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Abstract

This paper studies an economy with both centralised and decentralised monetary ex-
changes under search frictions. A degenerate asset distribution is featured under a broad
class of preferences including, for example, constant return to scale, constant elasticity of
substitution, CARA and others from a range of macroeconomic literatures. Some novel
applications impossible under quasi-linear preferences, for example endogenous growth,
are illustrated under this class of preferences. This paper finds that the welfare cost and
growth loss of inflation can be much higher in these applications than previous estimates.
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1 Introduction

In their seminal work, Lagos and Wright (2005, henceforth LW) devise a monetary model
with uninsurable risks of decentralised trades that features a degenerate distribution of money
holding in the equilibrium.! The degeneracy makes keeping track of distribution manageable
in a dynamic economy; otherwise the analysis can be challenging as in the incomplete markets
literature. Two key features in LW are to allow agents to trade in centralised markets between
decentralised trades, and to assume quasi-linear preferences in those centralised markets.

This paper generalises LW’s results to a broad class of preferences without quasi-linearity.
This class of preferences includes the Stone-Geary utility, Greenwood—Hercowitz—Huffman
utility, and utility functions with features like constant return to scale, constant elasticity of
substitution (and hence Cobb-Douglas), CARA, quasi-linearity certainly, and many others.
With this class of preferences, the history of money holdings does not affect the optimal money
holding; nevertheless it is affected by preferences, technology and policy. Such a feature allows
endogenous, degenerate distribution of money holding in the simple setting without ex-ante
heterogeneity; and even with large ex-ante heterogeneity it allows a non-degenerate but still
tractable distribution.

But, beyond the technical contribution, why generalise the preferences? Of course, it
never hurts to work with a broader class of preferences. Yet a more important argument is
that the quasi-linearity assumption undermines some of LW’s intended advantages. On one
hand the introduction of centralised markets taps into the potential of connecting a search
model of money to a significant body of macroeconomic literature; however, on the other
hand, the quasi-linearity assumption can be too restrictive for relevant macroeconomic ap-
plications. One important example of this conflict can be found when applying LW to study
inflation and endogenous growth. In Section 5 I show that incorporating the standard endoge-
nous growth model of Lucas (1988) in LW fails to generate endogenous growth, essentially
because of the absence of curvature under the quasi-linear preferences. Instead, formulating
endogenous growth with this class of preferences can easily capture a growth mechanism of
inflation, which is also consistent with data. This example makes the point that the general-
isation of preferences offers the capacity to model applications impossible under quasi-linear

preferences. It also illustrates that these new applications of LW can have important policy

'See Lagos, Rocheteau and Wright (2014) for a recent survey. Also see Shi (1997) for an alternative "big
household" approach, where the trading risks of members are pooled within the household. See Lagos and
Wright (2005) for a comparison of the two approaches.



implications. For instance, when growth is endogenous, inflation has a larger impact on wel-
fare because not only is current output affected, but also the entire path of future output. In
sum, generalising preferences helps open up a wide new possibility of applications leading to
a very different understanding of policies, without compromising tractability.

The generalisation does not only widen the scope of the search models of money, but
also other macroeconomic literatures. Going back to the previous example, it introduces
to the endogenous growth literature new features such as search, bargaining and various
trading protocols; novel mechanisms such as the strategic complementarity between buyers
and sellers; and additional sources of inefficiency such as the two-sided hold-up problem.
While these are impossible under the standard paradigm of Walrasian markets, their synthesis
is now possible with the search models since this class of preferences has been used in many
areas of macroeconomics; see Section 4 for a survey.

While in this paper I only focus on the monetary models, in a broader sense, in any
intertemporal model with heterogeneity inserting a subperiod with this class of preferences
will lead to a tractable wealth distribution - an analytical environment not commonly found
in the literature.? Section 6 elaborates this feature. Alternatively, while the numerical ap-
proach is also useful and complementary, it has less to say about properties such as existence,
uniqueness or multiplicity, and dynamics. A tractable model also provides a useful benchmark
to validate numerical methods. Furthermore, a tractable model makes heterogeneous-agent
models easily extendable to other applications, for example, even to the non-stationary en-
vironment with endogenous growth shown in Section 5. Finally, a tractable model helps
explain the economy, especially when several mechanisms come into effect, which are difficult

to single out from numerical examples.

2 Basic Model

Overview. The environment is the same as LW except this paper use more general prefer-
ences. Time is discrete and infinite, indexed by ¢t = 0, 1... Alternating in each period are two

markets: a frictional decentralised market (DM) where agents match bilaterally and bargain,

2See Bewley (1980), Aiyagari (1994), and Buera and Shin (2013) for the challenge of distribution under
incomplete markets. One can still proceed with the distribution directly but restricting the terms of trade
as well as the domain and divisibility of assets, as in Kiyotaki and Wright (1989) and Trejos and Wright
(1995). Or one can apply numerical methods "approximating" the equilibrium distribution like Krusell and
Smith (1996), Molico (2006) and Chiu amd Molico (2010). Also see Menzio, Shi and Sun (2013) for a directed
search approach for a relatively tractable computational model that produces non-degenerate distribution.
See Rocheteau, Weill and Wong (2015) for a distribution model formulated in the continuous time.



and a frictionless centralised market (CM) where agents trade with each other at Walrasian
prices. In the DM agents can only observe the actions and outcomes of their trades, and are
anonymous. There is no technology for recordkeeping, commitment or coordinating global
punishment. As a result, debt contract is infeasible and a medium of exchange - money -
is essential for trades in the DM.? Money supply grows exogenously, M1 = (1 +7) My,
by lump-sum transfers to agents in the CM. Let ¢ be the price of money in terms of the
CM goods (numeraire). There can be inflation in this economy; denote the inflation rate as
Ty = ¢y /1 — 1. As seen later, the real balances z = ¢m is the relevant state variable for
agent’s decision.

Technology and preference. A unit measure of agents live forever with a discount
factor 5 € (0,1). Utility in a period involves actions in the CM and DM. In the CM, agents
consume the numeraire goods X, where the production function is AH using labour H; in
the DM, agents consume a different goods z, produced one-to-one with the DM labour gq.

The following form of utility function is maintained throughout this paper:

U(X,H,x,q) =u(z)—clg)+ U (X, H - H),
where H is the maximal H an agent can work. The agent’s lifetime preferences are given by

E> Btﬁ (Xt, Hy, x4, q). The following standard assumptions are thus made:*

Assumption 1 (Smoothness) U € C? and u € C?, where Uxx < 0, Ugg <0, Uxg < 0,
Uy > 0, Upe < 0, ¢g > 0, cgqg > 0 and u satisfies the Inada condition. Also, u(0) =
c(0)=0.

Assumption 2 (Large labour endowment) For any finite w, there exists a unique so-
lution X > 0 and H € (O,F) to maxx,HU(X,FfH) st. X = AH +w, if H is

sufficiently large.

The agent’s problem is as follows. Let W; (s) and V; (2) denote the value functions in the

CM and DM with real balances s and z respectively. The CM problem is

Wt(s)zg}%ﬁ{U(X,F—H)+BW+1(z)}, (1)

#See Kocherlakota (1998) for the role of recordkeeping, and Wallace (2010) for details on the essentiality
of money. The DM is a useful modelling device to capture all these frictions.

4 Assumption 1 guarantees that the economy is "smooth", and there exist some trades in the DM with
a positive social surplus (otherwise no trade in the DM is preferable). Assumption 2 guarantees an interior
solution in the equilibrium. Both assumptions are satisfied in Lagos and Wright (2005). For simplicity I do
not consider any upper bound for q.



st. X =AH +s— (14 m1) 2 + 13, (2)
X>0,He[0,H],z>0, (3)

where (2) is the agent’s budget constraint, (3) are boundary constraints, T} is the lump sum
injection (drain if negative) of money from the government, and the inflation factor 1471 =
¢/ bs41 captures changes in the real prices across periods. Let X, (s), Hy (s) and 2 (s) denote
the solutions to (1) given s units of real balances and the DM value function Vi1 (2). The
Bellman equation for Vi1 (2) is given below. The solution {X; (s), H;(s),2:(s)} to (1) is
interior if the boundary constraints (3) are slack.

Decentralised trades. Now I turn to the heart of the double-coincidence problem in
the DM that gives rise to monetary exchange. Some agents (sellers) can produce but do not
want to consume, while others (buyers) want to consume but cannot produce, and hence
trades emerge. In the DM, with probability o < 1/2, the agent matches and buys z from a
seller with payoff u (x). By symmetry, there is also probability « that the agent matches and
sells g to a buyer with cost ¢(q).

Suppose the real balances held by the buyer and seller are z and 2z’ respectively. In a
bilateral match in the DM, the seller’s sales ¢ must equal the buyer’s purchase z. Denote
their common value as ¢ (z,2’,W;), and the real balances that change hands to the seller
by d(z,z',W;), which in general depends on the real balances and the continuation value.

Denote the buyer’s surplus and seller’s surplus as

SP (z, 2, Wt) = u [q (z, 2, Wt)] + Wy [z —d (z, 2, Wt)] - Wi (2),
S?° (z, 2, Wt) = —¢ [q (z, 2, Wt)] + Wy [z’ +d (z, 2, Wt)] — W (z') .

At the beginning of DM, given real balances z, the agent’s value function V; (z) is given by

the following Bellman equation
Vi(z) = a/Sb (z,z', Wt) dF} (z’) + a/SS (z',z, Wt) dF} (z') + Wi (z), (4)

where F; (z) is the distribution of z in the beginning of the DM. There is probability density
adF; (2') that an agent meets a seller (buyer) with real balances 2’ in the DM and results in the
buyer surplus S° (z, 2/, W;) [seller surplus S* (2/, z, W;)]. Thus, S° (2, 2/, W;) and S* (z, 2/, W;)
summarize the essential information about the trading protocols {q (z,2',Wy),d (z,2',Wi)}

for agents to choose their money holdings.



Trading protocols. Without loss of generality, I take the surplus functions S? (z, 2/, W)
and S* (z, 2/, W;) as primitives, since the mappings only depend on the exogenous trading
protocol {q (-),d (-)} rather than any endogenous variable. This formulation effectively covers
any trading protocol without going into details. For example, consider the trading protocol

{q(z,2/,W;),d(z,2',W;)} that solves the Nash bargaining problem:

ma (57)" (577 s (5)
S* = u(q)+Wi(z—d)— Wi (z),
5% = —c(q)+ Wi (&' +d) - W (2,
d € [—z',z] .

The buyer’s bargaining power is given by 6 € (0,1]. The Nash bargaining problem can be
sufficiently represented by the corresponding S° (z, 2/, W) and S* (2, 2/, W;) to (5). In general,

I maintain the following assumption on S°(z, 2/, W;) and S* (z, 2/, W;).
Assumption 3 (Trading protocol) For any 2,2’ > 0 and j = b, s,

(i) S (z,2',W) is upper semi-continuous in z and z’, S7 (z,2', W) > 0 and S} (0, 2/, W) +
S5 (2,04, W) > H2W (04);

(i) S7 (z,2',W) = S7 (2, 2', W + wp) for any finite wp.

111 ere exists z < oo such that z2, 2, < z, 2, an 2.z, < 2.z,
iii) Th i h that S® (z,2/, W) < S°(2,2/,W) and S* (¢, 2, W) < S% (¢, 2, W

for any z > 7 and 2’ > 0.

Assumption 3 is weak and natural; it is satisfied under protocols like Nash bargaining,
proportional bargaining, random ultimatum (illustrated in the later sections), competitive
pricing, pairwise core and many others.

Equilibrium. The law of motions of the individual real balances s; and z; depends on

’Gu, Mattesini and Wright (2014) also propose a general trading protocol based on a tighter structure
of axioms. Assumption 3 is tailored to establish the proof of degeneracy in this economy. Assumption 3i
guarantees the solution to the DM trades exists, which involves a positive payment; Assumption 3ii states that
a "parallel shift" to the continuation value does not change the trading protocol; Assumption 3iii guarantees
inifinite money holding is never optimal.

SNotice that with the generalized Nash bargaining S° (z, 2z, W) may not increase in z; with the propor-
tional bargaining S? (0, 2’, W) is bounded even though u, (0) = co; with random ultimatum ¢ (z,2’, W) and
d (2,2, W) can be stochastic; and with pairwise core S° (z, z', W) may not be continuous. These are allowed
in my formulation of the general trading protocol.



the trading protocol, which is given by

z—d(z,2',Wy) with density adF; (2'),
st =14 z+d (2,2, W;) with density adF; (2), (6)
z with probability 1 — 2a;,

zt+1 = 2t (s8), where s follows Gy (s), (7)

where G (s) is the distribution of s according to (6) and Fyi; (z) is the distribution of z

according to (7). Suppose Fp is degenerate at z = ¢yMy. Define a (monetary) equilibrium:

Definition 1 An equilibrium consists of positive real prices {¢;}i2, allocation { X, Hy, z¢, qe, di }oo
and distributions {Fy, G¢};= such that

(i. agent optimization) For any s € dom (Gt), {X¢ (s),H¢ (s),z(s)} solves the agent’s
optimization problem (1), and {W; (s), Vi (z)} solves the Bellman equations (1) and (4);

(i. bargaining) ¢ = q (z,2', W) and dy = d(z,2',Wy) for any z,2 € dom (F});

(iii. goods markets clear) [ X (s)dGy(s) = A [ Hy (s)dGy(s);

(iv. money markets clear) [z (s)dGy (s) = ¢pp1 Miy1;

(v. government budget) Ty = T¢, My;

(vi. law of motion) G (s) and Fy (z) are given by (6) and (7).

A degenerate (and stationary monetary) equilibrium is an equilibrium that also satisfies
zt (s) = z* for all s € dom (Gy), i.e., all agents always exit the CM with the same real balances,
regardless of the ones they enter the CM. In general, there can be degenerate equilibria that
are, for example, non-monetary, non-stationary, cyclic, chaotic or driven by sunspots; they

are not analysed in this paper.”

3 Main Results

I now specify a general environment that admits a degenerate equilibrium. To ease the
presentation, I first digress to introduce an assumption on preferences and then verify the

degenerate equilibrium.

Assumption 4 (General preferences) U € C? satisfies

UxxUnn — (Uxg)* = 0. (8)

"These examples of equilibria can be found in Lagos and Wright (2003).




I refer the set U C C? as the collection of utility functions U satisfying (8). Obviously, the
quasi-linear preferences in LW satisfy Assumption 3 with Ugg = Uxpg = 0. An important

property of U is given by the following lemma:

Lemma 1 IfUxx # 0, then U satisfies (8) if and only if there exists a function A € C' such
that UH =Ao Ux.

Lemma 1 is helpful to give some sense about how degeneracy is possible. Suppose solutions
are interior and V;; is differentiable. From the first order condition with respect to z in (1),
I have

1+ m) Uxys = BVzit1.

Also, from the first order condition with respect to X in (1), I have the intertemporal Euler’s
equation:

AUxy = —Ugy.

Combining these two equations with Uy ; = A (Ux ) from Lemma 1, I have

gA A Vi (2)

1+m Vet (2)

Since the right side is a function of z only, not s, it implies z; (s) is a constant function
on the equilibrium path. Thus, the history of money holding does not affect the optimal
money holding. For example, it is straightforward to verify the non quasi-linear case U =
D G (F - H )U. In general Vi1 might not be differentiable (for example, under the pairwise-
core trading protocol used in Hu, Kennan and Wallace 2009) and the solutions might not
be interior, so a more sophisticated argument is needed to show the degenerate equilibrium,

summarized by the following proposition.

Proposition 1 If 7 > B — 1 and H is sufficiently large, then there exists a degenerate

equilibrium, which is unique for generic values of the other parameters.

Sketch of the proof. The strategy of proof is sketched as follows. I first establish
an auxiliary problem that agents choose X and H to maximize U in the CM, given s;
and z;41. It becomes a static problem and yields a value function in s; and z;41. One
complication is to check interior solutions under the general preferences. A key part of

the proof is that I transform the value function of the static problem as if it were some



quasi-linear utilities in the CM. I formulate a new problem in an auxiliary economy with
this quasi-linear utility in the CM, and keep everything in the DM unchanged. I show that
the solutions in the auxiliary economy are interior, and the value functions are the fixed
point of a contraction mapping from a space of linear functions into itself. This step is
done without relying on the differentiability of V; in the original economy. Finally, I show
the existence and uniqueness of the degenerate equilibrium under the auxiliary economy. I
translate the equilibrium allocation of the auxiliary economy back to an allocation in the
original economy, which is also degenerate and satisfies all the equilibrium conditions of the
original economy under the same supporting prices and laws of motion. By construction,
the translated allocation also maximizes the agent’s preferences under the original economy.
Hence, the translated allocation constitutes a degenerate equilibrium.

Proposition 1 states that agents always exit the CM with the same real balances regardless
of the real balances entering the CM. The intuition is as follows. Consider the agent has
purchases in the DM, so some of the real balances s brought to the CM are depleted. Then,
due to the wealth effect, the agent wants to reduce his consumption X and increase his labour
supply H. If the labour endowment H is sufficiently large, then X is also large enough to
buffer any reduction in X from the zero lower bound, and the increase in labour supply is
not restricted by H. As a result, the decrease in X and increase in H completely "rebalance”"
the falling short of real balances s after the DM purchases. With quasi-linear preferences,
agents only rebalance the depleted real balances by increasing his labour supply H. With
the general preferences, it can also be rebalanced by reducing his consumption X as well.

The conditions of 7 > B — 1 and a sufficiently large H are common in the literature:
7 > 3 — 1 guarantees the return of money is not too high otherwise money is hoarded rather
than circulating; a sufficiently large H guarantees an interior allocation. The uniqueness
holds for generic parameter space since there may be multiple degenerate equilibria under

some special combination of parameters.®

4 Exact Solutions

To make use of the utility function U, it is useful to obtain exact solutions rather than in the

PDE form UxxUpgg — (Ux H)2 = 0. The following lemma, solves for the exact solutions:

Lemma 2 (i) U satisfies (8) if it has one of the following two forms:

8See Wright (2010) for a related discussion.



0. U= (C1X + CoH + Cy) o (GGG ) + O X + CoH + Cly;

b. U= (C1X + CoH) ¢ (%) + C3X + C4H + Cs,

where C;, i = 1...9, are arbitrary constants and p € C?.

(ii) U satisfies (8) if and only if it has the following parametric form:

U=pX +A(p)H+ x(p), where p solves —x' (p) = X + N (p) H, A € C! and x € C.

Lemma 2 includes some utilities, such as the class of constant return to scale (CRS) pref-
erences, that have been extensively studied in many macroeconomic literatures. A popular
example of CRS is the utility with constant elasticity of substitution (CES), which has the
form U = [(1 —0) X’/’—i—a(F—H)ﬂ 1/1/;, for all 0 € (0,1) and ¢ € (—o0,1). A Cobb-
Douglas utility U = X1=° (F —N-H )U is widely used to study endogenous growth with
leisure, which will be illustrated in the next section. Heckman (1976) uses the CRS util-
ity U [X ,A (F —N—-H )] to capture the effective leisure A (F —N—-H ) on endogenous
growth. Barro and Becker (1989) use the CRS utility U = HUj (%), where Uy is some
increasing and strictly concave function, to study fertility by interpreting H as the size of a
family.

The utility class U also includes non-CRS functions. A prime example is the quasi-linear
utility U = U (X) — H used in LW. Another form of the quasi-linear utility U = X — g (H),
where g is an increasing convex function, is a special case of Greenwood—Hercowitz—Huffman
(GHH) utility, commonly used in international economics and business cycles when it is
desirable not to have any income effect in the labour supply curve w = gy (H). Another
non-CRS preference is the Stone-Geary utility U = (X — :1:0)17‘7 (ﬁ —H )U, used extensively
in studies of international trade and structural change. Here, x( is the level of subsistence
consumption. Other examples include the constant-absolute-risk-aversion (CARA) utility
U=—exp [—aXX —ay (ﬁ — H)] + apX, where ag > 0 can be arbitrarily small just to rule
out a bang-bang solution. CARA is widely used in, for example, the literatures of both asset
pricing and incomplete markets, since the associated consumption function is tractable even
in a stochastic environment. Some applications using these utility functions are illustrated

in the following sections.

5 Application to Endogenous Growth

In this section I illustrate how to make use of the general preferences to incorporate the stan-

dard endogenous growth model a la Lucas (1988) in a decentralised economy of monetary



exchange. This application also highlights the aspects where the generalisation of preferences
matters, qualitatively and quantitatively. Last but not least, it demonstrates how to incor-
porate particular bargaining protocols even when deviating from a stationary environment.

Engine of long-run growth. The basic environment is extended as follows. Agents
trade in the CM and DM as before, but now agents can also invest some time N in the CM

to improve their human capital A, which evolves according to the following law of motion:
A1 =0 (Ny) Ay, (9)

where § (IV) is positive, increasing and strictly concave, and satisfies the Inada condition.
In the growing economy, the relevant individual states are human capital and real balances,
which are denoted as a” = (A, z) in the beginning of the DM and a® = (A,s) in the
beginning of the CM. Compared with the literature, Lucas (1988) is the special case without
decentralised markets, and Lagos and Wright (2005) is the special case with § (N) = 1.

Bargaining protocol. To illustrate as well as to simplify the environment, I assume a
random ultimatum game in the DM: there is probability 6 (probability 1 — @) that the buyer
(seller) can make a take-it-or-leave-it offer.” Similar to Nash and proportional bargaining
alike, 6 € (0, 1] captures the buyer’s bargaining power. When a buyer of state a = (A, z) can
make an offer to a seller of state a’ = (A’, 2’), he will propose the offer [¢;, (a, a’) ,d; (a, a')]
that maximizes his continuation value subject to the seller’s participation constraint:

max  {u(qp) + W (A,z—dp)} st. W (A, 2) =—c(qp)+W (4,2 +dp) . (10)

@p,dp€[—2',2]

On the other hand, when a seller of state a’ can make an offer, his proposal [¢s (a, @') , ds (a, a')]

is given by

max {—c(gs)+ W (4,2 +ds)} st. W(A2)=u(gs)+ W (A z—d). (11)

gs,ds €[—2",2]

I first hypothesize, and then verify, that the equilibrium is degenerate, i.e. the individual

states for the rest of the agents is a/. By summarizing all the cases, the (ex-ante) DM value

9Under other bargaining protocols, agents may also want to accumulate human capital in order to improve
their bargaining solution when they turn out to be buyers. However, assuming a random ultimatum simplifies
the economy by shutting down this interesting channel.

10



function V' (a) is given by the following Bellman equation:

Via) = ab{ulg(a,d)]+Wa,a2+d(a,a')]} (12)

+a(l—0){—clgs (d,a)] + W [a1,a2 +ds (a',a)]} + (1 — a) W (a).

The first (second) term is the ex-post DM value if the agent can match and make a offer to
a seller (buyer), which happens with probability af [probability a (1 — #)]. When the agent
cannot match anyone in the DM, or can match someone but cannot propose, which happens
with probability 1 — «, the ex-post DM value is simply W (a), given the result that the
participation constrains in (10) and (11) are always binding. Moving to the next subperiod,
the CM value function W (A, z) is given by the following Bellman equation:

W(A,s) = X%?ﬁz{U(X,ﬁ—H—N)+5V[5(N)A7Z]}7S-t- (13)

X = AH+s—(1+nm)z+T,

X > 0,Nel[0,H],He[0,H-N],z>0.

Denote {X (af’),H (af),N (af),z (af)} the solution to (13), which can be growing un-
bounded following af'.

Equilibrium.!°

Define a degenerate balanced growth path as follows: a degenerate
equilibrium such that z (atC ) /Ay = z* and N (atC ) = N* for any af on the equilibrium
path; as well as the CM and DM outputs, [ AH (atc) dGy (atc), gt and gs ¢, all grow at
the same factor 6 (N*). Notice that, unlike the static economy, on the degenerate balanced
growth path inflation is given by 1+7 = (14 7)d (N*)_l; inflation and money growth are no
longer the same. Without loss of generality, I assume that the government sets 7 as passive
to directly target 7 in the equilibrium; hence 7 is treated as an exogenous policy variable.

General preferences. So far I have abstracted from any specification of preferences.

Following Lucas (1988), I assume that the CM utility is given by the following member of U:

U(X,H—H—N)zB( X )1_J<H_H_N>U,ae(o,1), (14)

l1—-0 o

where B > 0 is the weight of the CM utility. I also use general CRRA functions for the

"Here T assume that Bellman equations are valid under unbounded growth. See Alvarez and Stokey (1998).
However, Bellman equations may no longer be valid when utility is not bounded, for example, for a log utility
function. As seen later, the utilities given by (14), (15) and (16) are homogenous of degree 1 —o. Nevertheless,
the sufficient conditions given in Alvarez and Stokey (1996) are indeed satisfied under the general preferences.

11



preferences in the DM, which are given by

¢
= D 0,1 15
u(q) 1_7,76[,], (15)
I+n A=
q
clg) = — n,¢ >0, (16)

where D > 0 is the weight of the DM consumption. The case v = 1 is interpreted as log
utility as usual. All parameters are to be estimated in the later quantitative exercise. Before
that, however, I need the following proposition to show the conditions for the existence of a

degenerate balanced growth path with the utility function (14).

Proposition 2 (Existence under General Preferences) Given the utility function of
form (14), a degenerate balanced growth path exists if 1 > 8 [maxy 6 (N)]"° — 1, H is suffi-

ciently large, and the parameters satisfy

v = o, (17)

p = o+ (18)

Condition (17) [(18)] guarantees a degenerate balanced growth path in the DM when the
seller (buyer) proposes. The condition of a large labour endowment H guarantees an interior
solution, as before. The condition m > f[maxy ¢ (N)]”7 — 1 is the growth version of the
standard condition m > 8 — 1: the return of money —m cannot be too high to be used as a
medium of exchange in the DM.

What happens if (14) is replaced with the quasi-linear preferences U (X) — H — N in a
growing economy? As Waller (2011) finds but with other bargaining protocols, the existence

of a balanced growth path under the quasi-linear preference requires extra conditions.!!

Proposition 3 (Waller 2011) If quasi-linear preferences are assumed, then the necessary
conditions for the ezistence of a degenerate balanced growth path include: (a) U (X) =log X,
(b) 0 =~=1and (c) p=1+n.

Compared with the general preferences, under the quasi-linear preferences conditions (a)
and (b) in Proposition 3 are the extra conditions for the existence of a degenerate balanced

growth path. The intuition is as follows. The intratemporal Euler’s equation under the

YFor readers familiar with the literature, condition (a) is necessary for a balanced growth path in the CM,
and condition (b) is necessary for a balanced growth path in the DM, which is not considered in Waller (2011).
Also, he restricts n = 0.
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quasi-linear preferences requires Uy (X) = A~!. To have both sides of equality grow at
the same rate, log utility is necessary. Instead, under the general preferences, both labour
and consumption can be used to satisfy Uy = —A~'Upy, so there is a larger degree of
freedom for parameters. Second, log utility also means that the shadow value of real balances,
Uxz = z/A, is constant on the balanced growth path, so the DM goods traded in the
decentralised markets are also constant when sellers can make offers. To have consumption
growth in the decentralised markets, any chance that sellers can propose must be shut down,
by restricting the economy such that buyers have all the bargaining power, § = 1. In sum, a
quasi-linear economy needs extra conditions to maintain a knife-edge growth path.

The following proposition gives an implication of these restrictions: in a quasi-linear

economy inflation does not affect the output growth rate.

Proposition 4 (No Endogenous Growth under QL) On any degenerate balanced growth
path under quasi-linear preferences, § (N*) solves § (N*) = 8§’ (N*).

Under the quasi-linear preferences, the output growth does not depend on inflation. To
see this, recall that in the Lucas model the growth rate is endogenously chosen to balance the
opportunity cost and benefit of accumulating human capital. With quasi-linear preferences,
the cost is independent to inflation as the marginal disutility of labour supply is constant.
Also, agents no longer have any benefit from investing human capital for the DM production
since sellers have no bargaining power (necessary for the balanced growth under quasi-linear
preferences). Thus, a quasi-linear economy essentially shuts down any potential mechanism
that inflation can affect growth. Of course, the absence of the growth mechanism is no longer
the case under the general preferences. The following proposition summarizes the key result

in this section:

Proposition 5 (Growth Mechanism under General Preferences) Given the utility

function of the form (14), on the degenerate balanced growth path, the comparative statics are

given by dz*/drn < 0 and do (N*) /drn < 0. The inequality is strict if the equilibrium features
1

it

* o D (oD )\nty
< B—) (1+77) ’

A lesson from comparing Proposition 4 with Proposition 5 is that formulating an LW
model with the general preferences can feature this growth mechanism but is impossible
under the quasi-linear preferences. The growth mechanism under the general preferences

relates to the strategic complementarity between human capital and real balances. On one
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hand, a lower level of a buyer’s real balances affords less purchases, and hence the seller
wants to invest less human capital to justify the lower level of production. On the other
hand, a lower level of a seller’s human capital worsens the buyer’s terms of trade, and hence
the buyer wants to hold less real balances. Since a higher inflation raises the shadow cost
of holding real balances, it reduces the investment in human capital through the strategic
complementarity, and eventually triggers a further cut in real balances holding, and so on.!?
The strategic complementarity amplifies the negative effect of inflation.

It is also useful to notice a new source of inefficiency under the general preferences: this
economy features a two-sided hold-up problem. On average, only portion 1 — 6 (portion 6) of
the time can the sellers (buyers) get the entire ex-post trade surplus, but the sellers (buyers)
must bear the entire cost of investing in human capital (real balances) - a hold-up problem
for both sides of trade. Under the quasi-linear preference the economy is in the corner case
@ = 1: it reduces to a one-sided hold-up problem without strategic complementarity. The
welfare cost of inflation can be very different under the general preferences.

Preliminary quantitative finding. To give some sense of the inflation cost under the
general preferences, I perform a quantitative exercise closely following LW. This section serves
an illustrative purpose, due to the obvious difficulty in assessing the relevance of inflation
for future output growth.'’® The annual rate of time preference is r = 71 — 1 = 0.04,
the matching rate is @ = 0.5, and the buyer’s bargaining power is § = 0.5. I normalize
H = 1 since existence is no longer a concern in the quantitative exercise. The remaining
parameters are estimated based on the same U.S. data from 1900 to 2000 used by Lucas
(2000), LW and many others. Figure 1 displays the plots of annual observations (the circles
in the figures) on the nominal interest rate i, on the money-output ratio L = M/ (PY),
and on the growth-interest rate differential p = % (1+4)"' — 1. The data on L and p

capture the money demand and effective growth rate respectively. In the model the nominal

12Gellers can propose DM trades at the constrained efficient level (condition on A) when the buyers hold
higher real balances than the threshold in Proposition 5. In this case a higher inflation does not affect seller’s
surplus or the incentive to invest human capital.

13Some features of the model may result in overstating the welfare cost. First, as in the Lucas (1988) model,
agents can invest in human capital with their labour in every period. In practice, while human capital can
be accumulated by a continuous learning process (e.g. through experience and skill), a significant share of
human capital is formed at the early stage of the life cycle and at much lower frequency than in the model.
Second, I estimate the model with the data of output growth rate rather than some direct observation on
human capital such as years and quality of schooling. While it avoids taking a stance on what human capital
really is and how to measure properly, still an ongoing issue in the growth literature, my empirical exercise
does not directly verify the mechanism with the micro data. In particular, the negative effect of inflation on
human capital accumulation suggested by the aggregate data might be weaker in the micro data. Last but
not least, money is the only medium of exchange. Further research will be required.
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interest rate is given by Fisher’s equation (the growth version) i = 71 (14 7)d (N*)7 — 1.
Assume that § (N) = (6N + No)", where dp, Ny > 0 and « € [0, 1]. This configuration nests
the exogenous-growth models when ¢y = 0, and the static models when k¥ = 0. See Online
Appendix C for details and robustness checks.

The data present a negative correlation between the effective growth rate and the nominal
interest rate. The model is capable of capturing that with the fitted curve (solid line) in the
right panel, as well as the fitted money demand (solid line) in the left panel. Going from 0%
to 10% inflation for 10 years reduces the output growth rate of 1.3%. The welfare cost of
10% inflation is worth 7.3% of consumption, larger than LW (<4.6%) under the quasi-linear
preferences without endogenous growth. Inflation can have such a large impact because of
the growth mechanism: affecting not only the current output but also the entire path of
future output. It is much larger than Lucas’ (<1%) with exogenous growth, because the
latter measures the welfare cost by the area under the reduced-form money demand curve. It
ignores the social benefit of monetary exchange, which can be seriously affected by inflation

under the growth mechanism.
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Figure 1: U.S. money demand and output growth, 1900-2000. Each circle represents a sample
of annual data. Sources: see Online Appendix C.
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6 Application to a Heterogeneous-Agent Economy

The main insight of this paper is that under the general preferences the optimal money
holdings for the future periods are not a function of how much money they obtained in
the past. Proposition 1 concludes that ex-ante homogeneous agents hold identical amounts
of money. But the basic insight is broader. Even when agents are ex-ante heterogeneous,
the amount of money they want to take into the future does not depend on money earned
in previous trades; nevertheless it is affected by ex-ante heterogeneity in preferences and
productivities. In such environments, allowing general utility functions rather than restricting
attention only to quasi-linear utilities generates some advantages that this section will outline.

I introduce ex-ante heterogeneity as in standard incomplete-market models but keep the
changes to the benchmark model minimal. In this case, money holding is similar to capi-
tal in the incomplete-market models. Under a sufficiently large ex-ante heterogeneity, the
distribution may cease to be tractable under the quasi-linear preferences. This section thus
provides another example to illustrate some advantages of modeling with this class of general
preferences: an economy can still feature a tractable distribution under a sufficiently large
ex-ante heterogeneity, which helps to obtain some useful results analytically. Again, it is for
illustrational purpose; there are ongoing researches with more thorough examination.'

Compared to the benchmark case in Section 2, in this economy agents are subject to
uninsurable i.i.d. shocks to A over time, which are realized at the beginning of the CM.!?
The CM value function is given by

W(A,s) = )I(H%XZ{U (X,H—H)+ BV (2)}, s.t. (19)

X = AH+s—(1+4m)z+T,X>0,H€[0,H|,z>0.

Denote W (s) = E4W (A4, s) the expected CM value function before the realization of A. For
the sake of brevity, I also assume ¢ (q) = ¢ and § = 1 (ie, buyers can make TIOLI offers), so
S%(z,2;W) =0and ¢ = W (2 +d) — W (2'). None of these assumptions is essential. The

"For example, see Wen (2015) for a similar environment but with uninsurable shocks to wealth instead.

'5The main results still hold when A is persistent, or has a component shared among agents which is shocked
by some aggregate uncertainties as in Krusell and Smith (1998). Alternatively, having endowment shocks will
not have significant differences from the basic model: the money distribution is still degenerate.
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DM value function is then given by
Vi(z)= a/Sb (2,2 W) dF (2') + W (2), (20)

where now S (2, 2; W) = maxg<, {u[W (2' +d) = W (2/)] + W (z —d) — W (2)}.

To sharpen the comparison, the domain of A is given by [Ag, 00), Ag > 0. The unbounded
domain captures a large heterogeneity among agents, which could make the distribution
intractable under the quasi-linear preferences. To see this, suppose there exists an equilibrium
featuring an interior solution and a linear W (s). This equilibrium implies ¢ (z,2"; W) =
min (Az, ¢*), where A = W7 (0) > 0 and u, (¢*) = 1. For a typical agent with an individual
state {s, A}, the first order condition of z implies

1+7
A

Un [X (s, A),H — H (s,A)] = BX [emax {u, [Az (s, A)] — 1,0} + 1]. (21)

Consider the quasi-linear preferences, then —Uy = 1, A = E4A~! and (21) becomes

1+7
A

= B Jamax {uy [A\z (s, A)] — 1,0} + 1], (22)

which does not have a solution for a sufficiently large A, always possible with an unbounded
domain. The intuition is that under the quasi-linear preferences, the marginal disutility of
labour is constant, and thus the labour supply can have bang-bang solutions. For agents with
sufficiently large A, their money holding cannot be rebalanced to the level unrestricted by
their labour endowment H. Thus, the optimal money holdings out of the CM will depend on
the money holding brought to the CM, and the tractability is lost. With homogeneous agents,
this problem can be avoided by assuming a sufficiently large H. When the heterogeneity is
sufficiently large (for example with a unbound domain of A), however, there does not exist
any finite H such that the labour endowment is not binding for all agents.

With heterogeneous agents, the problem of binding labour endowment can be avoided if
the utility function has sufficient curvature in leisure, allowable by modeling with the general

preferences. For example, consider the following CES member of the general preferences:

U(X,H-H) = [(1—0)( X >w+a<H_H>¢]w, o€ (0,1), <1 (23)

1—0 o

Then the intratemporal Euler’s equation AUx = —Upg implies X = (0*1 — 1) AV (A=) (F — H)
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1—
v
and —Uyg = [(1 —0) AT + a} v ; the indirect marginal disutility of labour now increases

in A. Presume that there exists an equilibrium with z (s, A) = z (A4), thus (21) becomes

1
() (1= +0AT5) 7 = B [amax {u, [\ (4)] = 1,0} + 1], (24)

1—

where A = Ey4 (1 —o+ O'A%) . Thus, there exists a solution z (A) to (24) for all A €
[Ag, 00) only if ¢ € (0,1), and

1-9

o = | ¥
T=7> B4 [1—1— <1 >A1¢] —1. (25)

— 0

The conditions become "if and only if" when the economy also features a sufficiently large
H (to guarantee an interior solution as before). Under the general preferences, the optimal
money demand, z (A4), can be tractably solved by rearranging terms in (24). Its distribution
only depends on the current distribution of A but not the history of the previous money
holding distribution - the distribution of money holding is thus degenerate conditional on A.

Besides the tractability of distribution, some useful results are also readily available. In
the incomplete-market literature, Bewley (1980) considers the effect of paying interest for
holding money (financed by lump-sum taxation), which is the same as the deflation by lump-
sum taxation in this economy. He finds that a stationary monetary equilibrium exists only if
the interest rate on money, (1 + 7')_1 —1, is sufficiently lower than the rate of time preferences,
B~ — 1 (the interest rate of Friedman’s rule in his environment). Otherwise there does not
exist a stationary monetary equilibrium since the supporting lump-sum tax is too high to
be feasible for poor agents in his endowment economy. Condition (25) is similar to Bewley’s
finding, but for a different reason: if the money growth rate is too low that (25) fails, then the
equilibrium may no longer be stationary: money holding could be increasingly concentrated
in the hands of agents with a long history of high productivities. Thus, unlike the benchmark
of ex-ante homogeneity, Friedman’s rule (7 = § — 1) is no longer implementable when there
is a large heterogeneity.

In the literature of search models, Galenianos and Kircher (2008) study an economy that
also features a non-degenerate distribution but with the quasi-linear preferences, by allowing
auctions over indivisible DM goods. As in their economy, one can show that in this one the
per-period utility declines with inflation for all agents. Unlike their economy, however, in

general the declines can be larger or smaller for the high—A agents, depending on the sign
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of Ux, g, i.e., whether or not consumption and leisure are strategic complements.'® Thus,

inflation can be a progressive or regressive form of taxation under the general preferences.

7 Conclusion

This paper generalises the seminal work by Lagos and Wright (2005) to a broad class of pref-
erences. Examples are designed to highlight when, why and how the generalisation is useful
in modelling important issues that could be impossible under the quasi-linear preferences. On
top of these examples, other studies also show that the generalisation matters. For instance,
Swanson (2012) illustrates that the traditional measure of risk aversion can be misleading
in asset pricing; Gu, Mattesini and Wright (2014) show that under the general preferences
credit can no longer be neutral in a monetary equilibrium with capital.

I demonstrate that degeneracy is always preserved under general trading protocols. This
model can go further and incorporate other matching and exchange mechanisms, for exam-
ple, different search mechanisms and competing media of exchange.'” It is also useful in
maintaining tractability for models with heterogeneous agents and other uninsurable shocks.
The key is to insert a subperiod with this class of preferences that allows agents to reset the
individual state by consuming and working. While in general these applications will have
non-degenerate money holdings, the technique still eliminates the further heterogeneity in
money holdings arising from previous trades.

There are also economies where some equilibria looks like LW, so the quasi-linear pref-
erences could be good approximation. Rocheteau, Rupert, Shell and Wright (2008) consider
an economy with indivisible goods where agents behave as if they have quasi-linear prefer-
ences under the sunspot equilibria. Similar properties are also shown by Faig (2008), where
a lottery of agents’ money balances is available. A common feature of these works is the
exploitation of the non-concavity of the value functions: if there is a randomization device
and agents can coordinate on it, then there is a region such that the value function is linear,
as if driven by some quasi-linear preferences. This argument extends to this class of general

preferences as well.

'“The CES preferences (23) always feature an progressive inflation. Furthermore, inflation can be shown as
regressive only if Ux g > 0, for example U (X,F — H) = —exp (—X —H+ H) + X.

'"See Lagos and Rocheateau (2005) for a cometitive search model with endogenous search intensity; and
Rocheteau and Wright (2005) for the one with free entry. There also have been extensive studies in this litera-
ture on the co-existence of money and interest-bearing assets. For recent studies highlighting the competition
among media of exchange, see Lagos and Rocheteau (2008) on money v.s. assets; Gu, Mattesini and Wright
(2012) on money v.s. credit; Venkateswaran and Wright (2013) on money v.s. collateral.
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8 Appendix A: Proofs of Main Results

8.1 Proof of Lemma 1

If. Since U € C% and A € C!, differentiating both sides of Uy = A (Ux) with respect to X
and H and eliminating A’ (Ux), I have UggUxx = (UXH)z.

Only if. Since Uxx # 0, Ugx/Uxx is well-defined. Fix continuous functions z (p) and
h (p) such that p = Ux [z (p),H — h(p)] for all p in the range of Ux (the existence follows
Michael selection theorem). For example, consider U (X JH—H ) = Xl (ﬁ —H )0, then
fix any differentiable function h (p) € [0, H| and I have z (p) = [H — h(p)] [(1 — o) /o]°.
For any po and p in the range of Ux, construct A (p) as the following path integral from pg

to p:
_ [P Unx [z(p), H = h(p)] =
A0 = [ g U [ o) T o] (26)
Using the construction p = Ux [z (p), H — h(p)], I have

M = [P i) T~ (0] + U o ) B )]

D z 7 2
. /’U&xpgan-h@ﬂd$@y+/migihjgf;_2%£(m0ﬁ+vykun»Jf—h@wL
—-/ﬂmxh@»H—mewm+/ﬂmHh@»H—mmMmm+mﬂwm»H—mmm

where the third line utilizes the fact that Uxx # 0 and Uy = (UXH)2 /Uxx for any U € U.
Notice that by construction I have A (p) € C*. Define p = Ux (X, H — H) where X = z (p)
and H = h(p), then I establish the result Uy (X, H — H) = Ao Ux (X,H — H).

8.2 Proof of Proposition 1

Step 1. First I need the following lemma to show a useful property of U.
Lemma 3 Suppose U € U. For any A > 0, for any (X1, H1) and (X2, Ha) which satisfy
AUx (X;,H — H;) = Uy (X;,H — H;) , i = 1,2, (27)

I have UX (Xl,F—Hl) = UX (XQ,F—HQ).
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Proof. Denote p; = Ux (Xl,ﬁ — Hl) and po = Ux (XQ,F — Hg). Suppose Lemma 3 is not
true and there exist (X1, H;) and (X2, H2) which satisfy (27) but p; # p2. Using Lemma 1,
I have

Ap; = —AN(pi),i=1,2.

Since A € C!, the premise that there are at least two distinct roots to Ap = —A (p) implies
there also exists two distinct roots p; and py to Ap = —A (p) such that A’ (p;) > —A~!
and A’ (py) < —A~1. Also, from the proof of Lemma 1 I have A’ = Uxy/Uxx > 0, which
contradicts to the fact that A’ (py) < —A71 < 0. m

Step 2. Fix some 5 > 0. Define UY (s) for all s € [-3,3] as

Ul(s) = I)]%%U(X,F—H) (28)

st. X < AH+s5,X>0,and H € [O,H]

By Assumption 2, for a sufficiently large H, the problem (28) has a unique interior solution
X (s) > 0and H (s) € (0,H). Then the first order conditions of (28) with respect to X and
H imply

AUx [X (s),H — H (s)| = -Un [X (s),H — H(s)] . (29)

By Lemma 3, there exists a constant A such that A = Ux [X (s), H — H (s)] for any X (s) and
H (s) satisfies (29). Applying an envelope theorem to U° (s), Thave U? (s) = Ux [X (s),H — H (s)] =

A. So for all s € [-5, 3], we can write
U (s) = Ao + s, (30)

where )\ is some constant solving A\g = U? (0). Substituting (30) into (1), consider the value

function W4 (s) given by
Wi (s) = max {UO [s — (1+7)z+ Ty + Vi1 (z)} , s €10,23], (31)

where in the degenerate equilibrium (to be verified) I have w441 =7, 72 =T} and z = 5.
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Step 3. Notice that for a sufficiently large H, there exist some increasing, strictly concave

function U! (X) and constant X* > 0 such that

* 1 _
X" = argm}e{xx{U (X) —AX},
A = UNX*) - AX*,

25+2|1|z < X*<AH - (1+2]|7])%,

where Z is given by Assumption 3iii with A given by (30).

Now define an auxiliary economy with the quasi-linear preferences U!(X) — AAH in
the CM and everything the same in the DM. Guess an equilibrium with # = 7. Given any
distribution F' (z) and T', the CM value function of the auxiliary economy is the fixed point

of the following functional equation C' (W)

C(W)= Imax {U1 (X) — A)\H+ﬁoz/5b (z,2/,W)dF (%) +Ba/5$ (2,2, W) dF (2') + W (z)} , s.t.
(32)

X = AH+s—(1471)2+T,

X

v

0, H e [O,ﬁ] and z > 0.

Denote Sy the space of linear function W in the form W (s) = wp + As, where s € [0, 25].
With the sup norm |||, Sy is a complete metric space.

I want to show that given a sufficiently large H, C' (W) is a contraction mapping from
Sy to Sy. First I want to show C (W) € Sy for any W (s) € S). Consider any W (s) € S.
Using the premise 7 > # — 1 from Proposition 1 and Assumption 3iii, I have z < Z. Given

the construction of X™*, the solution X to (32) is X = X* and the solution H = H*(s) is

given by
X' —s+(14+nz-T [X*"—25-2|7|z X*+(1+2]|7|)z —
H* = C (0,H
A < A ! A < (0.H),
where from the government budget constraint I have T' € [— |7|Z,|7|Z]. Thus, the solution

H* to (32) is interior for all W (s) € Sx. Then C (W) is equivalent to the following linear
function

C (W) =vy (W) + As, where
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Vo (W) = )\0+/\T+/Bw0
2ahr-)e 48 [ 8 AW AE () 46 [ mw)ar ()],

—i—amax{—
z o

Thus, given a sufficiently large H, I have established C (W) € Sy for any W (s) € Sy. Finally,
to show C (W) is a contraction mapping, I want to show ||C (W) —C (W")| < B||W — W/||
for any W (s) € Sy and W' (s) € Sy. Consider W (s) = w + As and W' (s) = w’ + As.
By Assumption 3ii I have S° (2,2, W) = S°(z,2/,W') and S° (¢, 2, W) = S§° (¢, 2,W'), so I
have vg (W) —vg (W') = 8 (w — w') and thus |C (W) — C (W] =B |w —w'| = B ||W — W|.
Finally, given 7 > 8 — 1 and Assumption 3i, there is generically unique solution z* € (0, z] to
max, {—2 (1+7—B)z+ B[S (2,2, W)dF (') + B [ S* (¢, 2, W) dF (z')}. It implies that
F' is degenerate in the equilibrium of the auxiliary economy. I verfify that {X*, H * (s),2*}
constitute an degenerate equilibrium in auxiliary economy with 7,4 = 7 and 72* = T3.
Step 4. I recover the equilibrium allocation of the original economy. Given 7, = 7 and
the unique solution z* in the fixed-point function W* = C (W*) from Step 3, set z; (s¢) = 2*
and 5 = z*. The money market is cleared by setting ¢,M; = z*; the government budget is
satisfied by setting and T} = T = 7z*. Again for a sufficiently large H, the CM problem
(28) in Step 2 has an interior solution X' (s) and H’(s), which is unique. Set X;(s) =
X'[s—(1+m)z"+T)and Hy (s) = H' [s — (1 4+ m) 2* 4+ T, which are interior and also satisfy
the goods market condition. Verify that W; (s) = W* (s) is also the CM value function given
by (31). Hence, {X;(s),H¢(s), 2 (s)} attains the maximal lifetime utility. The allocation

constitutes a unique degenerate equilibrium in the original economy.
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