Jo© ukK(Hgﬂ))dm < oo for k =0,1,2 and all
other parts are finite.

Secondly, we show that the moment condition of Lindeberg-Feller is satisfied. Write (N 1)~ =
[¢%], fix any finite set {71,...,7} C T of quantiles. Under Assumptions 2 (i)(a)(b), (iv) and

(v), we have for any € > 0,
ZE HWiji(Tl, ...,Tk)HZ]l(HW;Z-{Tl, ,Tk)H > €}
_ZE[Z () n{z >€2}]

—ZE[Z( NT)” <7“—]1{%SQ<n|xi>}>zW]d+KM>

fX(:UO)nhn,Tj
i T - ]l{yz < Q(T]|xz)})zznTjd+KznT] 2
* ]l{z ( fX($0)nhn,Tj ) - }
b+ e P K (52 bt e( PR ()
<elromn (g, ) e (R, ) 74

< [T+ i 0 ) s I 2 ) + O

- /0 K (u)

(z0) + O(hn)
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for some finite non-negative constant m, my, my and k = sup supp(K). By applying Dominated
Convergence Theorem, the last equation goes to zero since nh,, — oo implies the indicator goes

to zero and all other terms are finite.

Therefore, by Lindeberg-Feller’s Central Limit Theorem, we have

Vol e @Gl e (57 ) — 22 oy, SOV [ 2P0 1 gy

= [ﬁLé(N+)_l(hn,r)_§ Z:’L:l(T —1(y; < Q(Txi)))djzi,nﬁrKi,n"r)]
ny/ fx (o)

as n — oo. L]

D.4 Proof of Corollary 2

Proof. The first part of the corollary follows immediately from Corollary 1. The second part
follows by an application of the functional delta method (van der Vaart,1998; Theorem 20.8).
It suffices to show that the linear functional ¢ : g — g — fT gdr is Hadamard differentiable at
QRK D tangentially to Ly?(T). The linearity of ¢y gy p is trivial and the continuity is implied
by its boundedness as ||¢frxp(9)|| < llgll |1 + diam(T)] for all g € LZ(T). We want to show
that for g, — g € L2(T) and t,, — 0

tn

- ¢,QRKD(9) —0 in L (T).
The left hand side is equal to g, — [, gndT — borirp(9)- By the bounded convergence theorem,

it converges to 0. 0

D.5 Proof of Corollary 4

Proof. By Theorem 1, we have

h? ( 2 (1= 7)) (N) I (N )L, 1
MSE(h) = — | i N+1D+) + 2 + 0p(—).
W= ot o) s @ g )2+ )
By the first order condition with the two leading terms, we obtain the desired result. O
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D.6 Proof of Corollary 5

Proof. From Lemma 3, we have

R < _ _ N\ (1= 7)L(NH)ITHNT) = 10s 1
MSEh:—L/N+—1D+>+ — . + 0p(—=).
=g\ b (o) o (@l o) k)
By the first order condition with the two leading terms, we obtain the desired result. O]

D.7 Proof of Theorem 2

Proof. The first result that p,, is a probability measure on 0V (y, z) follows from Lemma 2 of
Sasaki (2015) under Assumption 4. Next, by Lemma 1 of Sasaki (2015) under Assumptions 3

and 4, the QPD 2 Qyx(7 | z) exists and

ha(z,€)  fe (e|)-Mm(M=1/2 M—1 o) M
o) Jov ) TG XzM-lF(%) AHTHE) = Jyy ) de foix (e | 2)dm™(€)

%QYlX(T | ZU) = f ) foix (ela)- Ma(M=1)/2
oV (ye) Veh(zll — 2M-1T (AL

dHM~=1(¢)
= Euy,z[hx@j? e)] — Ay, r),

where I' is the Gamma function and A is defined by

Ity e eix (e | 2)dm™ (€)

Ay, z) :=
’ € . 7|'<M_ )/2
1 fs\X( |f)MM : ! dHM_l(E)
OV (yx) TVeh@al M- TD (M)
Note that go = 22 is continuous in z by Assumption 3 (i). Also, s, .(€) is continuous in
g or Yy Hy,

for each fixed y according to parts (i), (ii) and (iii) of Assumption 3. Furthermore, Assumption
3 (i), (ii), (ili) and (iv) imply that A(y, x) is well-defined and is continuous in z for all y € V.

Therefore, applying the dominated convergence theorem under Assumptions 5 and 6 yields

0 | |
zlffg aprix(Tlz) = zlfilg {ha(z, €)Yy . (€) — xlgilg Ay, z)
.0
= /xliglj{ %{g(b(x),x,e)}duw(g) — Ay, o)

= [t {y 0002, @) + 92 (8(0). . Dt ) — Aly. 0

x—)zo

= / {91(b(wo), w0, )V (25) + g2(b(0), x0, €) Yty .2y (€) — A(y, 7o)
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Similarly, taking the limit from the left, we have

lim %QHX(T | z) = /{gl(b(IO)aan ' (zq) + g2(b(x0), To, €) Ypty,zo(€) — Ay, o).

Taking the difference of the right and left limits eliminates [ go(b(xo), zo, €)dpty o (€) —

A(y, xp), and thus produces

lin, 2 Qy(r | 2) — i - Quix(r | ) = [V(a3) V(5 )|, 3 (b(20). 20,)].

m%xo a mg)xo a

Finally, note that Assumption 1 has V'(zg) —b'(x5) # 0, and hence we can divide both sides of

the above equality by V' (zd) — V'(zg ). This gives the desired result. O

D.8 Proof of Theorem 5

Proof. From the proof of theorem 4.2 of Pagan and Ullah (1999),

" K awdf
nh3 (i (zf) — E )X =] —— +0,(1
VAR ) = B =) = 3 Rt o)
(T +
where K, = %K (v)‘v:zfnxo. We denote T, = % We define additional shorthand

notations for this proof: let Wi (r1, ...7) = (T,7, Zyr (1), ..., Z7 (7)), where Z7(7) is defined

nz’

as in the proof of Theorem 1. Define

H = (/b3 (i (af) — B[R/ (X)|X = 23]), {v/nh3 (57 (r) = B (7)) : 7 € T}) = (b7, AF),

where Y (1) = %ﬂl@ + hniﬂ OOuzaaLﬂxar)(l,u)’K(u)du. We also write A (7) for

2 0 Ox?
VL (BT(T) = B (7).
First we show the finite dimensional convergence of the process. The covariance of any

combination of coordinates that does not involve b} is the same as the one in Theorem 1.
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Under Assumption 9 (iv), (v), the covariance of a coordinate of A} with 7 € T and b;! is

- ov LIQ(NJr)il 2?21(7_ - ]l{yi < Q<T|$i)})zi,n,7Ki,n,Td2—> Kz{,nui
;C ( V TLhn,fo(ZL‘()>fy|X(Q(T|ZL“S_)|I3_) ’ \/n_hfan(xO))
(N~ B " v
e gems L L L et eeona. )

o(7)

+ _
_>O-7',b_

X K(—)K'(v)(b— E[b(X, &)X = xo]) fy x5y, To, b)dvdydb

as n — oo by the dominated convergence theorem. This is finite under Assumption 9 (ii).

Finally, as in Theorem 4.2 of Pagan and Ullah (1999), the asymptotic variance of b is

?i(é%% J K'(v)*dv < oo. Thus the covariance matrix is finite for any given finite dimensions

of AT
We now show that the moment condition of Lindeberg-Feller is satisfied. For any finite set
{7, ..., 7} C T of quantiles. Under Assumptions 2 (i) (a), (i) (b), (iv), and (v), and Assumption

9 (iii), we have

STE|W(r, ) [P 1WA )| > €}
=1

n k k
=3 | (0 2 + (LY 2oy + (1) > )

< /(le(v) + mo K’ (v)u*)1{u® > nh,€e* + m3}dFyx (u, vo + vh,)

For some constants, my, my and mg, for any € > 0 given a fixed n. Applying Fubini’s theorem

under Assumptions 2 (iv) and Assumption 9 (iii), the last line above becomes
/ / (1K (0) + ma K (002)L{u® > nhné® + maydFy x (ulzo + vhn) fx (20 + vhn)do
(0,00) /R

We denote the first and second terms of the above expression by (1) and (2), respectively.
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Holder’s inequality implies for any 1 < p, ¢ < oo such that % + é =1,
(2) < / mo K (0)E[U*|X = xg + vh,|VPP(U? > nh,e +ms| X = xo + vh,)Y4 fx (20 + vhy,)dv
(0,00)
<ess sup,E[U%|Z]'? </ my K (0)P(U? > nhye? + ms| X = 20 + vhn) Y9 fx (20)dv + O(hn)>
(0,00)

Assumption 9 (ii) implies the essential supremum term is finite. Since P(U? > nh,e? +ms3|X =
xo + vhy,) = 0 as n — oo, applying the dominated convergence theorem gives us that (2) — 0
as n — oo. It can be shown that (1) — 0 following a similar reasoning. This shows that the
moment condition of Lindeberg-Feller is satisfied. Together with the covariance condition, we
have established the finite dimensional convergence of the process HI.

The tightness of all but 7/ (x) dimensions is shown by the proof of Theorem 1 and m/(z{)
is trivially tight since it’s one dimensional. By Lemma 1.4.3 of van der Vaart and Wellner
(1996), H, the product of them, is tight. Applying theorem 18.14 of van der Vaart (1998), we
now have H = G;f, a Gaussian process with zero mean and covariance function as specified
above. Using a similar argument, we also have H,” = G .

Since H,f and H, are based on an ii.d. sample from two different sides of the kink,

continuous mapping theorem implies

W( () —(ag) | |mad) =) )iGEG;_G}
Fo-pm| o= |

Finally, to derive the asymptotic distribution of QﬁK\D #(7), we apply the uniform version of
functional delta method — see theorem 3.9.5 of van der Vaart and Wellner (1996). This version
required here because 5 (7) — 5, (1) depends on n. Note S (7) = lim, 57 (7) and (1) =

lim, 5. (7), the existence is implied by (iii) and (v) of Assumption 2. Define ® : L(T) x

a,o0) — , a >0, by T),b) = . e show that adamard differentiable at
[a,00) = L(T) 0, by ®(A(r),b) = 27, We show that ® Hadamard differentiabl

(A, b) tangentially to L (T") X (a, 00). Since for any (gn, ¢,) € L (T') X [a, 00) such that g, — ¢
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and ¢, — ¢ and any t,, — 0,

O(A+ tpgn, b+ the,) — P(A,D)
ty

bg — cA
- (I),(A,b) (g,c) = TR

The linearity of (ID/( Ab) (g,c) is obvious, and its continuity is implied by its boundedness as
Hq)/(A,b)(g’C)H < Mmax{|\g|,lc|} = M|(g,¢)|. Since such Hadamard derivative exists at
every (A,b) € Ly°(T) x (a,00), ® is uniformly differentiable.

By the uniform functional delta method, we have the weak convergence result for the fuzzy

QRKD estimator

xg) —m/(x9))Ga(r) = (B¥(7) = B(1))Ga(b)

(m/ () = m’(xq))? ’

VAR (QRED, () — QRED; (1)) = "\

as desired. u

E Practical Recipe on Bandwidth Choice

This section provides a guide to practice in bandwidth choices. Corollaries 4 and 5 prescribe

the approximate MSE-optimal bandwidth choices. The two corollaries suggest

=

Y

e 6 (BN IV )
»r = \GOVTD fla) (yix Qe ) ))?

where Dt = [ u2%(1,u)’f((u)du, and

S G R (O V1) v i o A
"\ GBIND)TID) fx(wo) (frix (Q(7ag) )
where N = [°[1,u, u?)'[1,u, u*] K (u)du, T = [;°[1,u, u?][1,u,v?]K (u)*du, and DT = [ u®

PQ(rlzd)
Ox3

[1,u, u?) K (u)du. Qu and Yoon (2015a) use a very large value for h;, ., which is effec-

tively assuming to have ‘?;7? = 0. Once we compute 5\+(T) based on the choice of bx,, ., we can

02Q(r]zg)

. . A+
in turn substitute 2A™(7) for —5

in the definition of D* in order to choose Ay .
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In the above formulas, the unknown densities, fx and fy|x, and the unknown conditional
quantile function () need to be replaced by the respective non-parametric estimates fX, fy| X
and Q Bandwidth choices for the preliminary estimates, fX fy‘ x and Q, in turn can be
conducted by existing rule-of-thumb or data-driven methods. Because we are only using the
observations to right of the kink point, we confine ourselves to the observations {(y;,z;)};er+
with It = {5 € {1,2,...,n} : x; > xo}. Write n* = |[I"|, the number of observations to the
right of the kink. Write the bandwidths used for estimating fx fy| v and Q as he,, (Bfﬁ, he,)
and h?, - Tespectively.

First, for the standard kernel density estimator, A may be obtained by minimizing approxi-
mate mean integrated square errors: hZ = ( [ u?K (u)du) 72/5(fK(u)zdu)1/5(%0;{5)71/571_1/5,
where ox can be estimated by sample variance of X. See session 3.3 and 3.4 of Silverman’s
(1986). Second, for the standard kernel conditional density estimator, Bashtannyk and Hynd-
man (2001) suggest that, based on normal approximation of the marginal of X and heteroskeda-
sicity of Y| X, (hY,,h%.) may be obtained by

(BY, %, ) = < d*v )1/4_9: ( 32R*(K)o}, (26079058, )1/8 >1/6’
we ) =\ \ossvaney, ) it ok A0 2 + d(16.2570 %0, ) 1]

where R(K) = [ K?*(u)du, v = 0.95v2m0%, (3d*0%, + 80y.) — 320% 0%, e 2, and d is the

slope of an OLS of y; on [1,z;]' computed with observations ¢ € I*. o%, and o3, can be

computed by sample variances of x; and y; with i € I'". o% is the variance of the kernel K.
Third, for the local linear conditional function estimator, the bandwidth A?, _ for Q) can be set

by the Yu and Jones’ (1998) rule of thumb based on the normality assumption of fyx:

i, = [2nr(1—1)g(@ ()% he

nt,1 nt,1/27

where ¢ and ® denote the PDF and CDF for the standard normal distribution, respectively,

nd A n be set to b 1to h — J K (u)?duo®(x) " The function
a n+71/2 ca € se O be equa o n+,mean - n+(fuzK(u)du)Q{m//(z)}zfX(w) . e 1runctio S,
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m(z) and o(z), denote the conditional mean and the conditional variance of Y given X. The
second-derivative m”(x) can be estimated by the coefficient of the square term of the OLS y; on
[1, 2, 2?] with i € IT. The skedastic function o?(x) can be estimated by the sample counterpart
of E[Y?|X]— (E[Y|X])? that can be computed by using the OLS of y? on [1, ;] and y; on [1, x;]

with i € I,

Figures and Tables
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Figure 1: Monte Carlo distributions of QRKD estimates under Structure 1.
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Figure 2: Monte Carlo distributions of QRKD estimates under Structure 2.
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No BR MC Bias MC SD MC RMSE MC 5% Size

N = 1000 2000 4000 1000 2000 4000 1000 2000 4000 1000 2000 4000
7=20.10 0.05 0.06 0.07 0.33 0.26 0.22 0.33 0.26 0.23 0.16 0.17 0.19
7=20.20 0.04 0.05 0.05 0.24 0.19 0.15 0.25 0.20 0.16 0.09 0.11 0.12
7=20.30 0.04 0.05 0.05 0.21 0.16 0.13 0.21 0.17 0.14 0.07 0.08 0.09
7=20.40 0.05 0.05 0.05 0.19 0.15 0.12 0.20 0.16 0.12 0.05 0.07 0.08
7=20.50 0.05 0.05 0.04 0.19 0.14 0.11 0.20 0.15 0.12 0.04 0.05 0.06
7=10.60 0.05 0.05 0.04 0.19 0.14 0.11 0.19 0.15 0.12 0.03 0.05 0.05
7=20.70 0.05 0.05 0.05 0.19 0.15 0.11 0.20 0.16 0.12 0.03 0.04 0.04
7=20.80 0.06 0.06 0.05 0.21 0.16 0.13 0.21 0.17 0.14 0.02 0.03 0.03
7=20.90 0.07 0.07 0.06 0.25 0.19 0.16 0.26 0.21 0.17 0.02 0.02 0.03
With BR MC Bias MC SD MC RMSE MC 5% Size

N = 1000 2000 4000 1000 2000 4000 1000 2000 4000 1000 2000 4000
7=20.10 0.01 0.01 0.02 0.36 0.28 0.23 0.36 0.28 0.23 0.20 0.19 0.20
7=20.20 0.00 0.01 0.01 0.28 0.21 0.16 0.28 0.21 0.16 0.15 0.15 0.14
=030 0.01 0.01 0.01 0.25 0.19 0.14 0.25 0.19 0.14 0.12 0.12 0.11
7=1040 0.01 0.01 0.02 0.24 0.18 0.13 0.24 0.18 0.13 0.10 0.10 0.09
7=0.50 0.02 0.02 0.02 0.24 0.17 0.13 0.24 0.17 0.13 0.09 0.09 0.08
7=0.60 0.02 0.02 0.02 0.24 0.17 0.12 0.24 0.17 0.13 0.08 0.08 0.07
7=20.70 0.03 0.03 0.02 0.24 0.18 0.13 0.24 0.18 0.13 0.07 0.07 0.05
7=0.80 0.04 0.04 0.03 0.26 0.19 0.14 0.26 0.19 0.15 0.05 0.05 0.05
7=20.90 0.07 0.05 0.05 0.30 0.22 0.18 0.31 0.23 0.18 0.04 0.03 0.04

Table 1: Monte Carlo finite-sample statistics of the QRKD estimates under Structure 1.
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MC Bias

MC SD

MC RMSE

MC 5% Size

1000 2000 4000

1000 2000 4000

1000 2000 4000

1000 2000 4000

0.07 0.08 0.08

0.11 0.12 0.12

0.14 0.14 0.14

0.16 0.16 0.14

0.17 0.17 0.15

0.18 0.17 0.15

0.18 0.17 0.16

0.18 0.17 0.15

0.17 0.16 0.15

0.29 0.22 0.16

0.22 0.17 0.12

0.20 0.15 0.12

0.20 0.15 0.13

0.19 0.16 0.13

0.19 0.16 0.14

0.19 0.17 0.14

0.20 0.17 0.15

0.21 0.18 0.16

0.30 0.24 0.19

0.25 0.20 0.17

0.25 0.21 0.18

0.25 0.22 0.19

0.26 0.23 0.20

0.27 023 0.21

027 0.24 0.21

026 024 0.21

0.27 024 0.21

0.12 0.13 0.13

0.14 0.18 0.23

0.18 0.24 0.33

0.19 0.27 0.31

0.17 0.24 0.28

0.14 0.19 0.25

0.10 0.14 0.21

0.07 0.09 0.15

0.06 0.06 0.09

MC Bias

MC SD

MC RMSE

MC 5% Size

No BR
N —
7= 0.10
T =0.20
7=0.30
7= 0.40
7 = 0.50
7 =0.60
T =0.70
7= 0.80
7=10.90
With BR
N =

1000 2000 4000

1000 2000 4000

1000 2000 4000

1000 2000 4000

7=0.10

7 =10.20

7 = 0.30

7=0.40

7 =0.50

7 =10.60

7=0.70

7 = 0.80

7=10.90

0.03 0.01 0.01

0.01 0.02 0.04

0.03 0.04 0.05

0.05 0.05 0.05

0.05 0.05 0.05

0.06 0.05 0.05

0.05 0.05 0.05

0.03 0.04 0.04

0.01 0.02 0.02

0.33 0.24 0.18

0.27 0.19 0.14

0.25 0.18 0.14

024 0.18 0.14

023 0.18 0.14

024 0.18 0.15

0.23 0.19 0.15

024 0.19 0.16

0.26 0.21 0.17

0.33 0.24 0.18

0.27 0.19 0.14

0.25 0.18 0.15

024 0.19 0.15

024 0.19 0.15

024 0.19 0.16

0.24 0.19 0.16

024 0.19 0.16

0.26 0.21 0.17

0.17 0.15 0.12

0.16 0.14 0.13

0.16 0.16 0.18

0.15 0.16 0.16

0.12 0.12 0.13

0.10 0.09 0.11

0.07 0.06 0.08

0.04 0.04 0.06

0.04 0.03 0.03

Table 2:

Monte Carlo finite-sample statistics of the QRKD estimates under Structure 2.
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(A) Rejection Probabilities for the 95% Level Test of Significance

No Bias Reduction

With Bias Reduction

1,000 2,000 3,000 4,000 1,000 2,000 3,000 4,000
Structure 0 0.096 0.093 0.100 0.095 0.156 0.157 0.144 0.127
Structure 1 0.271 0.506 0.692 0.794 0.388 0.625 0.770 0.843
Structure 2 0.227 0.545 0.811 0918 0.536 0.855 0.966 0.993

(B) Rejection Probabilities for the 95% Level Test of Heterogeneity

No Bias Reduction

With Bias Reduction

1,000 2,000 3,000 4,000

1,000 2,000 3,000 4,000

Structure 0

Structure 1

Structure 2

0.108 0.087 0.089 0.080

0.094 0.098 0.120 0.125

0.080 0.088 0.141 0.200

0.157 0.145 0.130 0.125

0.117 0.115 0.136 0.126

0.124 0.165 0.221 0.297

Table 3: Rejection probabilities for the 95% level uniform test of significance (panel A) and the

95% level uniform test of heterogeneity (panel B) based on 1,000 Monte Carlo replications.
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September 1981 — September 1982

Dependent Variable UI Claimed UI Paid
RKD (Landais, 2015) 0.038 (0.009) 0.040 (0.009)
QRKD 7=0.10 0.019 (0.030) 0.034 (0.030)

7 =10.20 0.036 (0.037) 0.038 (0.038)
7 =0.30 0.054 (0.041) 0.065 (0.041)
7 = 0.40 0.067 (0.044) 0.069 (0.044)
7 = 0.50 0.081 (0.044) 0.086 (0.044)
7 = 0.60 0.109 (0.043) 0.105 (0.043)
7 =10.70 0.115 (0.041) 0.112 (0.041)
7 = 0.80 0.161 (0.037) 0.150 (0.037)

7=090  0.167 (0.030)  0.191 (0.030)

Test of Significance p-Value 0.000 0.000

Test of Heterogeneity p-Value 0.000 0.004

Table 4: Empirical estimates and inference for the causal effects of UI benefits on unemployment
durations based on the RKD and QRKD. The period of data is from September 1981 to

September 1982. The numbers in parentheses indicate standard errors.

23



September 1982 — December 1983

Dependent Variable UI Claimed UI Paid
RKD (Landais, 2015) 0.046  (0.006) 0.042 (0.006)
QRKD 7=0.10 0.023 (0.028) 0.024 (0.028)

7 =10.20 0.049 (0.034) 0.053 (0.034)
7 =0.30 0.067 (0.038) 0.065 (0.038)
7 = 0.40 0.086 (0.040) 0.080 (0.040)
7 = 0.50 0.108 (0.041) 0.107 (0.041)
7 = 0.60 0.092 (0.040) 0.097 (0.040)
7=0.70 0.111 (0.038) 0.110 (0.038)
7 =0.80 0.074 (0.034) 0.082 (0.034)

7=090 0073 (0.027)  0.070 (0.027)

Test of Significance p-Value 0.026 0.021

Test of Heterogeneity p-Value 0.265 0.276

Table 5: Empirical estimates and inference for the causal effects of UI benefits on unemployment
durations based on the RKD and QRKD. The period of data is from September 1982 to

December 1983. The numbers in parentheses indicate standard errors.
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