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Abstract

In this paper, we consider a high dimensional quantile regression model where
the sparsity structure may differ between the two sub-populations. We develop ¢-
penalized estimators of both regression coefficients and the threshold parameter. Our
penalized estimators not only select covariates but also discriminate between a model
with homogeneous sparsity and a model with a change point. As a result, it is not
necessary to know or pretest whether the change point is present, or where it occurs.
Our estimator of the change point achieves an oracle property in the sense that its
asymptotic distribution is the same as if the unknown active sets of regression coef-
ficients were known. Importantly, we establish this oracle property without a perfect
covariate selection, thereby avoiding the need for the minimum level condition on the
signals of active covariates. Dealing with high dimensional quantile regression with an
unknown change point calls for a new proof technique since the quantile loss function is
non-smooth and furthermore the corresponding objective function is non-convex with
respect to the change point. The technique developed in this paper is applicable to a
general M-estimation framework with a change point, which may be of independent
interest. The proposed methods are then illustrated via Monte Carlo experiments and
an application to tipping in the dynamics of racial segregation.
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1 Introduction

In this paper, we consider a high dimensional quantile regression model where the sparsity
structure (e.g., identities and effects of important or contributing regressors) may differ
between the two sub-populations, thereby allowing for a possible change point in the model.
Let Y € R be a response variable, () € R be a scalar random variable that determines a
possible change point, and X € RP be a p-dimensional vector of covariates. Here, () can be a
component of X, and p is potentially much larger than the sample size n. Specifically, high

dimensional quantile regression with a change point is modelled as follows:

Y = XT8, + XT6,1{Q > 1o} + U, (1.1)

where ([, do, 7o) is a vector of unknown parameters and the regression error U satisfies P(U <
0|X,Q) = v for some known v € (0,1). Unlike the mean regression, quantile regression
analyzes the effects of active regressors on different parts of the conditional distribution of
a response variable. Therefore, it allows the sparsity patterns to differ at different quantiles
and also handles heterogeneity due to either heteroscedastic variance or other forms of non-
location-scale covariate effects. By taking into account a possible change point in the model,
we provide a more realistic picture of the sparsity patterns. For instance, when analyzing
high-dimensional gene expression data, the identities of contributing genes may depend on
the environmental or demographical variables (e.g., exposed temperature, age or weights).
Our paper is closely related to the literature on models with unknown change points
(e.g., Tong (1990), Chan (1993), Hansen (2000), Pons (2003), Kosorok and Song (2007),
Seijo and Sen (2011a,b) and Li and Ling (2012) among many others). Recent papers on
change points under high-dimensional setups include Enikeeva and Harchaoui (2013); Chan
et al. (2014), Frick et al. (2014), Cho and Fryzlewicz (2015), Chan et al. (2016), Callot
et al. (2016), and Lee et al. (2016) among others; however, none of these papers consider

a change point in high dimensional quantile regression. The literature on high dimensional



quantile regression includes Belloni and Chernozhukov (2011), Bradic et al. (2011), Wang
et al. (2012), Wang (2013), and Fan et al. (2014) among others. All the aforementioned
papers on quantile regression are under the homogeneous sparsity framework (equivalently,
assuming that do = 0 in the quantile regression model). Ciuperca (2013) considers penalized
estimation of a quantile regression model with breaks, but the corresponding analysis is
restricted to the case when p is small.

T as well as

In this paper, we consider estimating regression coefficients oy = (37, %)
the threshold parameter 75 and selecting the contributing regressors based on ¢;-penalized
estimators. One of the strengths of our proposed procedure is that it does not require to
know or pretest whether d; = 0 or not, that is, whether the population’s sparsity structure
and covariate effects are invariant or not. In other words, we do not need to know whether
the threshold 7y is present in the model.

For a sparse vector v € RP, we denote the active set of v as J(v) = {j : v; # 0}. One of
the main contributions of this paper is that our proposed estimator of 7y achieves an oracle
property in the sense that its asymptotic distribution is the same as if the unknown active
sets J(Bp) and J(dg) were known. Importantly, we establish this oracle property without
assuming a perfect covariate selection, thereby avoiding the need for the minimum level
condition on the signals of active covariates.

Dealing with high dimensional quantile regression with an unknown change point calls
for a new proof technique since the quantile loss function is non-smooth and furthermore the
corresponding objective function is non-convex with respect to the threshold parameter 7.
The technique developed in this paper is applicable to a general M-estimation framework
with a change point, which may be of independent interest.

The proposed estimation method in this paper consists of three main steps: in the first
step, we obtain initial estimators of ay and 7y, whose rates of convergence may be suboptimal;
in the second step, we re-estimate 7y to obtain an improved estimator of 75 that converges

at the rate of n and achieves the oracle property mentioned above; in the third step, using



the second step estimator of 75, we update the estimator of . In particular, we propose
alternative estimators of «g, depending on the purpose of estimation (prediction vs. variable
selection).

One particular application of (1.1) comes from tipping in the racial segregation in social
sciences (see, e.g. Card et al., 2008). The empirical question addressed in Card et al. (2008) is
whether and the extent to which the neighborhood’s white population decreases substantially
when the minority share in the area exceeds a tipping point (or change point). In Section
8, we use the US Census tract dataset constructed by Card et al. (2008) and find that the
tipping exists in the neighborhoods of Chicago and Pittsburgh.

The remainder of the paper is organized as follows. Section 2 provides an informal
description of our estimation methodology. In Section 3, we derive the consistency of the
estimators in terms of the excess risk. Section 4 presents regularity assumptions we need
to establish further asymptotic properties of the proposed estimators, which are given in
Sections 5 and 6. In Section 7, we provide discussions how to choose tuning parameters and
present the results of some Monte Carlo experiments. Section 8 illustrates the usefulness
of our method by applying it to tipping in the racial segregation. Section 9 concludes and
Appendix A describes in detail regarding how to construct the confidence interval for 7.
Apendices B and C contain high-level regularity conditions on the loss function and the
proofs of all the theoretical results, respectively.

Notation. Throughout the paper, we use |v|, for the ¢, norm for a vector v with
q=0,1,2. We use |v|s to denote the sup norm. For two sequences of positive real numbers
a, and b,, we write a, < b, and equivalently b, > a, if a, = o(b,). If there exists a
positive finite constant ¢ such that a,, = c-b,, then we write a,, & b,. Let Apin(A) denote the
minimum eigenvalue of a matrix A. We use w.p.a.1 to mean “with probability approaching
one.” We write 0y = [y + dg. For a 2p dimensional vector «, let a; and «jc denote
its subvectors formed by indices in J(ap) and {1,...,2p}/J(ap), respectively. Likewise, let
X ;(7) denote the subvector of X (7) = (X7, XT1{Q > 7})T whose indices are in J(ag). The



true parameter vectors [y, dy and 6y (except 79) are implicitly indexed by the sample size
n, and we allow that the dimensions of J(fy), J(d) and J(6p) can go to infinity as n — oco.

For simplicity, we omit their dependence on n in our notation.

2 Estimators

In this section, we describe our estimation method. We take the check function approach
of Koenker and Bassett (1978). Let p(t1,t2) = (t1 — t2)(y — 1{t1 — ta < 0}) denote the loss
function for quantile regression. Let A and T denote the parameter spaces for ag = (S, do)
and 7y, respectively. For each a = (8,0) € A and 7 € T, we write X738 + XT61{Q > 7} =
X(7)Ta with the shorthand notation that X (7) = (X7, XT1{Q > 7})T. We suppose that

the vector of true parameters is defined as the minimizer of the expected loss:

(o, 79) = argmin E [p(Y, X (7)" )] . (2.1)
acA,TeT

By construction, 7y is not unique when dg = 0.

Suppose we observe independent and identically distributed samples {Y;, X;, Q;}i<n. Let
X;(7) and X;; (1) denote the i-th realization of X (7) and j-th element of X; (7), respectively,
i=1,...,nand j =1,...,2p, so that X;;(17) = X;; if j <p and X;;(7) = X, ;_,1{Q; > 7}

otherwise. Define

n n

Ry(o,7) = 1 > (Vi Xi(r) o) = %Zp(m,xfﬁ + XI51{Q; > 7}).

n
i=1 i=1

In addition, let D;(7) = {n ™t >0, X;;(7)*}Y2, 5 =1,...,2p.
We describe the main steps of our ¢;-penalized estimation method. For some tuning

parameter k,, define:

2p
Step 1: (&,7) = argmin,y, crRn(a,7)+kp Z D;(1)|ay). (2.2)
j=1



This step produces an initial estimator (¢, 7). The tuning parameter k,, is required to satisfy

logp
Kn  (logp)(logn) — (2.3)

Note that we take r, that converges to zero at a rate slower than the standard (logp/n)'/?

rate in the literature. This modified rate of s, is useful in our context to deal with an

unknown 75. A data-dependent method of choosing k,, is discussed in Section 7.1.

Remark 2.1. Define d; = (2 3" | X2)"? and d;(7) = (137, X21{Q; > 7})"/2. Note
that Z?il Dj(r)|ey| = 251 djlBi| + D7F_, dj(7)|95], so that the weight D;(7) adequately
balances the regressors; the weight d; regarding |;| does not depend on 7, while the weight

d;(7) with respect to |d;| does, which takes into account the effect of the threshold 7 on the

parameter change 9.

The main purpose of the first step is to obtain an initial estimator of . The achieved
convergence rates of this step might be suboptimal due to the uniform control of the score
functions over the space 7 of the unknown 7.

In the second step, we introduce our improved estimator of the change point 7. It does

not use a penalty term, while using the first step estimator of ay. Define:

Step 2: 7 = argmin R, (&, 7), (2.4)
TET

where & is the first step estimator of ag in (2.2). In Section 5, we show that when 7 is

identifiable, 7 is consistent for 7, at a rate of n=!.

Furthermore, we obtain the limiting
distribution of n(7 — 79), and establish conditions under which its asymptotic distribution is
the same as if the true o were known, without a perfect model selection on «y, nor assuming
the minimum signal condition on the nonzero elements of ay.

In the third step, we update the Lasso estimator of ag using a different value of the

penalization tuning parameter and the second step estimator of 7y. In particular, we recom-



mend two different estimators of «ag: one for the prediction and the other for the variable
selection, serving for different purposes of practitioners.
For two different tuning parameters w,, and p, whose rates will be specified later by (3.2)

and (5.1), define:

Step 3a (for prediction):

2p
a = argmin, R (o, 7) +wy, ¥ D;(7)|ayl, (2.5)

J=1

Step 3b (for variable selection):
2p
a = argmin, 4 Rn (o, 7) + pn, Z w; D;(7T)|ay), (2.6)
j=1
where 7 is the second step estimator of 7y in (2.4), and the “signal-adaptive” weight w; in

(2.6), motivated by the local linear approximation of the SCAD penalties (Fan and Li, 2001;

Zou and Li, 2008), is calculated based on the Step 3a estimator a from (2.5):

(
1, ] < pn
w=30,  fayl> am,
\ ‘L/i"(a—liaj)\ fn < |a]‘ < fhy,-

Here a > 1 is some prescribed constant, and a = 3.7 is often used in the literature. We take

this as our choice of a.

Remark 2.2. For @ in (2.5), we set w, to converge to zero at a rate of (log(p V n)/n)'/?

(a more standard rate compared to k, in (2.3)). Therefore, the estimator @ converges in
probability to aqg faster than &. In addition, p, in (2.6) is chosen to be slightly larger than
w, for the purpose of the variable selection. A data-dependent method of choosing w, as
well as p, is discussed in Section 7.1. In Sections 5 and 6, we establish conditions under

which @ achieves the (minimax) optimal rate of convergence in probability for o regardless



of the identifiability of 7.

Remark 2.3. It is well known in linear models without the presence of an unknown 7y
(see, e.g. Biithlmann and van de Geer (2011)) that the Lasso estimator may not perform
well for the purpose of the variable selection. The estimator a defined in Step 3b uses an
entry-adaptive weight w; that corrects the shrinkage bias, and possesses similar merits of
the asymptotic unbiasedness of the SCAD penalty. Therefore, we recommend a for the

prediction; while suggesting « for the variable selection.

Remark 2.4. Note that the objective function is non-convex with respect to 7 in the first and
second steps. However, the proposed estimators can be calculated efficiently using existing

algorithms, and we describe the computation algorithms in Section 7.1.

Remark 2.5. Note that Step 2 can be repeated using the updated estimator of ag in Step
3. Analogously, Step 3 can be iterated after that. This would give asymptotically equivalent
estimators but might improve the finite-sample performance especially when p is very large.
Repeating Step 2 might be useful especially when 6 = 0 in the first step. In this case, there
is no unique 7 in Step 2. So, we skip the second step by setting 7 = 7 and move to the third
step directly. If a preferred estimator of dy in the third step (either S or g), depending on
the estimation purpose, is different from zero, we could go back to Step 2 and re-estimate
To. If the third step estimator of dy is also zero, then we conclude that there is no change

point and disregard the first-step estimator 7 since 7y is not identifiable in this case.

3 Risk Consistency

Given the loss function p(tq,ts) = (t1 — t2)(y — 1{t; — t2 < 0}) for the quantile regression

model, define the excess risk to be

R(a,7) = Ep(Y, X(1)"a) — Ep(Y, X (10)" ). (3.1)



By the definition of («y, ) in (2.1), we have that R(a,7) > 0 for any « € Aand 7 € T.
What we mean by the “risk consistency” here is that the excess risk converges in probabil-
ity to zero for the proposed estimators. The other asymptotic properties of the proposed
estimators will be presented in Sections 5 and 6.

In this section, we begin by stating regularity conditions that are needed to develop our

first theoretical result. Recall that X;; denotes the jth element of X;.

Assumption 3.1 (Setting). (i) The data {(Y;, X;, Q:)}-, are independent and identically

distributed with E | X;;|™ < K" for all j and some constant K; < oo.
(7)) P(1 < Q < 1) < Ko(1o — 1) for any 71 < 15 and some constant Ky < 0.

(iii) ag € A={a: ol < M} for some constant My < oo, and 790 € T = [1,7]. Further-

more, the probability of {Q < T} and that of {Q > T} are strictly positive, and

sup sup E[XZ2J|Q =7] < .
i<p T€T

(iv) There exist universal constants D > 0 and D > 0 such that w.p.a.1,

0 < D < min inf D;(7) < maxsup D;(1) < D < c0.
J<2pTeT J<2p rcT

(v) E [(XT%)Q Q = Ti| < M,|bol3 for all 7 € T and for some constant My satisfying

0<M2<OO.

In addition to the random sampling assumption, condition (i) imposes mild moment
restrictions on X. Condition (ii) imposes a weak restriction that the probability that Q) €
(71, 72] is bounded by a constant times (72 — 7). Condition (iii) assumes that the parameter
space is compact and that the support of @) is strictly larger than 7. These conditions
are standard in the literature on change-point and threshold models (e.g., Seijo and Sen

(2011a,b)). Condition (iii) also assumes that the conditional expectation of E[X?|Q = -]



is bounded on 7 uniformly in j. Condition (iv) requires that each regressor be of the
same magnitude uniformly over the threshold 7. As the data-dependent weights D;(7) are
the sample second moments of the regressors, it is not stringent to assume them to be
bounded away from both zero and infinity. Condition (v) puts some weak upper bound on
E[(X T(50)2 |@Q = 7] for all 7 € T when &y # 0. A simple sufficient condition for condition (v)
is that the eigenvalues of E[X J((SO)X;( 50)|Q = 7] are bounded uniformly in 7, where X T(50)
denotes the subvector of X corresponding to the nonzero components of dy.

Throughout the paper, we let s = |J(ap)|o, namely the cardinality of J(ap). We allow
that s — 0o as n — oo and will give precise regularity conditions regarding its growth rates.
The following theorem is concerned about the convergence of R(&,7) with the first step

estimator.

Theorem 3.1 (Risk Consistency). Let Assumption 3.1 hold. Suppose that the tuning pa-

rameter k, satisfies (2.3). Then, R(&,7) = Op (kns) .

Note that Theorem 3.1 holds regardless of the identifiability of 7y (that is, whether g = 0
or not). Theorem 3.1 implies the risk consistency immediately if x,s — 0 as n — oo. The
restriction on s is slightly stronger than that of the standard result s = o(m) in the
literature for the M-estimation (see, e.g. van de Geer (2008) and Chapter 6.6 of Bithlmann
and van de Geer (2011)) since the objective function p(Y, X (7)%«) is non-convex in 7, due

to the unknown change-point.

Remark 3.1. The extra logarithmic factor (logp)(logn) in the definition of x,, (see (2.3))
is due to the existence of the unknown and possibly non-identifiable threshold parameter
To- In fact, an inspection of the proof of Theorem 3.1 reveals that it suffices to assume that
Ky satisfies k, > log,(p/s)[log(np)/n]'/2. The term log,(p/s) and the additional (logn)'/?
term inside the brackets are needed to establish the stochastic equicontinuity of the empirical

process
n

vp (, ) = 1 Z [p <Y;, X; ()" a) —Ep <Y, X (r)" oz)}

i=1

10



uniformly over (o, 7) € A X T.

The following theorem shows that an improved rate of convergence is possible for the

excess risk by taking the second and third steps of estimation.

Theorem 3.2 (Improved Risk Consistency). Let Assumption 3.1 hold. In addition, assume
that |7 — 10| = Op(n™') when &y # 0. Let

Wy X log(pvn) (3.2)
n

Then, whether do = 0 or not,

R(@,7) = O, (w.s).

For the sake of not introducing additional assumptions at this stage, we have assumed
in Theorem 3.2 that |7 — 79| = Op(n~!) when 7 is identifiable. Its formal statement is

delegated to Theorem 5.3 in Section 5.

Remark 3.2. As in Theorem 3.1, the risk consistency part of Theorem 3.2 holds whether
or not 0g = 0. We obtain the improved rate of convergence in probability for the excess risk
by combining the fact that our objective function is convex with respect to a given each 7
with the second-step estimation results that (i) if § # 0, then 7 is within a shrinking local
neighborhood of 79, and (ii) when dy = 0, 7 does not affect the excess risk in the sense that

R(apg,7)=0forall 7€ T .

4 Assumptions for Oracle Properties

In this section, we list a set of assumptions that will be useful to derive asymptotic
properties of the proposed estimators in Sections 5 and 6. In the following, we divide our
discussions into two important cases: (i) dy 7# 0 and 7y is identified, and (ii) Jp = 0 and thus

To is not identified. The asymptotic properties are derived under both cases. Note that such

11



a distinction is only needed for presenting our theoretical results. In practice, we do not

need to know whether §p = 0 or not.

Assumption 4.1 (Underlying Distribution). (i) The conditional distribution Y| X, Q has
a continuously differentiable density function fyxq(y|r,q) with respect to y, whose

derivative is denoted by fy‘X7Q(y|m, q).

(ii) There are constants Cp,Cy > 0 such that for all (y,x,q) in the support of (Y, X, Q),

|FrixoWlr,q)] < C1, fyixo(x(ro) aolz, q) > Co.

(iii) When 6o # 0, I'(1, ap) is positive definite uniformly in a neighborhood of 1y, where

OPPE[p(Y, X (1) agy)]

I'(7, «
(m; a0) da 00k,

= E[X; ()X (1) fyrixo(X (1) ag) X, Q)].

When 6o = 0, the matrix E[X](ﬁO)Xg(ﬁo)fY‘X7Q(X}—'(IBO)/BOJ(/BO)|X, Q)] is positive definite.

Conditions (i) and (ii) are standard assumptions for quantile regression models. To follow
the notation in condition (iii), recall that «; denotes the subvector of o whose indices are in
J(ow). Expressions X;(7), Xy, cos and Bojs,) can be understood similarly. Condition
(iii) is a weak condition that imposes non-singularity of the Hessian matrix of the population
objective function uniformly in a neighborhood of 7y in case of g # 0. This condition reduces

to the usual non-singularity condition when oy = 0.

4.1 Compatibility Conditions

We now make an assumption that is an extension of the well-known compatibility con-
dition (see Biihlmann and van de Geer (2011), Chapter 6). In particular, the following
condition is a uniform-in-7 version of the compatibility condition. Recall that for a 2p di-
mensional vector «, we use a; and aye to denote its subvectors formed by indices in J(ayp)

and {1, ...,2p}/J (), respectively.

12



Assumption 4.2 (Compatibility Condition). (i) When &y # 0, there is a neighborhood

To C T of 79, and a constant ¢ > 0 such that for all T € Ty and all o € R?P satisfying

lage|r < Blaglr,

Plas|i < sa’E[X (1) X (1) ]a. (4.1)

(ii) When 8g = 0, there is a constant ¢ > 0 such that for all 7 € T and all « € R?

satisfying |oge|y < 4|ayly,

dlas|3 < sa’E[X (1) X (1)) (4.2)

Assumption 4.2 requires that the compatibility condition hold uniformly in 7 over a
neighbourhood of 7y when dy # 0 and over the entire parameter space 7 when dy = 0. Note
that this assumption is imposed on the population covariance matrix E[X (7) X (7)7]; thus, a
simple sufficient condition of Assumption 4.2 is that the smallest eigenvalue of E[X (7) X (7)7]
is bounded away from zero uniformly in 7. Even if p > n, the population covariance can still

be strictly positive definite while the sample covariance is not.

4.2 Restricted Nonlinearity Conditions

In this subsection, we make an assumption called a restricted nonlinear condition to deal
with the quantile loss function. We extend condition D.4 in Belloni and Chernozhukov (2011)
to accommodate the possible existence of the unknown threshold in our model (specifically, a
uniform-in-7 version of the restricted nonlinear condition as in the compatibility condition).

Note that when Q < 79, X(79)Tap = X3y, while when Q > 79, X (70) vy = X6,
where 0y = [y + dy9. Hence we define the “prediction balls” with radius r and corresponding

centers as follows:

B(6o,7) = {8 € BCR" :E[(X"(8— 5))"{Q < 10}] <7},

G(0y,7) ={0 € GCRF:E[(XT(0—60))*1{Q > 1}] < r?},

(4.3)

13



where B and G are parameter spaces for 3y and 6y, respectively. To deal with the case that

0o = 0, we also define

B(fo,r,7) = {8 € BC R E[(XT(8 ~ £))*1{Q < 7}] <7},
G(fo,r,7) ={0 € G C R E[(XT(0 — 5))"1{Q > 7}] < 1%},

(4.4)

Assumption 4.3 (Restricted Nonlinearity). The following holds for the constants Cy and
Cy defined in Assumption 4.1 (ii).

(i) When &y # 0, there exists a constant v > 0 such that

i E[XT(8 - Bo)PUHQ < n}]? |, 2C:
peB(Borgr). b0 BIXT(6 - f)PH{Q < )] — “F3C,

>0 (4.5)

and that

E[X7 (6~ 0)PH{Q > m}” _ , 20,

i — > 0. 4.6
0caorir) 0700 E[XT(0 — 00)PL{Q > 10)] — 2730, (4.6)
(1) When 69 = 0, there exists a constant v > 0 such that

: . E[|X"(8 — £o)"H{Q < T} 2C
inf inf >rop=— >0 4.7
P2 sctsurmrr e EIXT(E— A)PLQ < )]~ 9730, o

and that
T(p _ o2 3/2

inf inf BIXT(O 6P HQ > 7} o 200 (g

> TR
€T 9eG(Borty ) 200 B[ XT(0 = 60)P1{Q > T}] 930,

Remark 4.1. As pointed out by Belloni and Chernozhukov (2011), If X7¢ follows a log-
concave distribution conditional on () for any nonzero ¢ (e.g. if the distribution of X is

multivariate normal), then Theorem 5.22 of Lovasz and Vempala (2007) and the Holder

14



inequality imply that for all a € A,

3/2
E[|X (70)" (@ = a0) Q] < 6 {E[{X ()" (0 = )} @1}

which provides a sufficient condition for Assumption 4.3. On the other hand, this assumption

can hold more generally since equations (4.5)-(4.8) in Assumption 4.3 need to hold only

locally around true parameters «y.

4.3 Additional Assumptions When ¢, # 0

We first describe the additional conditions on the distribution of (X, Q).

Assumption 4.4 (Additional Conditions on the Distribution of (X, Q)). Assume §y # 0.

In addition, there exists a neighborhood To C T of 1o that satisfies the following.
(1) Q has a density function fq(-) that is continuous and bounded away from zero on Ty.

(i) Let X denote all the components of X excluding Q in case that Q is an element of
X. The conditional distribution of Q given X has a density function fQ|)~((q|£) that is

bounded uniformly in both q € Ty and .
(iii) There exists Mz > 0 such that My ' < E[(X760)%Q = 7] < M3 for all T € Ty.

Condition (i) implies that P {|Q — 79| < €} > 0 for any € > 0, and condition (ii) requires
that the conditional density of Q given X be uniformly bounded. When 7, is identified,
we require Jgy to be considerably different from zero. This requirement is given in condition
(iii). Note that this condition is concerned with E[(X T50)2 | = 7], which is an important
quantity to develop asymptotic results when §; # 0. Note that condition (iii) is a local
condition with respect to 7 in the sense that it has to hold only locally in a neighborhood
of 9.

The following additional moment conditions are useful to derive our theoretical results.

15



Assumption 4.5 (Moment Bounds). (i) There exist constants 0 < Cy < Cy < 1 such

that for all 8 € RP satisfying E|XTB| # 0,

(XTBIH{Q > 7o}] _ ~

E[
< < .
Cl - ]E|X ﬁ| - 02

(i) There exist positive constants M,r and the neighborhood Ty of T such that

E [(XT[(0 = B8) — (60 — Bo)])*|Q = 7] < M,
E[|X" (8~ B)l|@ =7] < M,

E[|XT(0 - 6)||Q = 7] < M,

s B [1x7 - ) =L 2T < MEIXT(S - 4)I14Q < )
sup E {|XT<9 —00) ”T 9 S)}} < ME[|X"(9— 0,)[1{Q > mo}].
T€To:T<T0 TO — T

uniformly in € B(Bo,7), 0 € G(6p,7) and T € Ty.

Remark 4.2. Condition (i) requires that ) have non-negligible support on both sides of 7.

Note that it is equivalent to

(C; - 1> E[|IX7BI1{Q > n}] <E [IX"B1{Q < n}]

2

(4.9)
1 T
< (—5 — 1) E|X"8|11{Q > 70} .

1

Hence this assumption prevents the conditional expectation of X7/ given @ from chang-
ing too dramatically across regimes. Condition (ii) requires the boundedness and certain
smoothness of the conditional expectation functions E[(XT[(6 — 8) — (6 — 50)])*|Q = 7],
E[| X" (8- B0)||Q = 7], and E[|X” (6 — 6)||Q = 7], and prohibits degeneracy in one regime.
The last two inequalities in condition (ii) are satisfied if

E[|X"5]1Q =17]
EgxTe]
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for all 7 € Ty and for all § satisfying 0 < E |XTB} < ¢ for some small ¢ > 0. In this view,

we may regard condition (ii) as a local version of condition (i).

5 Asymptotic Properties: Case I. §) # 0

We first establish the consistency of 7 for 7.

Theorem 5.1 (Consistency of 7). Let Assumptions 3.1, 4.1, /.4, and /.5 hold. Furthermore,

assume that k,s = o(1). Then, ¥ - 7.

The following theorem presents the rates of convergence for the first step estimators of

ap and 7. Recall that k,, is the first-step penalization tuning parameter that satisfies (2.3).

Theorem 5.2 (Rates of Convergence When &y # 0). Suppose that r,s*logp = o(1). Then

under Assumptions 3.1-4.5, we have:
|& — apli = Op(kns), R(&,7) = Op(k2s), and | — 1| = Op(k2s).

It is worth noting that 7 converges to 7y faster than the standard parametric rate of

~1/2 " as long as s%(logp)®(logn)* = o(n). The main reason for such super-consistency is

n
that the objective function behaves locally linearly around 7y with a kink at 7y, unlike in
the regular estimation problem where the objective function behaves locally quadratically
around the true parameter value. Moreover, the achieved convergence rate for & is nearly
minimax optimal, with an additional factor (logp)(logn) compared to the rate of regular
Lasso estimation (e.g., Bickel et al. (2009); Raskutti et al. (2011)). This factor arises due to
the unknown change-point 75. We will improve the rates of convergence for both 75 and «y

further by taking the second and third steps of estimation.

Recall that the second-step estimator of 7y is defined as

7 = argmin R, (&, 7),
TET
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where & is the first step estimator of o in (2.2). Consider an oracle case for which « in

R, (a, 1) is fixed at ag. Let R (1) = R, (o, 7) and

T = argmin R) (7).
TET

Define p(t) = t(y — 1{t < 0}), so that p(t,s) = p(t —s). For each i =1,...,n, let U; =
YQ—XiTﬁo—XiT(Sol {Qi>1}, pu=p (Ui - Xinso) —p(U;) and pg; = p (Ui +XiT60> —p (Us).

We now give one of the main results of this paper.

Theorem 5.3 (Oracle Estimation of 7). Let Assumptions 3.1-4.5 hold. Furthermore, sup-

pose that k,s*logp = o(1). Then, we have that

and n (T — 19) converges in distribution to the smallest minimizer of a compound Poisson

process, which is given by

Ni(=h) Na(h)

M(hy= > pul{h<0}+ Y pol{h >0},

where Ny and Ny are Poisson processes with the same jump rate fg(m0) and {p1;} and
{p2i} are two sequences of independent and identically distributed random variables. The
two common distributions are identical to the conditional distributions of p1; and pe; given

Q; = 719, respectively. Here, N1, No, {p1;} and {pa;} are mutually independent.

The first conclusion of Theorem 5.3 establishes that the second step estimator of 7 is
an oracle estimator in the sense that it is asymptotically equivalent to the infeasible, oracle
estimator 7. As emphasized in the introduction, we obtain the oracle property without
relying on the perfect model selection in the first step nor on the existence of the minimum
signal condition on active covariates. The second conclusion of Theorem 5.3 follows from

combining well-known weak convergence results in the literature (see e.g. Pons (2003);
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Kosorok and Song (2007); Lee and Seo (2008)) with the argmax continuous mapping theorem
by Seijo and Sen (2011b).

Remark 5.1. Li and Ling (2012) propose a numerical approach for constructing a confidence
interval by simulating a compound Poisson process in the context of least squares estimation.
We adopt their approach to simulate the compound Poisson process for quantile regression.

See Section 8 for a detailed description of how to construct a confidence interval for 7.

We now consider the Step 3a estimator of ag defined in (2.5). Recall that w, is the Step

3a penalization tuning parameter that satisfies (3.2).

Theorem 5.4 (Improved Rates of Convergence When &y # 0). Suppose that k,s*logp =

o(1). Then under Assumptions 3.1-4.5,
|a — agli = Op(w,s) and R(Q,7) = Op(w?s).

Theorem 5.4 shows that the estimator @ defined in Step 3a achieves the optimal rate of
convergence in terms of prediction and estimation. In other words, when w,, is proportional
to {log(p vV n)/n}'/? in equation (3.2) and p is larger than n, it obtains the minimax rates
as in e.g., Raskutti et al. (2011).

As we mentioned in Section 2, the Step 3b estimator of o has the purpose of the variable
selection. The nonzero components of a are expected to identify the important regressors.
Partition & = (ay, @ ) such that a; = (a; : j € J(a)) and aye = (@ : j ¢ J(ap)). Note
that a; consists of the estimators of 5y; and dgy, whereas & e consists of the estimators of
all the zero components of 5y and dy. Let aéjj) denote the j-th element of ayy.

We now establish conditions under which the estimator a defined in Step 3b has the
change-point-oracle properties, meaning that it achieves the variable selection consistency
and has the limiting distributions as though the identities of the important regressors and

the location of the change point were known.
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Theorem 5.5 (Variable Selection When &y # 0). Suppose that k,s?logp = o(1), s*logs =

o(n), and

8 .
wo + 5y =22 < gty < min o). (5.1)
j€J (o)

N

Then under Assumptions 3.1-4.5, we have:

- slog s - log s
lay — agsl, = Op ( ng > , lay —ags|; =O0p (8 Tgl )

and

We see that (5.1) provides a condition on the strength of the signal via min;ec () ]aéjj) :
and the tuning parameter in Step 3b should satisfy w, < p, and s*logs/n < u?. Hence
the variable selection consistency demands a larger tuning parameter than in Step 3a.

To conduct statistical inference, we now discuss the asymptotic distribution of a;. Define
o = argmin, , Ry (ay, 7). Note that the asymptotic distribution for @ corresponds to an
oracle case that we know 75 as well as the true active set J(ag) @ priori. The limiting
distribution of &y is the same as that of a%. Hence, we call this result the change-point-

oracle property of the Step 3b estimator and the following theorem establishes this property.

Theorem 5.6 (Change-Point-Oracle Properties). Suppose that all the conditions imposed
in Theorem 5.5 are satisfied. Furthermore, assume that a%E [p (Y, XTa) |Q = t} exists for
all t in a neighborhood of 19 and all its elements are continuous and bounded, and that

s*(log s)(logn) = o(n). Then, we have that &y = &% + 0,(n~Y?).

Since the sparsity index (s) grows at a rate slower than the sample size (n), it is straight-
forward to establish the the asymptotic normality of a linear transformation of ay, i.e., Lay,
where L : R® — R with |L|, = 1, by combing the existing results on quantile regression with

parameters of increasing dimension (see, e.g. He and Shao (2000)) with Theorem 5.6.

Remark 5.2. Without the condition on the strength of minimal signals, it may not be possi-
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ble to achieve the variable selection consistency or establish change-point-oracle properties.
However, the following theorem shows that the SCAD-weighted penalized estimation still
can achieve a satisfactory rate of convergence in estimation of oy without the condition that

Hy <K MINGe g (ap) ‘a(()]J)|'

Theorem 5.7 (Satisfactory Rates Without Minimum Signal Condition). Assume that As-
sumptions 3.1-4.5 hold. Suppose that kns*logp = o(1) and w, < pn. Then, without the

lower bound requirement on min;c j(a,) |aéj}|, we have that |0 — agly = Op (ns) -

6 Asymptotic Properties: Case II. §; =0

In this section, we show that our estimators have desirable results even if there is no
change point in the true model. The case of §; = 0 corresponds to the high dimensional linear
quantile regression model. Since X7 8y + X76,1{Q > 10} = XT3y, 79 is non-identifiable, and
there is no structural change on the coefficient. But a new analysis different from that of
the standard high-dimensional model is still required because in practice we do not know
whether 9y = 0 or not. Thus, the proposed estimation method still estimates 7y to account
for possible structural changes. The following results show that in this case, the first step

estimator of ag will asymptotically behave as if 6o = 0 were a priori known.
Theorem 6.1 (Rates of Convergence When 0y = 0). Suppose that k,s = o(1). Then under
Assumptions 3.1-4.3, we have that

|& — aply = Op(kps) and R(&,7) = Op(k2s).

The results obtained in Theorem 6.1 combined with those obtained in Theorem 5.2 imply
that the first step estimatior performs equally well in terms of rates of convergence for both
the ¢; loss for & and the excess risk regardless of the existence of the threshold effect. It is

straightforward to obtain an improved rate result for the Step 3a estimator, equivalent to
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Theorem 5.4 under Assumptions 3.1-4.3. We omit the details for brevity.

We now give a result that is equivalent to Theorem 5.5.

Theorem 6.2 (Variable Selection When &, = 0). Suppose that r,s = o(1), s*logs = o(n),

wn+swloﬁ < fp € min |a(()j}|.
n jEJ(ao)

Then under Assumptions 3.1-4.53, we have:

‘gJ_BDJ‘QZOP(VSI(;gS>a ‘gJ_BDJ‘lzoP (S\/¥>a

and

and

P(Bye=0)—1, P =0)—1.

Theorem 6.2 demonstrates that when there is in fact no change point, our estimator
for g is exactly zero with a high probability. Therefore, the estimator can also be used as
a diagnostic tool to check whether there exists any structural change. Results similar to
Theorems 5.6 and 5.7 can be established straightforwardly as well; however, their details are

omitted for brevity.

7 Simulation Results

7.1 Tuning parameter selection

Recall that our estimators are obtained by three steps, which involve three tuning param-
eters in the penalization: (1) k, in Step 1 ought to dominate the score function uniformly
over the range of 7, and hence should be slightly larger than the others; (2) w, is used in
Step 3a for the prediction, and (3) u, in Step 3b for the variable selection should be larger
than w,. Note that the tuning parameters in both Steps 3a and 3b are similar to those of

the existing literature since the change point 7 has been estimated.
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In the following Monte Carlo experiments, we build on the data-dependent selection

method in Belloni and Chernozhukov (2011). Define

A(r) = max %Z Xy (7) (VD_j(lT{)Ui =) : (7.1)

where U; is simulated from the 4.4.d. uniform distribution on the interval [0, 1]; v is the fixed
quantile level (for median regression v = 0.5). Note that A(7) is a stochastic process indexed
by 7. Let A;_, be the (1 — g)-quantile of sup. . A(7). Then, we select the tuning parameter
in Step 1 by &, = ¢; - Aj_,. Similarly, let A;_,(7) be the (1 — ¢)-quantile of A(7), where 7 is
chosen in Step 2. We select w,, and p, in Step 3 by w, = ¢1 - A1_¢(7) and p, = ¢ - wy,.
Based on the suggestions of Belloni and Chernozhukov (2011) and some preliminary
simulations, we decide to set ¢; = 1.1, ¢ = loglogn, and ¢ = 0.1. In addition, recall that
we set a = 3.7 when calculating the SCAD weights w; in Step 3b following the convention
in the literature (e.g. Fan and Li (2001) and Loh and Wainwright (2013)). In Step 1, we
first solve the lasso problem for « given each grid point of 7 € 7. Then, we choose 7 and
the corresponding &(7) that minimize the objective function. Step 2 can be solved simply
by the grid search. Step 3 is a standard lasso quantile estimation given 7, whose numerical

implementation is well established.

7.2 Monte Carlo Experiments

In this section we provide the results of Monte Carlo simulation studies. The baseline

model is the following median regression: for i = 1,...,n,

Y = X[ By + X 61{Q;i > 70} + Ui, (7.2)

where U; follows the standard normal distribution, and @); follows the uniform distribution

on the interval [0,1]. The p-dimensional covariate X; is composed of a constant and Z;,
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ie. X = (1,Z1)7T, where Z; follows the multivariate normal distribution N(0,3) with a
covariance matrix ;; = (1/2)=Jl. Here, the variables U;, Q; and Z; are independent of each
other.

The p-dimensional parameters fy and Jy are set to Sy = (1,1,1/2,0,...,0) and dy =
(2,2,1,0,...,0) in Design 1 and By = (1,1,1/2,1/3,1/4,1/5,0,...,0) and 6 = (2,2,1,1/2,
1/3,1/4,0,...,0) in Design 2. Note that the parameters in Design 2 are decaying, indicating
that the minimal signal of active regressors is weaker in Design 2 than in Design 1. In both
designs, we set the change point parameter 7, = 0.5. The sample sizes are set to n = 200
and 400. The dimension of X; is set to p = 250. Note that we have 500 regressors in total.
The range of 7 is set to 7 = [0.15,0.85]. We conduct 1,000 replications of each design.

We compare estimation results of each step. To assess the performance of our estimators,
we also compare the results with two “oracle estimators”. Specifically, Oracle 1 knows the
true active set J(«ap) and the change point parameter 7y, and Oracle 2 knows only J(ay).
The threshold parameter 7; is re-estimated in Steps 3a and 3b using updated estimates of
ap.

Tables 1-2 summarize the simulation results. We abuse notation slightly and denote
all estimators by (@, 7). They would be understood as (&, 7) in Step 1, 7 in Step 2, and
so on. We report Excess Risk, the average number of parameters selected, E[J(a)], and
the fy-norm of the bias, |E[a] — agla. For each sample, the excess risk is calculated by the
simulation, S™' 3% | [p(Ys, XT(F)@) — p(Ys, XT (10)a0)], where S = 10,000 is the number
of simulations; then we report the average value of 1,000 replications. Similarly, we also
calculate prediction errors by the simulation, (Sfl S (XT@)a - X (1)) 2) 1/2, and
report the average value.

We also report the root mean square error (RMSE) and the coverage probability of the
95% confidence interval (Cov. Prob. of CI) of 7. The confidence intervals for 7, are calculated
by simulating the two-sided compound Poisson process in Theorem 5.3 by adopting the

approach proposed by Li and Ling (2012). The details are provided in Section A. Note that
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the root mean square error of 7 and the coverage probability of the confidence interval at the
rows of Step 3a and Step 3b in the tables are estimation results of updated 7: we re-estimate

T as in Step 2 using ((71, @) and (U;, @) from Step 3a and Step 3b instead of (U, &).

Table 1: Simulation Results of Design 1

Excess Risk E[J(&)] |E[@] — agles Prediction Error RMSE of 7 Cov. Prob. of CI

n = 200

Oracle 1 0.014 NA 0.008 0.263 NA NA
Oracle 2 0.016 NA 0.007 0.319 0.009 0.930
Step 1 0.052 20.010 0.330 0.584 0.051 0.820
Step 2 0.046 NA NA 0.541 0.045 0.900
Step 3a 0.043 21.010 0.314 0.535 0.042 0.920
Step 3b 0.033 6.170 0.259 0.456 0.020 0.920
n = 400

Oracle 1 0.002 NA 0.007 0.118 NA NA
Oracle 2 0.006 NA 0.007 0.194 0.003 0.980
Step 1 0.018 20.730 0.186 0.314 0.005 0.920
Step 2 0.017 NA NA 0.307 0.003 0.950
Step 3a 0.017 21.670 0.183 0.303 0.003 0.950
Step 3b 0.008 6.090 0.042 0.215 0.003 0.960

Note: Oracle 1 knows both J(ap) and 75 and Oracle 2 knows only J(ag). Expectations (E) is calculated
by the average of 1,000 iterations in each design. Note that J(ag) = 6. ‘NA’ denotes ‘Not Available’ as the
parameter is not estimated in the step. The estimation results for 7 at the rows of Step 3a and Step 3b are
based on the re-estimation of 7 given estimates from Step 3a (&) and Step 3b (&).

Overall, the simulation results confirm the asymptotic theory developed in the previous
sections. First, when we compare prediction errors of Oracle 1 and those of the proposed
estimators in Step 3, they are mostly inside the bound of /logp. Only the case of n =
400 in Design 2 shows that the empirical risk is slightly bigger than the bound. With a
weak signal in this design, this is likely the case. Second, the root mean square error of 7
decreases quickly and confirms the super-consistency result of 7. As theoretically ensured, the
super-consistency holds regardless of the signal strength. As a result, 7 performs relatively
satisfactorily even in Design 2. Third, the model selection in Step 3b is quite satisfactory in
Design 1. It slightly under-select the relevant regressors in Design 2 but it is a natural result

considering that some signals are quite weak in the decaying design. Fourth, the coverage
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Table 2: Simulation Results of Design 2

Excess Risk E[J(&)] |E[@] — aples Prediction Error RMSE of 7 Cov. Prob. of CI

n = 200

Oracle 1 0.029 NA 0.020 0.392 NA NA
Oracle 2 0.031 NA 0.020 0.429 0.008 0.960
Step 1 0.094 23.700 0.507 0.842 0.101 0.830
Step 2 0.090 NA NA 0.802 0.085 0.910
Step 3a 0.084 24.880 0.451 0.754 0.076 0.910
Step 3b 0.095 9.150 0.278 0.789 0.034 0.950
n = 400

Oracle 1 0.005 NA 0.014 0.151 NA NA
Oracle 2 0.014 NA 0.015 0.279 0.003 0.990
Step 1 0.027 25.270 0.211 0.393 0.005 0.930
Step 2 0.029 NA NA 0.382 0.004 0.970
Step 3a 0.027 26.300 0.206 0.379 0.004 0.970
Step 3b 0.036 9.990 0.136 0.442 0.004 0.990

Note: Oracle 1 knows both J(ag) and 79 and Oracle 2 knows only J(ag). Expectations (E) is calculated by
the average of 1,000 iterations in each design. Note that J(ap) = 12. ‘NA’ denotes ‘Not Available’ as the
parameter is not estimated in the step. The estimation results for 7 at the rows of Step 3a and Step 3b are
based on the re-estimation of 7 given estimates from Step 3a (@) and Step 3b ().

Figure 1: Histogram of the True Covariate Selection in Design 1, J(ag) = 6
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Figure 2: Histogram of the True Covariate Selection in Design 2, J(ap) = 12
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probabilities of the confidence interval are close to 95% except Step 1 of each design with
n = 200. Thus, we recommend practitioners to use 7 in Step 2 or the re-estimated version of
it based on the estimates from Step 3a or Step 3b. Finally, Figures 1-2 show the frequency
of the true covariates selected from Step 3b in each design. In Design 1, the true covariates
are almost perfectly selected when n = 400, while we miss some small-sized coefficients when
the parameters are decaying in Design 2.

In summary, the proposed estimation procedure works well in finite samples and confirms
the theoretical results developed earlier. We emphasize that the recommended estimator for
ap is either obtained in Step 3a (for the prediction) or Step 3b (for the variable selection).
We see from Tables 1-2 that the measures of both the prediction and the variable selection
are improved in Step 3a and Step 3b, respectively, compared to the preliminary estimator

in Step 1.
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8 Estimating a Change Point in Racial Segregation

As an empirical illustration, we investigate the existence of tipping in the dynamics of
racial segregation using the dataset constructed by Card et al. (2008). They show that the
neighborhood’s white population decreases substantially when the minority share in the area
exceeds a tipping point (or threshold point), using U.S. Census tract-level data. Lee et al.
(2011) develop a test for the existence of threshold effects and apply their test to this dataset.
Different from these existing studies, we consider a high-dimensional setup by allowing both
possibly highly nonlinear effects of the main covariate (minority share in the neighborhood)
and possibly higher-order interactions between additional covariates.

We build on the specifications used in Card et al. (2008) and Lee et al. (2011) to choose

the following median regression with a constant shift due to the tipping effect:
Yi = go(Qi) + 601{Qi > 10} + X5 + Ui, (8.1)

where for census tract ¢, the dependent variable Y; is the ten-year change in the neighbor-
hood’s white population, @); is the base-year minority share in the neighborhood, and Xj is
a vector of six tract-level control variables and their various interactions depending on the
model specification. The basic six variables in X; include the unemployment rate, the log of
mean family income, the fractions of single-unit, vacant, and renter-occupied housing units,
and the fraction of workers who use public transport to travel to work. The function g(-) is
approximated by the cubic b-splines with 20 knots over equi-quantile locations, so the degree
of freedom is 24 including the intercept term.

In the first set of models, we consider possible interactions among the six tract-level con-
trol variables up to six-way interactions. Specifically, the vector X in the six-way interactions

will be composed of the following 63 regressors,
{X(l), o ,X(G), X(I)X(z), o ,X(5)X(6), o ,X(I)X(2)X(3)X(4)X(5)X(6)},
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Table 3: Median Regression with a Tipping Effect (Chicago)

No. of Selected Reg. =

No. of Reg. in Step 3b CI for 79

6 control variables

No Interaction 31 18 48.74  [46.50, 52.20]
Two-way Interaction 46 23 48.74 [43.28, 59.13]
Three-way Interaction 66 25 48.74 [46.87, 51.40]
Four-way Interaction 81 26 48.74 [47.06, 51.72]
Five-way Interaction 87 25 48.74 [46.76, 51.11]
Six-way Interaction 88 25 48.74 [46.86, 51.24]
12 control variables

No Interaction 37 21 48.74 [44.21, 55.65]
Two-way Interaction 103 23 48.74 [46.28, 51.31]
Three-way Interaction 323 28 48.74 [46.69, 51.05]
Four-way Interaction 818 28 48.74 [47.42, 50.24]
Five-way Interaction 1610 28 48.74 [46.76, 51.10]
Six-way Interaction 2534 27 48.74 [46.19, 51.59]

Note: The sample size is n = 1,813. The parameter 7 is estimated by the grid search over {Q;} € [10, 60].
Both 7 and the 95% confidence interval are the results of re-estimation after Step 3b: 7 is estimated again
using (U;, @) from Step 3b.

Table 4: Median Regression with a Tipping Effect (Pittsburgh)

No. of Selected Reg. =

No. of Reg. in Step 3b CI for 7y

6 control variables

No Interaction 31 8 53.45 [45.59, 60.00]
Two-way Interaction 46 6 53.45 [44.81, 60.00]
Three-way Interaction 66 6 53.45  [45.20, 60.00]
Four-way Interaction 81 6 53.45  [45.12, 60.00]
Five-way Interaction 87 6 53.45 [45.73, 60.00]
Six-way Interaction 88 6 53.45  [46.02, 60.00]
12 control variables

No Interaction 37 5 53.45 [45.89, 60.00]
Two-way Interaction 103 6 53.45 [44.63, 60.00]
Three-way Interaction 323 10 53.45 [46.03, 60.00]
Four-way Interaction 818 10 53.45 [44.65, 60.00]
Five-way Interaction 1610 10 53.45 [45.74, 60.00]
Six-way Interaction 2534 9 53.45 [46.25, 60.00]

Note: The sample size is n = 663. The parameter 7 is estimated by the grid search over {Q;} € [10,60].
Both 7 and the 95% confidence interval are the results of re-estimation after Step 3b: 7 is estimated again
using (U;, @) from Step 3b.
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where X ) is the j-th element among those tract-level control variables. Note that the
lower order interaction vector (e.g. two-way or three-way) is nested by the higher order
interaction vector (e.g. three-way or four-way). The total number of regressors varies from
31 when there is no interaction to 88 when there are full six-way interactions. In the next
set of models, we add the square of each tract-level control variable and generate similar
interactions up to six. In this case the total number of regressors varies from 37 to 2,534.
For example, the number of regressors in the largest model consists of #(b-sline basis) +
#(indicator function) + # (interactions up to six-way out of 12) = 24 + 1 4+ >0, () =
2,534. We use the census-tract-level samples of Chicago and Pittsburgh whose base year
is 1980. The sample size of Chicago is 1,813 and that of Pittsburgh is 663. Note that the
number of regressors is much larger than the sample size in some model specifications.

Tables 3—4 summarize the estimation results. We report the total number of regressors
in each model and the number of selected regressors in Step 3b. The change point 7 is
estimated by the grid search over {@;} € [10,60]. In this empirical example, we report the
estimates of 75 and the confidence intervals updated after Step 3b (that is, 7 is re-estimated
using the estimates of ag in Step 3b). If this estimate is different from the previous one
in Step 2, then we repeat Step 3 and Step 2 until it converges. The reported confidence
intervals for 7y is the intersection of the simulated confidence intervals and the parameter
space [10, 60].

The estimation results suggest several interesting points. First, the proposed method
selects sparse representations in all model specifications even when the number of regressors
is relatively large. Furthermore, the sizes of selected regressors are stable and do not vary
much with the number of regressors. Second, the estimated change points are quite robust to
the model specification. This result is reconfirmed in Figure 3, where we plot the predicted
values over (); at the sample median of X; with observations in the data. They are from
the model of six-way interactions with 12 control variables and the vertical line indicates the

location of a tipping point. In these estimation results, white population at the threshold
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Figure 3: Estimation Results: Six-way Interactions with 12 Control Variables
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Note: Each dot denotes the tract-level observation of Minority Share and Change in White Population from
1980 to 1990. The vertical line stands for the tipping point (7), which is re-estimated after Step 3b. The graph

(blue line) represents the predicted value of Y; given @; and med(X;). Specifically, Y, = 254:1 B(Qy) ngme—i—

Qi > ?)g-l- med(XZ-)TE, where B(-) is the cubic b-spline basis with 20 knots. Parameters Bspline, 0 and E
are estimation results from Step 3b. Notice that §(Q;) = Z?il B(Q) b’iﬁme.

point dropped 6.61 percentage points in Chicago and 7.15 percentage points in Pittsburgh,
respectively. Finally, the confidence intervals are quite tight in all cases and they provide
convincing evidence of the tipping effect.

In summary, this empirical example shows that the proposed method works well in the
real empirical setup. The estimation results also confirm that there exists a tipping point in

the racial segregation when we consider high-dimensional median regression.

9 Conclusions

In this paper, we have developed /;-penalized estimators of a high dimensional quantile
regression model with an unknown change point due to a covariate threshold. We have
shown among other things that our estimator of the change point achieves an oracle property

without relying on a perfect covariate selection, thereby avoiding the need for the minimum
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level condition on the signals of active covariates. We have illustrated the usefulness of our
estimation methods via Monte Carlo experiments and an application to tipping in the racial
segregation.

In a recent working paper, Leonardi and Bithlmann (2016) consider a high dimensional
mean regression model with multiple change points whose number may grow as the sample
size increases. They have proposed a binary search algorithm to choose the number of
change points. It is an important future research topic to develop a computationally efficient

algorithm to detect multiple changes for high dimensional quantile regression models.
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Appendices

We first provide the algorithm of constructing the confidence interval for 75 in Appendix
A. To provide theoretical results, we consider a general M-estimation framework that includes
quantile regression as a special case. We provide high-level regularity conditions on the loss
function in Appendix B. Under these conditions, we derive asymptotic properties and then
we verify all the high level assumptions for the quantile regression model in Appendix C.
Hence, our general results are of independent interest and can be applicable to other models,

for example logistic regression models.

A The Algorithm of Constructing the Confidence In-
terval for 7

The detailed algorithm for constructing the confidence interval based on the Step 2

estimator is as follows:

1. Simulate two independent Poisson processes Ni(—h) for h < 0 and Ny(h) for f > 0
with the same jump rate ]?Q(?) over h € [—Hn, Hn], where fo(-) is the pdf of Q, n
is the sample size, and H > 0 is a large constant. For estimating fo(+), we use the
kernel density estimator with a normal density kernel and the rule-of-thumb bandwidth,
1.06 - min{s, (Qo.75 — Qo.25)/1.34} - n=/°, where s is the standard deviation of () and
Qo5 — Qo.2s is the interquartile range of Q). A Poisson process N(h) is generated by

the following algorithm:

(a) Set h =0 and k = 0.
(

b) Generate € from the uniform distribution on [0, 1].

(d) If h > nH, then stop and goto Step (f). Otherwise, set k =k + 1 and hy = h.

)
)
() h=h+[=(1/fo(7))log(e)].
)
(e) Repeat Steps (b)—(d).
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(f) The algorithm generates {h;} for k = 1,..., K. Transform it into the Poisson

process N(h) = Ek?:l 1{hy < h} for h € [0,nH].

. Using the residuals {(71} and the estimate & from Step 1, construct the empirical
distributions of p; = p([u]Z—XZTS)—p([ufl) and po; = p(UZ+XZT5)—p((V]Z) fori=1,...,n,

where p(t) =t (y — 1{t < 0}) is the check function as defined in Section 5.
. Simulate py; for j =1,..., Ny(—h) and py; for j =1,..., Na(h).

. Recall that
Ni(=h) Na(h)

M(hy= > pul{h<0}+ Y pol{h >0}

from Section 5. Construct the function M(-) for h € [—Hn, Hn] using values from

Steps 1-3 above. Find the smallest minimizer h of M(-).
. Repeat Steps 1-4 above and generate {hy,...,hg}.

. Construct the 95% confidence interval of 7 from the empirical distribution of {h;} by
[?‘i‘ h0,025/n, ?—F h0,975/n], where h0.025 and h0.975 are 2.5 and 97.5 percentiles of {hb},

respectively.

It is straightforward to modify the algorithm above for the confidence intervals with Step

3a and Step 3b estimators. We set H = 0.5, and B = 1, 000 in this simulation studies.

B Regularity conditions on the general loss function

Let Y be a scalar variable of outcome and X be a vector of p-dimensional observed

characteristics. Suppose there is an observable scalar variable () such that the conditional

distribution of ¥ or some feature of that (given X) depends on:

XTB,1{Q < 10} + XT0,1{Q > 10} = X By + XT6,1{Q > 10},
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where 6 = 6y — By. Let p : R x R — R be a loss function under consideration, whose
analytical form is clear in specific models. Suppose the true parameters are defined as the

minimizer of the expected loss:

(Bo, 60, 70) = argmin E [p(Y, XT3+ XT61{Q > T})} , (B.1)
(B,0)eA,TeT

where A and T denote the parameter spaces for (5o, dg) and 79. Here [ represents the
components of “baseline parameters”, while § represents the structural changes; 7 is the
change point value where the structural changes occur, if any. By construction, 7y is not

unique when dy = 0. For each (,d) € A and 7 € T, define 2p x 1 vectors:
a=(p"6")", X(r)=XLX"H{Q>H"

Then X738+ XT61{Q > 7} = X(7)", and by letting ag = (57,68)", we can write (B.1)
more compactly as:

(g, 79) = argmin E [p(Y, X (7)" )] . (B.2)
acA,TeT

In quantile regression models, for a given quantile v € (0, 1), recall that
p(t1,t2) = (ty — t2)(y — L{t1 — t2 < 0}).

B.1 When §; # 0 and 7y is identified

For a constant n > 0, define

ri(m) =sup {r: B ([p (v, X78) = p (v, X" )] 1{Q < 7o})

T

> gE((X7 (5 — 85))*1{Q < m}] for all # € B(5y.7) }
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and

ra(n) =sup {1 E ([p (¥, X70) = p (v, X"00)] 1{Q > 70})

r

> nE[(XT(0 — 6,))21{Q > 7}] for all § € Q(@O,r)},

where B(fo,r) and G(6y,r) are defined in (4.3). Note that r1(n) and r5(n) are the maximal
radii over which the excess risk can be bounded below by the quadratic loss on {Q < 70}

and {Q > 7y}, respectively.

Assumption B.1. (i) Let ) denote the support of Y. There is a Liptschitz constant

L > 0 such that for ally € Y, p(y,-) is convez, and

lp(y,t1) — p(y, t2)| < Llty — ta|, Vt1,t2 € R.

(ii) For all o« € A, almost surely,

E [p(Y, X (10)" ) — p(Y, X (10)" a0)[|Q] > 0.

(11i) There exist constants n* > 0 and r* > 0 such that r1(n*) > r* and ro(n*) > r*.

(iv) There is a constant ¢y > 0 such that for all T € Ty,

E [(p (Y, XTG()) —p (Y, XTﬁo)) ]_ {T < Q S To}} Z Co]E [(XT (60 — 90))2 ]_ {T < Q S T()}} s

E [(p (K XTﬁ()) —pP (YV, XTQ())) 1 {7'0 < Q < T}} > & [(XT (BO — 90))2 1 {7'0 < Q < T}} .

In this paper, we focus on a convex Lipchitz loss function, which is assumed in condition
(i). It might be possible to weaken the convexity to a “restricted strong convexity condition”
as in Loh and Wainwright (2013). For simplicity, we focus on the case of a convex loss,

which is satisfied for quantile regression. However, unlike the framework of M-estimation
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in Negahban et al. (2012) and Loh and Wainwright (2013), we do allow p(t1,%2) to be non-
differentiable, which admits the quantile regression model as a special case.

Condition (iii) requires that the excess risk can be bounded below by a quadratic function
locally when 7 is fixed at 7y, while condition (iv) is an analogous condition when « is fixed at
ap. conditions (iii) and (iv), combined with the convexity of p(Y-), helps us derive the rates
of convergence (in the ¢; norm) of the Lasso estimators of (ag, 7p). Furthermore, these two

conditions separate the conditions for a and 7, making them easier to interpret and verify.

Remark B.1. Condition (iii) of Assumption B.1 is similar to the restricted nonlinear impact
(RNI) condition of Belloni and Chernozhukov (2011). One may consider an alternative
formulation as in van de Geer (2008) and Biithlmann and van de Geer (2011) (Chapter 6),
which is known as the margin condition. But the margin condition needs to be adjusted
to account for structural changes as in condition (iv). It would be an interesting future
research topic to develop a general theory of high-dimensional M-estimation with an unknown

sparsity-structural-change with general margin conditions.

Remark B.2. Assumptions B.1 (iv) and 4.4 (iii) together imply that for all 7 € 7o, there
exists a constant ¢y > 0 such that
A(1)=E [(p (Y,XTQO) —p (Y, XTﬂO)) 1{r<@< 7'0}} > P < Q < 7,

(B.3)
Do(m) =E [(p (Y, XTBo) —p (V. XT0)) 1{no < Q< 7}] > P10 < Q < 7).

Note that Assumption B.1 (ii) implies that A;(7) is monotonely non-increasing when 7 < 7,
and Ay (7) is monotonely non-decreasing when 7 > 7, respectively. Therefore, Assumptions
B.1 (ii), B.1 (iv) and 4.4 (iii) all together imply that (B.3) holds for all 7 in the 7, not
just in the 7y since T is compact. Equation (B.3) plays an important role in achieving a

super-efficient convergence rate for 7, since it states the presence of a kink in the expected

loss and that of a jump in the loss function at 7.

We now move to the set of assumptions that are useful to deal with the Step 3b estimator.
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Define

m;(T, ) = OE[p(Y, X(7) a)], m(7, ) = (my (7, @), ..., may(T, o))t

804]-

Also, let my(1,a) = (m;(1,0) : j € J())-

Assumption B.2. E[p(Y, X (7)T )] is three times continuously differentiable with respect to
a, and there are constants cy,co, L > 0 and a neighborhood Ty of 79 such that the following

conditions hold: for all large n and all T € Ty,

(i) there is M, > 0, which may depend on the sample size n, such that

max |m;(7, o) — m;(7o, ao)| < Ma|T — Tol;
J<2p

(ii) there is r > 0 such that for all B € B(Bo,7), 0 € G(0o,7), a = (87,07 — BT satisfies:

max sup |m; (7, a) — m;(7, ap)| < Lo — agl;;
J<2p 1T,

(i1i) g is in the interior of the parameter space A, and

inf A
7-676 min

PPElp(Y, X (1) aps)]
> C1,
da 0k

63E[p(Y, XJ(T)T@J)]
Oa;0a;Ocy,

sup  sup max
lag—ag|y <cz, T€To b k€S

‘<L.

The score-condition in the population level is expressed by m(7, ap) = 0 since «p is in
the interior of A by condition (iii). Conditions (i) and (ii) regulate the continuity of the score
m(7, ), and condition (iii) assumes the higher-order differentiability of the expectation of
the loss function. Condition (i) requires the Lipschitz continuity of the score function with
respect to the threshold. The Lipschitz constant may grow with n, since it is assumed
uniformly over 7 < 2p. In many examples, M, in fact grows slowly; as a result, it does

not affect the asymptotic behavior of a. For quantile regression models, we will show that
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M, = Cs'/? for some constant C' > 0. Condition (ii) requires the local equicontinuity at aq
in the ¢/; norm of the class

{m;(r,a) : 7 €To,j < 2p}.

We now establish that Assumptions B.1 and B.2 are satisfied for quantile regression

models.

Lemma B.1. Suppose that Assumptions 5.1 and /.1 hold. Then Assumptions B.1 and B.2

1/2

are satisfied by the loss function for the quantile regression model, with M,, = Cs'/* for some

constant C' > 0.

B.1.1 Proof of Lemma B.1

Verification of Assumption B.1 (i). Tt is straightforward to show that the loss function for

quantile regression is convex and satisfies the Liptschitz condition. g

Verification of Assumption B.1 (ii). Note that p(Y,t) = h(Y —t), where h(t) = t(y—1{t <
0}). By (B.3) of Belloni and Chernozhukov (2011),

hey(w —v) = hy(w) = —v(y — I{w < 0}) + /Ov(l{w <z} —H{w < 0})dz (B.4)
where w =Y — X (19)Tap and v = X(75)" (o — ). Note that
Efu(y - 1w < 0})|Q) = ~E[X ()" (a = ao)(y = L{U < 0})|Q] =0,

since P(U < 0|X, Q) = . Let Fy|x g denote the CDF of the conditional distribution Y| X, Q.
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Then

E [p(Y, X (10)" ) = p(Y, X (70)" ) Q]

X (10)" (a—a)
_E / ({U < 2) - 1{U < 0})dz\@]
0

X(10)T (a—av0)
=E / [Fyix.q(X(10) a0 + 21X, Q) — Fyx,o(X(10) 0| X, Q)]dz Q]
0

where the last inequality follows immediately from the fact that Fy x o(:|X, Q) is the CDF.

Hence, we have verified Assumption B.1 (ii). 1

Verification of Assumption B.1 (i11). Following the arguments analogous those used in (B.4)

of Belloni and Chernozhukov (2011), the mean value expansion implies:

E [,O(Y, X(TO)TO‘) - IO(Y7 X(TO)Tao)lQ}

&=

X (10)T (a—ap) 22 B
{/ |:ZfY|X,Q(X(TO)Ta0|X’ Q) + ?fY|X,Q(X(TO)T050 +t|X, Q)} dz
0

J

(@ — o) E [ X (10) X (10)" fyix,0(X (10) 0| X, Q)|Q] (o — o)

‘)

for some intermediate value t between 0 and z. By condition (ii) of Assumption 4.1,

N | =

X(ro)" (a—a0) L2 _ .
£ [ = Fraxa(X () oo + 11X, Q)d=
0

|fY\X,Q(X(To)Ta0 +1X, Q) <1 and  fyxo(X(0) | X, Q) > Cs.
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Hence, taking the expectation on {Q < 7o} gives

E [p(Y, X78) — p(Y, X" 5,)1{Q < 7}]

> %E[(X%B B0)HQ < ml — CEIXT(E - A)PLQ < )

> —IE[|XT(B Bo)*H{Q < o},

where the last inequality follows from
02 T 2 Cl T 3
ZEUX (B = B)"H{Q < 70}] > EEHX (8 = Bo)PH{Q < 7o}]. (B.5)

To see why (B.5) holds, note that by (4.5), for any nonzero 3 € B(8o,7r),

E[| X7 (8 — Bo)|P1{Q < 70}]*/? o 201
E[XT(B - B)PI{Q < no}] — <F3C, = 302

E[IXT(8 — Bo)P1{Q < 7}]""?,

which proves (B.5) immediately. Thus, we have shown that Assumption B.1 (iii) holds for
r1(n) with n* = Cy/4 and r* = r{,p defined in (4.5) in Assumption 4.1. The case for r5(n) is

similar and hence is omitted. g

Verification of Assumption B.1 (iv). We again start from (B.4) but with different choices of
(w,v) such that w =Y — X (19)T g and v = X75[1{Q < 70} —1{Q > 79}]. Then arguments

similar to those used in verifying Assumptions B.1 (ii)-(iii) yield that for 7 < 7o,

E o (¥, X780) — p (V. X75)[Q = 7] 5.9
XTs,
=E {/ ZfY\X,Q(XTBO +tX,Q)dz|Q = 7'} (B.7)
0
g(XT50)
> E {/ 2fyixo(XT Bo + 11X, Q)dz|Q = 7'} (B.8)
0
> £C [(X760)%|Q = 1], (B.9)
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where t is an intermediate value ¢ between 0 and z. Thus, we have that

5’2203]E (X" (Bo — 00))* 1{r <Q < 70}] -

E[(p(Y,X"0) —p (Y, X"5)) 1{r <Q < 7}] >

The case that 7 > 7y is similar. 1

Verification of Assumption B.2. Note that that
m;(r, @) = E[X;(1)(L{Y — X(7)"a < 0} — )]
Hence, m;(1, ap) = 0, for all j < 2p. For condition (i) of Assumption B.2, for all j < 2p,

m; (7, an) — m;(70, o) |

= [EX;(n)[1{Y < X(7)" a0} — {Y < X(70)" an}]

= [EX;(n)[P(Y < X (1) a0l X, Q) — P(Y < X(70)"ao| X, Q)]
< CE|X;(m)[[(X (1) — X(70))" ao

= CE|X;(7)||X"60(1{Q > 7} = 1{Q > 70})]

< CEIX;(M)||IXT6H|(H{r<Q<n}+1{nn<Q <7}

<CP(ro<@Q<7)+P(r<Q <19)) sup E(]Xj(T)XTéoHQ =7')

7,7 €70

< CP(n < Q<7)+P(r < Q<)) sup [E(X;(r)P||Q = 7)]*[E(IXT6&[*|Q = 7)]"/?

7,7 €70

S CM2K2|50|2|7'0 — 7'|

for some constant C, where the last inequality follows from conditions (ii), (iii) and (v) of
Assumption 3.1. Therefore, we have verified condition (i) of Assumption B.2 with M, =

CM2K2|50|2.
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We now verify condition (ii) of Assumption B.2. For all j and 7 in a neighborhood of 7,

[m;(7, ) = my(7, 00)] = [EX;(T)({Y < X(7)"a} = {Y < X(7)"ao})|
= [EX;(1)(P(Y < X(1)"a|X, Q) = P(Y < X(7) 0| X, Q)]

< CE|X;(7)[|X (1) (o — )| < Clev — 040|1j max  E|X;(7)X;(7)],

<2p,i<2p
which implies the result immediately in view of Assumption 3.1. Finally, it is straightforward

to verify condition (iii) using Assumption 4.1 (iii). B

B.2 When =0

We now consider the case when dy = 0. In this case, 7y is not identifiable, and there is

actually no structural change in the sparsity. If o is in the interior of A, then m(7, o) =0
forall 7€ T.

For a constant n > 0, define

71(n) =sup {7“ E([p(Y.X"8)—p (Y. X 5)] 1{Q < 7})

T

> yE[(XT(5 — 50)*1{Q < 7} for all § € B(fh, ,7) and for all 7 € T}

and

Faln) =sup {7+ E ([p (Y, X70) — p (v, X7 0)| 1{Q > 7})

r

> yE[(XT(0 — 60))*1{Q > 7}] for all 6 € G(By, ,7) and for all 7 € T},

where B(S,, 7, 7) and G(fB,, 7, 7) are defined in (4.4).

Assumption B.3. (i) Let Y denote the support of Y. There is a Liptschitz constant
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L > 0 such that for ally € Y, p(y,-) is convez, and

p(y, 1) = ply, t2)| < Lty = tof, V1, 15 € R,

(i1) For all « € A and for all T € T, almost surely,

Elp(Y, X (1) a) — p(Y, X" 53y)|Q] > 0,

(11i) There exist constants n* > 0 and r* > 0 such that 71(n*) > r* and To(n*) > r*.

(iv) Elp(Y, X (1) )] is three times differentiable with respect to o, and there are universal
constants v > 0 and L > 0 such that for all B € B(Bo,r,7), 0 € G(Bo,r,7), o =
(BT, 07 — BT satisfies:

max |m; (7, a) —m;(1,a0)| < L | — eyl -
J<2p

for all large n and for all T € T.

(v) ag is in the interior of the parameter space A, and there are constants ¢; an ca > 0

such that

PEp(Y, Xf(go)ﬁoJ)]
Amin T > €1,
a/BJgﬁj

OPEp(Y, X550
0B3;08;0Bk,

sup ~ max
|()¢J—()40J|1<027 ’L,],kGJ(ﬁQ)

|<L.

Asin Lemma B.1, we now establish that Assumption B.3 is satisfied for quantile regression

models when &g = 0.

Lemma B.2. Suppose that Assumptions 3.1 and 4.1 hold. Then Assumption B.3 is satisfied.
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B.2.1 Proof of Lemma B.2

Verification of Assumption B.3 (i). This is the same as the verification of Assumption B.1
(1)1

Verification of Assumption B.3 (ii). This can be verified exactly as in verification of As-

sumption B.1 (ii) with oy = Sy now. &

Verification of Assumption B.3 (iv). By the arguments identical to those used to verify As-

sumption B.1 (iii), we have that

E [o(Y, X78) — p(Y. X" ) 1{Q < 7]
> CRRI(XT(5 - 30)1HQ < 7))~ CEIXT(5 — 50)P1{Q < 7]
—E[IXT(B B)PQ < 7))

where the last inequality follows from (4.7). This proves the case for 7;(n). The case for

To(n) is similar and hence is omitted. 1

Verification of Assumptions B.3 (iv) and (v). They can be verified similarly as in verifica-

tion of Assumption B.2 in the proof of Lemma Lemma B.1. For all j and 7 € T,

[m;(7, a) = my (1, 00)| = [EX;(1)({Y < X () a} = {Y < X(7)"a0})|
= [EX;(T)(P(Y < X(7)"a|X, Q) = P(Y < X(7)" ao| X, Q))]
< CE|X;(m)[|1X ()" (a — ao)| < Cla — agly max E[X;(7)X;(7)],

71<2p,i<2p

which implies condition B.3 (iv) in view of Assumption 3.1. It also is straightforward to

verify condition B.3 (v) using Assumption 4.1 (iii). B
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C Proofs of Theorems
Throughout the proofs, we define

Up (o, T) = %2": [p (Yi,Xi (r)" a) —Ep (Y,X (r)" oz)} .

Without loss of generality let v, (ay, 7) =n~' >0, [p (Y;, Xy (r)" aJ> —Ep (Y, X, (" ouﬂ :
In this section, we suppose that Assumptions B.1 and B.2 hold when §y # 0 and that

Assumption B.3 holds when §y = 0, respectively.

C.1 Useful Lemmas

For the positive constant K in Assumption 3.1 (i), define

2log (4np) N K log (4np)
n n '

Cp =

Let [x] denote the smallest integer greater than or equal to a real number x. The following

lemma bounds v, (a, 7).

Lemma C.1. For any positive sequences my, and mo,, and any € (0,1), there are con-
stants Ly, Ly and Ly > 0 such that for a, = Llcnpgfl, by, = Locyy[log, (Man/m1n)]07Y, and

¢p = Lan~ 12571,

Plsup  sup v, (a,7) — vy (a0, 7)| > apmi, p <0, (C.1)
TET |a—ao|;<min

P < sup sup [va (@, 7) = v (00, 7)) > b, p <6, (C.2)
T€T m1n§|0t—040\1§m2n |Oé - aoll

and for anyn >0 and T, ={r €T : |1 — 10| <n},

P {sup v, (g, T) — vy (0, 70)| > cn\50|2\/ﬁ} < 9. (C.3)

T€Ty
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Proof of (C.1): Let €y, ..., €, denote a Rademacher sequence, independent of {Y;, X;, Q; }i<n-
By the symmetrization theorem (see, for example, Theorem 14.3 of Biithlmann and van de

Geer (2011)) and then by the contraction theorem (see, for example, Theorem 14.4 of
Biihlmann and van de Geer (2011)),

E (Sup sup |, (o, 7) — vy, (ap, T)|>

TET |a—agl,<min

3

< 2E (sup sup

T€T |a—ag|,<min

<A4LE (Sup sup

TET la—ap|; <min

Note that

1
sup  sup — Z eX; (1) (a — ag)

T€T |a—ag|; <mi, | T i—1
2p 1 n
=sup  sup (a; — avy) — E €Xi; (1)
T€T |a—ag|, <min =1 n i—1

- (C.4)
< sup E la; — | sup max
‘a_ao‘lgmln j=1 TeT J<2p

% > Xy (7)

i=1

n

%Zeixij (7)] -

=1

< My, SUp max
TeT JS2p

For all L > K;,

n

E (sup max Z €Xij ()

<2
TET J=4P i=1

Einj (7')

) <o) ilogE exp < sup max

<2
TET J=4P i=1

o)

> Xy (1)

7E{QuQu} 152 | =

)

where inequality (1) follows from Jensen’s inequality, inequality (2) comes from the fact that

<2 f/logE exp ( max max

< Llog {Ampe xp (Q(L m))}
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X;; (1) is a step function with jump points on 7 N{Q1,...,Q,}, and inequality (3) is by
Bernstein’s inequality for the exponential moment of an average (see, for example, Lemma
14.8 of Biithlmann and van de Geer (2011)), combined with the simple inequalities that
exp(|z|) < exp(z) + exp(—z) and that exp(maxi<;<jz;) < Z;.le exp(x;). Then it follows

that

n

1
- Xii
n < € Xi; (1)

- n 2L — K)

TeT JS2p

E (Sup max

) < Llog(4np) N 1 . (C.5)

where the last equality follows by taking L = K, + \/n/ [2log(4np)]. Thus, by Markov’s

inequality,

P {sup sup |vn (o, 7) — v (g, T)| > anmln} < (anmln)_l 4Lmypcpp =9,

T7€T |a—ag|,<min

where the last equality follows by setting L, = 4L.

Proof of (C.2): Recall that €y, ..., €, is a Rademacher sequence, independent of {Y;, X;, Q; }i<n.

Note that
E | sup Sup |Vn (a, T) — Un (a07 7—)’
T€T m1n§‘a—a0‘lgm2n ’& - 050‘1
1 P (X a) —p (VX () )
<q) 2E | sup sup - Z €
(1)
T€T mlTLS'a_aO‘lSan n i=1 |Od - a0’1
k 1< p(YLXi(T)TOé) —P<Y27Xi(T)TC¥0>
<@ 2 Z E [ sup sup - Z € —
Jj=1 €T 29~ tmy, <|a—aog|; <29m1p n =1 2 Min
k n T
1 Xi (1) (a—ao)
<(3y 4L E | sup sup - € : :
® ; (TGT 20 Im,<|la—ao|; <29min n ; 23*1m1n

where inequality (1) is by the symmetrization theorem, inequality (2) holds for some k =

[log, (man/m1y)], and inequality (3) follows from the contraction theorem.
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Next, the identical arguments showing (C.4) yield

n

ﬁ Z EzXz]

=1

1 & XZ-TTOé—OéO
Lgh X

i—1
n ‘= 2-tmy,

< 2max

su
p J<2p

2j71m1ngla7a0|1§2jmln

uniformly in 7 € 7. Then, as in the proof of (C.1), Bernstein’s and Markov’s inequalities

imply that

]P’{sup sup ‘Vn (OéaT) — Un (04077_)| > bn} < bglngcnp _ g’

T7€T min<|a—ag|; <mon o — 050’1

where the last equality follows by setting L, = 8L.

Proof of (C.3): As above, by the symmetrization and contraction theorems, we have that

E (sup |l/n (05077_) — Vn (0‘077_0>’>

T€T,

1 T T
< - . Y _ e
< 2E (ng% n;EZ [p (Y;,Xz (1) a0> P(K,Xz (70) Ozo) ])
< 4LE <SUP %ZeiXiT(;O(l {Q >T}_1{Qi>7—0}>‘>
T€T, i—1
< 4L01(M2|50|%K27’])1/2

vn

for some constant C; < oo, where the last inequality is due to Theorem 2.14.1 of van der
Vaart and Wellner (1996) with M, in Assumption 3.1 (v) and K3 in Assumption 3.1 (ii).
Specifically, we apply the second inequality of this theorem to the class F = {f(¢, X, Q,7) =
eXT00(1{Q > 7} — 1{Q > 7}), 7 € T,}. Note that F is a Vapnik-Cervonenkis class, which
has a uniformly bounded entropy integral and thus J(1, F) in their theorem is bounded, and
that the Ly norm of the envelope |e; X7 d0|1{|Q; — To| < n} is proportional to the square root
of the length of 7,:

(BleiX{ 0 1{|Qi — 70| < n})'/* < (2Ms]00|5K2m) /2.
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This implies the last inequality with C; being v/2 times the entropy integral of the class F.
Then, by Markov’s inequality, we obtain (C.3) with Lz = 4LC}(MyK,)'/2.

C.2 Proof of Theorem 3.1

Define D(7) = diag(D;(7) : j < 2p); and also let Dy = D (1) and D = D (7). Tt follows

from the definition of (&, 7) in (2.2) that

1< T . 1<
o > p(Yi, Xi(#)7&) + k| D]y < - > p(Yi, Xi(70) o) + ki Docols. (C.6)
i=1 =1

From (C.6) we obtain the following inequality

R(&,7) < [Un(@o,70) — V(& 7)] + Kn| Doao|1 — kn| Dty
= [vn(a, T) = vnla, 7)] + [n(ao, 70) — Vn(o, 7)) (C.7)

+Kn <|D[)Oé0|1 — |Dd|1> .

Note that the second component [v, (v, 70) — vi(w, 7)] = op [(s/n)/?logn] due to (C.3)
of Lemma C.1 with taking 7, = 7 by choosing some sufficiently large n > 0. Thus, we
focus on the other two terms in the following discussion. We consider two cases respectively:
& — aoly < agly and |& — agly > [aol;-

<
1

Suppose that |& — ag|; < |agl, . Then, ’Dd D(a— ao)‘ + ‘lu?ozg‘ < 2D |y, , and
1 1

< 3k, D ), -

Kn, <|DoOé()|1 — |Dd|1>

Applying (C.1) in Lemma C.1 with my, = |al|,, we obtain

|Un (0o, T) — vn (&, T)| < ayp |awly < ki ool w.p.a.l,

where the last inequality follows from the fact that a, < k, with k, satisfying (2.3). Thus,
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the theorem follows in this case.
Now assume that |& — ag|, > |ao|,. In this case, apply (C.2) of Lemma C.1 with my,, =

|avo|, and ma, = 2M;p, where M is defined in Assumption 3.1(iii), to obtain

afon,7) =l 7| _,
& — aol,

with probability arbitrarily close to one for small enough 5. Since b, < Dk,, we have

D(CUY—Oéo)l

[Vn(ao, T) = vn(@, 7)| < kpD o — agl; < Ky w.p.a.l.

Therefore,

v

R(&7) + op (0" logn) < &, (\Doaoh _ |D&|l) 4w |D (@ = ag)

1

< ko (1Doctols = Dty ) + kn | D (@ = ao), |

where the last inequality follows from the fact that & — ag = djc + (& — o) ;. Thus, the

theorem follows in this case as well.

C.3 Proof of Theorem 3.2

Define

M* = 4max (R (a0, 7) + 2w, D |ag|,) /(wnD), (C.8)

TeTn

where T,, C T will be specified below. For each 7, define
2p

a(r) = argmin,e R (o, 7) +wy Y Dj(7)|ayl. (C.9)

j=1
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It follows from the definition of a(7) in (C.9) that

—ZpYZ,X (7)) + wa|D(7 < ZpY,,X T ag) + wa|D(T)agly.  (C.10)

Next, let
M*

M= TR

and a (1) =t (r)a (1) + (1 —t (7)) ap. By construction, it follows that |& (1) — ap|, < M™.

And also note that
| (1) — apl; < M*/2 implies |a (1) — ap|, < M* (C.11)

since a (1) —ag =t (1) (@ (7) — ).

For each 7, (C.10) and the convexity of the following map
1 n
a =~ Zp(Y;, X,(1)"a) + w,| D()al;

implies that

+[1—t(r

Zp Vi, Xi(r 040)+Wn|D(T)040’1]
: lai;p(n,xim%o) +wn|D(T)ao!1] ,
which in turn yields the following inequality
R(a(7),7) + wn|D(T)a(T) |1 < [Wn(ao, T) — vp(@(7), 7)] + R(aw, ) + wn|D(T)a)1. (C.12)
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Furthermore, by the triangle inequality, (C.12) can be written as

R(a(T),7) +wnD |a(T) — o]y < [Vn(ao, T) — vn(@(T), 7)] + R, 7) + 2w, Dlagly. (C.13)

Now let Zyr = sup.er, SUPjo_qaqj<m |Vn (@, T) — vy (a, 7)| for each M > 0. Then, by Lemma
C.1, Zy+ = 0, (wy, M*) by the simple fact that log(np) < 2log(n V p). Thus, in view of the

definition of M* in (C.8), the following inequality holds w.p.a.1,

R(a(T), ) + wyD |a(7) — ao|; < w, DM™/2 (C.14)

uniformly in 7 € T,,.
We can repeat the same arguments for a(7) instead of a(7) due to (C.11) and (C.14), to

obtain

R(a(r),7) + wyD|a(T) — aply < wp, DM* = O(wys), w.p.a.l, (C.15)

uniformly in 7 € T},. It remains to show that there exists a set T,, such that 7 € T,, w.p.a.1l
and the corresponding M* = O(s). We split the remaining part of the proof into two cases:

507&0and5020.

(Case 1: 5 #0)
Let

T ={7: |7 — 70| < Cn'loglogn}

for some constant C' > 0. Note that we assume that if g # 0, then

7 — 70l = Op(n),
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which implies that 7 € T;, w.p.a.1. Furthermore, note that

R(ag,7) =E ([p (Y, XTQO) —p (Y,XTBO)] H{r<@Q< 7'0})

+E([p(V,X"80) —p (Y, XT0)| 1{ro < Q < 7}).

(C.16)

Combining the fact that the objective function is Liptschitz continuous by Assumptions B.1

(i) with Assumption 3.1, we have that

sup | R (g, 7)| < L sup [E (X751 {r < Q < 70}) + E (|XT60/[1{ro < Q < T})]

T€T, T€T,

= O (|do|, n" loglogn)

=0 (|5O|1w2) )

Thus, M* = O (|agl1) = O (s).

(Case 2: §; = 0) Redefine M* with 7,, = T as the maximum over the whole parameter
space for 7. Note that when §y = 0, we have that R (g, 7) = 0 and M* = O (Jay|1) = O ().

Therefore, the desired result follows immediately.

C.4 Proof of Theorem 5.1

Remark C.1. We first briefly provide the logic behind the proof of Theorem 5.1 here.
Note that for all a = (87,67)T € R* and § = 8 + §, the excess risk has the following

decomposition: when 71 < 79,

R(a,7)=E([p(Y,X"8) —p(Y.X"5)] 1{Q < 7})
+E ([p (Y, X70) —p(V,X"6,)] 1{Q > 70}) (C.17)

+E([p (V. X70) —p (V. X"5)] 1{n < Q < 10}) .
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and when 7 > 79,

R(a,m)=E([p(Y,X"8) —p(Y,X"5)] 1{Q < 70})
+E ([p (V. X70) = p (Y. X700)] 1{Q > m}) (C.18)

+E([p(V,X"8) —p (Y, X"0)] 1{r0 < Q < 72}).

The key observations are that all the six terms in the above decompositions are non-negative,
and are stochastically negligible when taking o« =&, and i =7if 7 <71por o =7 if 7 > 7.
This follows from the risk consistency of R(¢, 7). Then, the identification conditions for aq
and 75 (Assumptions B.1 (ii)-(iv)), along with Assumption 4.5 (i), are useful to show that

the risk consistency implies the consistency of 7.

Proof of Theorem 5.1. Recall from (C.18) that for all a = (87,67)T € R? and 0 = 3 + 6,

the excess risk has the following decomposition: when 7 > 7,

R(a,7)=E([p(Y,X"8) = p (Y. X"5)] 1{Q < 70})
+E([p(V.X70) — p (Y, X70)] 1{Q > 7}) (C.19)

+E([p(V.X"8) —p (Y. XT0) ]| 1{ro < Q < 7}) .

We split the proof into four steps.
Step 1: All the three terms on the right hand side (RHS) of (C.19) are nonnegative. As a

consequence, all the three terms on the RHS of (C.19) are bounded by R(a, 7).

Proof of Step 1. Step 1 is implied by the condition that E[p(Y, X (19)" ) —p(Y, X (10) ) |Q] >
0 a.s. for all a € A. To see this, the first two terms are nonnegative by simply multiplying
Elp(Y, X (10)Ta) — p(Y, X (70)Ta)|Q] > 0 with 1{Q < 75} and 1{Q > 7} respectively. To

show that the third term is nonnegative for all € RP and 7 > 79, set o = (8/2, 3/2) in the
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inequality 1{ro < Q < 7}E[p(Y, X (10)Ta) — p(Y, X (70)T )|Q] > 0. Then we have that

Hr < Q < T}E[p(Y, X7 (8/2+ B/2)) — p(Y. X" 60)|Q] = 0,

which yields the nonnegativeness of the third term. g

Step 2: Let a Vb = max(a,b) and a A b = min(a, b). Prove:

E[|XT(5 = B0)1{Q < 1}] <

1 1 1/2
R(a,7)V | —R(a, T .
ot [t

Proof of Step 2. Recall that

r1(n) =sup {7“ B ([,0 (Y, XTB) —p (Y, XTBO)} 1{Q < TQ})

r

> yE[(X(8 - £0))*1{Q < mo}] for all B € B(fo,r) }.

For notational simplicity, write

E[(X"(8 — 60))"H{Q < 7o} = 1|8 = Bollz,

and

F(O)=E ([p (Y, X" (8o + ) = p (¥, XT50) | 1{Q < m0}) .

Note that F(8 — ) =E ([p (Y, X"8) — p (Y, XT5)] 1{Q < 70}), and B € B(Bo,r) if and

only if |8 — Bolly < 7

For any 3, if |5 — Bollq < r1(n*), then by the definition of r1(n*), we have:

F(B—Bo) > n"E[(X"(8— 50))*1{Q < m0}].

If |8 — Bollg > ri(n*), let t = ri(n*)||5 — ﬁ0||(;1 € (0,1). Since F(+) is convex, and F'(0) = 0,
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we have F(3 — ) >t *F(t(8 — fy)). Moreover, define

B —Bo

B=PB+rin )m,

then |5 — Boll, = m1(n*) and t(8 — By) = B — Bo. Hence still by the definition of r,(n*),

F(8 — o) 2 7F(3 — fo) 2 TRIXT(3 — o))?H{Q < mo}) = 'ra )18 = ol

Therefore, by Assumption B.1 (iii), and Step 1,

R(a,7) = E ([p (Y, X78) — p (Y, X75)] 1{Q < 7o})
> g E[(XT(8 — 50))*H{Q < 1o}] A r*{E[(XT (8 — 5))*1{Q < 7o}]}"/?
> (E UXT(ﬁ — Bo)|{Q < TO}D2 An'r'E UXT(ﬁ — Bo)|1{Q < 7'0}} )

where the last inequality follows from Jensen’s inequality. B

Step 3: For any ¢ > 0, there is an € > 0 such that for all 7 and a € R?| R(a,7) < €

implies |7 — 79| < €.

Proof of Step 3. We first prove that, for any ¢ > 0, there is € > 0 such that for all 7 > 79,
and o € R?, R(a, 7) < ¢ implies that 7 < 79 + €.

Suppose that R(«, 7) < e. Applying the triangle inequality, for all 5 and 7 > 7o,

E[(p(Y,X"B) —p (Y, X"6p)) 1{r0 < Q < 7}]
< [E[(p (v.X78) = p (v. X"00)) 1{ro < Q < 7}]| (C-20)

FIE[(p (\XT8) — p (Vi XTA)) 1m < @ < 7Y]].

First, note that the first term on the RHS of (C.20) is the third term on the RHS of (C.19),
hence is bounded by R(a,7) < e.

We now consider the second term on the RHS of (C.20). Assumption 4.5 (i) implies, with
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Cr =07t (1 - 51) >0 and Cf = Oy (1 - 52) >0, for all § € R?,
CIE[IXTBI1{Q > m}] < E[IXTAI1{Q < n)] < CIE[IXTAI1{Q > m)] . (C21)
It follows from the Lipschitz condition, Step 2, and (C.21) that

E[(p (Y, XT8) —p (Y, X"80)) 1{m0 < Q < 7}]| S LE[|XT (8 — Bo)| 1 {ro < Q < 7}]
< LE[|X" (8 = Bo)| 1 {mo < Q}]
< LC; 'E[|XT (8 - Bo)|1{Q < no}]
<rLcy {s/(n*r*) Ve/n }

= C(e).

Thus, we have shown that (C.20) is bounded by C(e) + «.
For any € > 0, it follows from Assumptions B.1 (ii), B.1 (iv) and 4.4 (iii) (see also Remark

B.2) that there is a ¢ > 0 such that if 7 > 7y + ¢/,

Pro<Q<1+€e)<P(rp<Q<T7)
< B [(p (¥ X7f0) — p (Y, XT00)) 1y < @ < 7)]

<Cle) +e.

Since € — C(e) + € converges to zero as £ converges to zero, for a given ¢ > 0 choose a

sufficient small € > 0 such that C(e) +¢ < P(r9 < Q < 19+ ¢€), so that the above inequality

cannot hold. Hence we infer that for this €, when R(«, 7) < €, we must have 7 < 7y + €.
By the same argument, if 7 < 79, then we must have 7 > 75 — €. Hence, R(a,7) < €

implies |7 — 75| < €. 1
Step 4: 7 2 7.
Proof of Step 4. For the e chosen in Step 3, consider the event {R(&, 7) < e}, which occurs
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w.p.a.1l, due to Theorem 3.1. On this event, |7 — 79| < ¢’ by Step 3. Because € is taken

arbitrarily, we have proved the consistency of 7. &

C.5 Proof of Theorem 5.2

The proof consists of several steps. First, we prove that B and 0 are inside the neighbor-
hoods of 5y and 6, respectively. Second, we obtain an intermediate convergence rate for 7
based on the consistency of the risk and 7. Finally, we use the compatibility condition to
obtain a tighter bound.

Step 1: For any r > 0, w.p.a.1l, 3 € B(8,7) and 6 € G(6y, 7).

Proof of Step 1. Suppose that 7 > 75. The proof of Step 2 in the proof of Theorem 5.1

implies that when 7 > 79,

E [(XT(B —50))21{Q < 7_0}} < }(%(CY 7')2 y R(CY,T)‘

n*r*)2 n*

For any r > 0, note that R(&,7) = op(1) implies that the event R(&,7) < r? holds w.p.a.1.
Therefore, we have shown that 3 € B(Bo,r).

We now show that 6 € G(6y,r). When 7 > 75, we have that

R(a,7) 2y E ([p (Y, X70) — p (V. X"60)] 1{Q > 7})
=E([p (Y, X70) = p (Y. X"0,)] 1{Q > 7})
—E([p(Y,X"0) —p(YV,X"0))] 1{ro < Q < 7})
>0 1°E [|[X7(0 — 00)]°1{Q > 7}] Anr* (E [|[X7(6 — 00)]°1{Q > 7}])"/”

—E([p(Y,X"0) —p (Y, X"0)] 1{ro < Q < 7}),

where (1) is from (C.18) and (2) can be proved using arguments similar to those used in the
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proof of Step 2 in the proof of Theorem 5.1. This implies that
S R(a7 T)2 R

E [(X(0 - 60))*1{Q > 70}] ()2 =

where R(o,7) = R(o, 7) + E ([p (Y, XT0) — p (Y, X"6y)] 1{ro < Q < 7}). Thus, it suffices
to show that R(&,%) = op(1) in order to establish that § € G(6y,r). Note that for some

constant C' > 0,

E [(p(Y, X"0) — p(Y, XT0,))1{ry < Q < 7}]
<y LE[|XT(0 — 0p)|1{r0 < Q < 7}]

<@ LI6 — GoiE [r?g;cu@u{fo <Q< r}] 1|6 — o E[IQI1{m < Q < 7]

< LIp — B0l |max |5, sup P < @ < 71X = )] + 210~ Gl E Q11 < Q < 7)

r1}.

where (1) is by the Lipschitz continuity of p(Y,-), (2) is from the fact that | X7 (0 — 6,)| <

< C(1 —719)|0 — 0oL E { [r?ga;( |XJ]

10 — o)1 (max;<, | X;| + |Q|), (3) is by taking the conditional probability, and (4) is from
Assumption 4.4 (ii).

By the expectation-form of the Bernstein inequality (Lemma 14.12 of Biihlmann and
van de Geer (2011)), E[max;<, |X;|] < K;log(p + 1) + +/2log(p + 1). By (C.27), which will
be shown below, |0 — 6|, = Op(s). Hence by (C.23), when # > 7,

|7 — 7ol]0 — Ool1 Emax | X;[] = Op (ks log p) = op(1).

Note that when 7 > 7y, the proofs of (C.27) and (C.23) do not require 6 € G(fy, r), so there
is no problem of applying them here. This implies that R(¢&, 7) = op(1).
The same argument yields that w.p.a.1, 0 e G(6o,7) and Be B(Bo, ) when 7 < 79; hence

it is omitted to avoid repetition. &
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Step 2: Let (&) = coinf ey E[(XT0)?|Q = 7], which is bounded away from zero and
bounded above due to Assumption 4.4 (iii) . Then ¢y(dp) |7 — 70| < 4R (&, 7) w.p.a.l. As a

result, |7 — 19| = Op [kns/¢(d0)].

Proof. For any 75 < 7 and 7 € Ty, and any 8 € B(fy, 1), a = (5,d) with arbitrary §, for

some L, M > 0 which do not depend on § and 7,

E (p (Y, XT8) = p (Y, XT60)) 1{r < Q < 7}

<@ LE[| X" (8= Bo)| 1{m0 < Q < 7}]

< ML(T —1)E [|XT (8 — £)| 1 {Q < 70}]

< ML(r — ) {E [(XT (5~ )’ 1{Q < )] }1/2

<@ (ML(T —70))* / (4n") + n'E [ (XT (5~ 60))"1{Q < To}]

<) (ML(r = m))*/ (457") + E [(p (Y, XTB) = p (Y. XT ) 1{Q < m0}]

<(6) (ML(T —70))* / (4n") + R(, 7),

where (1) follows from the Lipschitz condition on the objective function, (2) is by Assumption
4.5 (ii), (3) is by Jensen’s inequality, (4) follows from the fact that uv < v?/ (4¢) + cu? for
any ¢ > 0, (5) is from Assumption B.1 (iii), and (6) is from Step 1 in the proof of Theorem
5.1.

In addition,

[E [(p (V;XTB) = p (Y, X)) 1{mo < Q < 7}

> E[(p (Y, XTB) —p (Y. XT6p)) 1{ro < Q < 7}]

—|E[(p (Y. X"B) —p (Y, X"6y)) 1{ro < Q < 7}]]

> E[(p (Y. X Bo) —p (Y, X"6p)) 1{ro < Q < 7}] — R(a,7)

> 0 { i EICT01Q =71} (7 = ) - Rlav7),

7€To
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where (1) is by the triangular inequality, (2) is from (C.18), and (3) is by Assumption B.1
(iv). Therefore, we have established that there exists a constant C' > 0, independent of

(cr, 7), such that
(00)(1 — 70) < C(1 — 70)* + 2R(av, 7). (C.22)

Note that when 0 < (7 — 75) < G(60)(20)7", (C.22) implies that

co(do)
2

o(00) (T —10) < (1 —710) + 2R(a, 7),

which in turn implies that 7—7y < ﬁﬁ’(a, 7). By the same argument, when —co(dy)(2C) " <

(1—70) <0, we have 7o —7 < 50(450)R(O" 7) for a = (B, 9), with any 6 € G(6y, r) and arbitrary
.

Hence when # > 79, on the event 3 € B(Bo,r), and 7 — 19 < 50(50)(26’)_1, we have

xEn R(&, 7). (C.23)

When 7 < 79, on the event 0 e G(by,7), and 79 — T < 50(50)(26’)_1, we have 1 — 7 <

mR(d, 7). Hence due to Step 1 and the consistency of 7, we have

|7 — 10| < ——=R(a,7) w.p.a.l. (C.24)

This also implies |7 — 79| = Op [kn5/(d0)] in view of the proof of Theorem 3.1. §

Step 3: Define vy, (1) = vy, (a0, T) — v (9, T9) and ¢4 = Ky, <|D0040|1 — )Daol ) + |v1n (7).
1
Then,

R (&%) + 5 D(a— aO)J‘l w.p.a.l. (C.25)

[)(54—040)‘1 < o + 26,
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Proof. Recall the following basic inequality in (C.7):
R(@,7) < [va(ao, ) = vald, )] = v1a (F) + K (|1Doaols = |1Dal) . (C.26)

Now applying Lemma C.1 to [v,(ag, 7) — vn (&, 7)] with a, and b, replaced by a,,/2 and b, /2,

we can rewrite the basic inequality in (C.26) by

R |D00&0’1 > R(d,’%) + Kn Dd

~ Sk D(&—ao)‘ — v (F)] w.p.a.l.
1

1

%

Now adding &, |D (& — ozo)‘ on both sides of the inequality above and using the fact that
1

lovos], — |ay], + [(&; — )|, = 0 for j ¢ J, we have that

v

D(éé—a’o)J

Rn |D00&0|1 — ‘[)Oéo

1
ZR(@,%)+§/€n

)+ o (7)] 4 25,

1

D(a— ao)‘l w.p.a.l.

Therefore, we have proved Step 3. &

We prove the remaining part of the steps by considering two cases: (i) &,

D(CUY—OC())JL S

Co: (i) Kn |D (G — aO)J‘ > ¢o. We first consider Case (ii).
1

%

Step 4: Suppose that k, |D (& — ao)J’ > ¢,. Then
1

|7 — 70| = Op [K75/80(00)] and [& — ao| = Op (ys) -

%

Proof. By k, |D (& — aO)J‘ > ¢, and the basic inequality (C.25) in Step 3,
1

D(a- ap)

+
1

D (& — ag) . y (C.27)

which enables us to apply the compatibility condition in Assumption 4.2.
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Recall that || Z]|, = (EZ%)'/? for a random variable Z. Note that for s = |.J(ag)|o,

1 o
R(CUY,%) + éﬁln D (5& — O(())
1
<@ 3kn D(a- o),
i ! (C.28)

<2 3k D | X(7)T (& — )|, V/5/

9x2D%s ¢ T 2
<@) 207 + 5 ||X(T) (@ — ao)||2>

where (1) is from the basic inequality (C.25) in Step 3, (2) is by the compatibility condition
(Assumption 4.2), and (3) is from the inequality that uv < v?/(2¢) + ¢u?/2 for any ¢ > 0.

We will show below in Step 5 that there is a constant Cy > 0 such that
X (1) (& — o) |5 < CoR(&, 7) + Coco(6)|7 — 70|, wp.a.l. (C.29)

Recall that by (C.24), &(d) |F — 10| < 4R (&, 7). Hence, (C.28) with ¢ = (5Cy)~! implies
that

9x2 D25

R(&,7) + i S T

(C.30)

D — ao)‘
By (C.30) and (C.24), |¥ — 79| = Op [K25/c0(d0)]. Also, by (C.30), |& — ap| = Op (kns) since
D(7) > D w.p.a.1 by Assumption 3.1 (iv).

Step 5: There is a constant Cy > 0 such that || X (7)7 (¢ — O‘O)Hz < CoR(a, 7))+ Coco(do)| T —

To|, w.p.a.l.

Proof. Note that

1X (1) (= o) |[; < 2| X (1) e — X (1) e,
2 (a3
+4||X (r0)"a — X (0)"a |, + 4| X (10) "o — X (7)o ||, -

We bound the three terms on the right hand side of (C.31). When 7 > 79, there is a constant
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C; > 0 such that

HX(T)Ta — X(TO)TOJ”z

=E[(X"6)*1{r < Q < 7}]

- [ Elrarie = arty

< Q/TE [(X760)%|Q =t] dFg(t) + 2 /TE [(XT(6 —60))*|Q = t] dFg(2)

S 0160(50)<7' — T()),

where the last inequality is by Assumptions 3.1, 4.4 (ii), 4.4 (iii), and 4.5 (ii).

Similarly, || X (70)" a0 — X(T)TO‘OHE = E[(X760)*1{r < Q < 7}] < Cico()(T — ).

Hence, the first and third terms of the right hand side of of (C.31) are bounded by 6 ¢y (do)(7—
Tg) .

To bound the second term, note that there exists a constant C'y > 0 such that

1 (r0) e — X (r0) e

— E[(X7(0 - 00)°1{Q > 1o}] + E [(XT (5 — 60))*L{Q < 70}]

<@ (1) "B [(p (Y, XT0) = p (Y, XT00)) 1{Q > m}]

+ () TE[(p (Y, XT8) —p (Y, X" 50)) 1{Q < 70}]

<@ (1) R(a,7) + () E [(p (Y. X70) — p (Y, X"0p)) L{n < Q < 7}]
<@ ) R, 7) + (") ' LE [|XT(0 — 60)|1 {m0 < Q < 7}]

=) () B0 1)+ 1)L [ E[IX70 - )@ = 1] arate)

<@ (") ' R(a,7) + Cs5(1 — m),
where (1) is simply an identity, (2) from Assumption B.1 (iii), (3) is due to (C.19): namely,

E [(p (Y, X70) = p (Y, X760)) 1{Q > 7} + E [(p (Y, XT8) = p (¥, X"50)) 1{Q < 7}] < R(e,7),

65



(4) is by the Lipschitz continuity of p(Y,-), (5) is by rewriting the expectation term, and (6)
is by Assumptions 3.1 (i) and 4.5 (ii). Therefore, we have shown that || X (7)” (o — ao)Hi <
CoR(cr, 7) + Cyco(do)(T — ) for some constant Cy > 0. The case of 7 < 7y can be proved
using the same argument. Hence, setting 7 = 7, and a = &, we obtain the desired result. n

9

Step 6: We now consider Case (i). Suppose that x,, |D (& — ozo)J’ < ¢o. Then
1

|7 — 70| = Op [k28/¢(8)] and |& — ao| = Op (kins) .

Proof. Recall that X;; is the jth element of X;, where i < n,j < p. By Assumption 3.1 and

Step 2,

n

sup =3 [P 11(Qs < %) — 1(Qi < 70)| = Op [ius/2aldo)].

1<j<p M =5

By the mean value theorem,

‘DoOéo‘l — ’DO&O

. |
p 4 n —1/2 1 n
< fn )y (5 > IX1{Qi > F}F) ‘553) =D X 1{Qi > 7}~ 1{Qi > )
j=1 i=1 i=1
== Op [IQ?LS|J<50)|0/E()(50)} . (032)

Here, recall that 7 is the right-end point of 7 and |J(dy)|o is the dimension of nonzero

elements of dg.

Due to Step 2 and (C.3) in Lemma C.1,

o |do]2 1/2
vip (T)| = Op | ——— (kns/n . C.33
ia (7) [ L (k) ] (.33)
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Thus, under Case (i), we have that, by (C.24), (C.25), (C.32), and (C.33),

- .
W) ) < 52 |B (6~ )|+ RE7)
1
< 3k (1Dsaol, = [Dao| ) +3Jv1a (7) (C.34)

=Op (k2s*) + Op [51/2 (mns/n)l/2] :

where the last equality uses the fact that |.J(6)]o/(d0) = O(s) and |§o|2/+/Co(0) = O(s'/?)

at most (both could be bounded in some cases).
Therefore, we now have an improved rate of convergence in probability for 7 from 7, , =
KnS t0 Thir = [k28% + 5'/%(k,s/n)'/?]. Repeating the arguments identical to those to prove

(C.32) and (C.33) yields that

Kn || Docvol; — ‘Daou = Op [rni-kns] and |vy, (7)] = Op s1/2 (7“”1,7/71)1/2 )

Plugging these improved rates into (C.34) gives

co(00) |F — 10| = Op (k}5°) + Op [81/2(/1ns)3/2/n1/2] +Op (/ﬁns?’m/nl/?) +Op [83/4(/%8)1/4/723/4]
= Op (K25%2) + Op [8%/4(n5) /4 n?/4]

= OP (rn2,7'>7

where the second equality comes from the fact that the first three terms are Op (Kis3/ 2) since

kns®? = 0(1), kpn/s — 00, and k,\/n — 00 in view of the assumption that x,s2logp = o(1).

Repeating the same arguments again with the further improved rate 7,2 ;, we have that

[# = ol = Op (257%) + Op [57/*(105)!/* /n7%] = Oplris. ).
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Thus, repeating the same arguments k times yields
C0(00) 17 = 7o = Op (k25"27) + Op |50/ (1) /2 /0@ 02| = Op (1),

Then letting & — oo gives the desired result that ¢y(dy) | — 79| = Op (k2s). Finally, the

same iteration based on (C.34) gives |D (& — ao)‘ = op (kys), which proves the desired result

since D(7) > D w.p.a.l by Assumption 3.1 (iv). 1

C.6 Proof of Theorem 5.3

Proof of Theorem 5.3. The asymptotic property of 7 is well-known in the literature (see
Lemma C.3 below for its asymptotic distribution). Specifically, we can apply Theorem 3.4.1
of van der Vaart and Wellner (1996) (by defining the criterion M, (-) = R} (+), M, (-) =
ER* (-) = R(ap,7), the distance function d (7,79) = |7 — 7|"?, and ¢, (§) = §) to char-
acterize the convergence rate of 7, which results in the super-consistency in the sense that
7T — 10 = 0,(n™1). See e.g. Section 14.5 of Kosorok (2008).

Furthermore, it is worth noting that the same theorem also implies that if

(R, (T) = Ry, (10)] = [Bn (6,7 Op(r,%) (C.35)

|
=
3
o
S
!

for some sequence r,, satisfying r2¢, (r!) < y/n, then

rod (T, 70) = O, (1) .
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This is because

R, (T) = R, (T) = [Bn (4,7

|

jmy)
3

B
S
_|_
juy)
S %
S
=
S

o
al
|

oy
3

o
S
+
oy
3 %
S

< B, (7) = [Rn (& 7) = By (&, 70) + Ry (70)] + [Rn (@, 70) = B (& 70) + R, (70)]
=@ {[R, (T) = B, (0)] = [Rn (&, 7) = Ry (&, 70)]} + R, (T0)

=@ Op (1,%) + Ry, (10) ,

where inequality (1) uses the fact that 7 is a minimizer of R,, (&, 7), equality (2) follows since
R, (&, 7)) — R, (&, 10) + R}, (10) = R (70), and equality (3) comes from (C.35).

Then, note that we can set r;Q = apSylog(np) with s, = 1 and a,, = k,slogn due to
Lemma C.2 and the rate of convergence & — ag = O, (k) given by Theorem 5.2. Next, we
will apply a chaining argument to obtain the convergence rate of T by repeatedly verifying
the condition R (T) < R:(79) + O,(r,?), with an iteratively improved rate r,,. Applying

Theorem 3.4.1 of van der Vaart and Wellner (1996) with r, = (a, log(np))~"/*, we have

T — 10 = O, (aylog(np)) = O, (kyslognlog(np)) .
Next, we reset s, = kns (logn)?log(np) and a, = k,slogn to apply Lemma C.2 again and
then Theorem 3.4.1 of van der Vaart and Wellner (1996) with r, = (sna, log(np)) /2. It

follows that

7= 10 = Oy ([mns]? (logn)* (log(np))?) .

In the next step, we set r, = /n since it should satisfy the constraint that r2¢, (r;1') <
v/n as well. Then, we conclude that 7 = 75 + O, (n'). Furthermore, in view of Lemma
C2, 7 =1+ 0,(n") implies that the asymptotic distribution of n (7 — 1) is identical
to n (T — 79) since each of them is characterized by the minimizer of the weak limit of
n (R, (a, 70 +tn™1) — R, (o, 7T9)) with o = & and o = g, respectively. That is, the weak

limits of the processes are identical due to Lemma C.2. Therefore, we have proved the first
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conclusion of the theorem. Lemma C.3 establishes the second conclusion. g

Lemma C.2. Suppose that o € A, = {a = (BT,CST)T Do —agl; £ Kay} and 7 €T, =

{I7 = 10| < Ks,} for some K < oo and for some sequences a,, and s, as n — oco. Then,

sup {R, (a,7) — R, (a, 70)} — { R (0, 7) — Ry, (g, 70)} ‘ = O, [ans, log(np)] .

a€A,, €T,

Proof of Lemma C.2. Noting that
p (Vi X[ B+ X01{Qi > 1}) = p (Yi, X[ B) 1{Qi < 7} + p (Yi, X[ B+ X[0) 1{Qi > 7},
we have, for 7 > 79,

D, (a,7) :={R, (a,7) — R, (a,70)} — { R (g, 7) — Ry (0, 70) }

N % [p (Vi X' B) = p (Yi, Xi' Bo) | 1{m0 < Qi < 7}

__Z (Y5, X3°0) — p (Y5, Xi'00) ] 1{m0 < Qi < 7}

However, the Lipschiz property of p yields that

D (0,7)] = |- 57 [ (Vi XEB) — p (¥i XTB0)] 1m0 < Qi < 7)

=1

1 n
< LH}?X’XM 18 = Bl 521{70 <Qi <7}
= O, [log(np) - a, - s,] uniformly in (o, 7) € A, X T,
where log(np) term comes from the Bernstein inequality and the s, term follows from the

fact that E ’% Sor {m <@ < ’7'}‘ =El{r < Q; <7} <C-Ks, due to the boundedness

of the density of @); around 75. The other term D5 («, 7) can be bounded similarly. The
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case of 7 < 71y can be treated analogously and hence details are omitted. B

Lemma C.3. We have that n (T — 19) converges in distribution to the smallest minimizer

of a compound Poisson process defined in Theorem 5.3.

Proof of Lemma C.3. The convergence rate of 7 is standard as commented in the beginning
of the proof of Theorem 5.3 and thus details are omitted here. We present the characteriza-
tion of the asymptotic distribution for the given convergence rate n.

Recall that p(t,s) = p(t —s), where p(t) =t (y — 1{t <0}). Note that

nR (1)

= > p(Yi— X[ B — X[001{Qi > 7}) — p (Yi = X[ By — X[ 601{Q; > 70})
=1

= Z[p(Ui_XiT5o(1{Qi>T}—1{Qz>To}))—P(Ui)} (M{r<Qi <1} +1{r< Qi <7}

= > [p(U = X[6) — p(U)] 1{r < Qi <70}

i=1

+Z (Ui + X[ do) = p(Ui)] 1{m0 < Qs < 7}.

Thus, the asymptotic distribution of n (7 — 79) is characterized by the smallest minimizer of

the weak limit of

Zpu {To+ < Q; STO} +ZP2¢1 {To <Q; < To+—}
i1 n

for |h| < K for some large K, where py; = p (UZ- — XZ»TcSO) —p(U;) and po; = p (Ui + XZ.T(EO) —
p (U;). The weak limit of the empirical process M, (-) is well developed in the literature, (see
e.g. Pons (2003); Kosorok and Song (2007); Lee and Seo (2008)) and the argmax continuous
mapping theorem by Seijo and Sen (2011b) yields the asymptotic distribution, namely the

smallest minimizer of a compound Poisson process, which is defined in Theorem 5.3. §
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C.7 Proof of Theorem 5.4

Let D = D (7). It follows from the definition of @ in (2.5) that
1 & o ~ 1 & T ~
= p(Yi, Xi(7)7A) + walDaly < = p(Yi, Xi(7) o) + wa| Dol
n i=1 n i=1
From this, we obtain the following inequality
R(,7) < [va(ao,7) — vn(@,7)] + R(ag, 7) + wn| Dl — wn| DAl (C.36)

Now applying Lemma C.1 to [v,(ag,T) — va(@, T)], we rewrite the basic inequality in (C.36)

by

Dao‘ > R(a,T) + wp
1

—~ 1 ~ R
Da‘ QW D(a— 0‘0)‘ — |R(w,7T)| w.p.a.l
1 1

Wn

D (@ — ap)| on both sides of the inequality above and using the fact

1
that ||, — |@;], + |(@; — aw;)|, = 0 for j ¢ J, we have that

As before, adding w,

~

1
D(a— ozo)JL w.p.a.l. (C.37)

R (64, ?) + §wn

D(@-ao)| < |R(a0,7)] + 2w,

As in the proof of Theorem 5.2, we consider two cases: (i) wy, D (@ — ao)JL < |R(aw, 7);

~

(i) wy, | D (@ — ao)J‘ > |R(ap,7)|. We first consider case (ii). Recall that || Z]|, = (EZ?%)'/?
1

for a random variable Z. It follows from the compatibility condition (Assumption 4.2) and

the same arguments as in (C.28) that

wn |D @ - aO)J\l < w,D | XF)T(@ = ao)|, v5/6
w2D?s ¢ (AT (A 2 (C.38)
= 2602 +§H (T) (Oé_ao)HQ

for any ¢ > 0. Recall that ¢y(dg) = coinf,cr, E[(X70)%|Q = 7]. As in Step 5 of the proof of
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Theorem 5.2, there is a constant Cy > 0 such that
XA (@ — ao)||; < CoR(@,7) + Coo(d0)|7 — 7ol, (C.39)
w.p.a.l. Combining (C.37)-(C.39) with a sufficiently small ¢ yields

R(a,T) + wy

ﬁ(&—ao)‘l <O (Ws+[F—m) (C.40)

for some finite constant C' > 0. Since |7 — 75| = Op(n~!) by Theorem 5.3, the desired results
follow (C.40) immediately.

Now we consider case (i). In this case,

N 1
R(a,7)+§wn

f)<a—a0)]1 < 3|R(ag, 7). (C.41)
As shown in the proof of Theorem 3.2, we have that

IR (a0, 7) | = Op (6], n" " logn) = Op (wis) . (C.42)
Therefore, we obtain the desired results in case (i) as well by combining (C.42) with (C.41).

C.8 Proof of Theorems 5.5

We write a; be a subvector of @ whose components’ indices are in .J(ag). Define Q,,(a.y) =

Sn((ag,0)), so that

n

1 R ~
Qn(ay) = n > oV Xis(P) ) + e Y wiDylayl.

i=1 j€J (o)
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For notational simplicity, here we write lA)j = D;(7). When 7 is identifiable, our argument

is conditional on

TeT,= {|7’—7’0| §n_1logn}, (C.43)
whose probability goes to 1 due to Theorem 5.3.

We first prove the following two lemmas. Define

ay = argmin Q, (avy). (C.44)

g

Lemma C.4. Suppose that M?2(logn)?/(slogs) = o(n), s*logs = o(n), s*logn/logs =

o(n) and 7 € T, if & # 0; suppose that s*logs = o(n) and T is any value in T if §g = 0.

_ slog s
|04J—040J|2=OP< n )

Proof of Lemma C.J. Let k, = /%85 We first prove that for any e > 0, there is C. > 0,

n .

Then

with probability at least 1 — e,

inf Qn(ay) > Qnlagy) (C.45)

aJ7a0J|2:Cekn

Once this is proved, then by the continuity of Q),, there is a local minimizer of Q,,(c;) inside
Blagy, Ceky) = {ay € R® ¢ gy — ayly < Cek,}. Due to the convexity of @, such a local
minimizer is also global. We now prove (C.45).

Write

n

Liay) = %Z p(Ye, Xis(F)Tay),  Lylay,7) =Elp(Y, X;(1)" ay)].

i=1
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Then for all |y — agslos = Ceky,

Qn(@J) - Qn(aw)
= ls(as) = li(aos) Z ngn i (| = o)
jeJ(ap)
> Ly(es,7) = Li(eos,7)—  sup  |va(an,?) — valoorn, P+ Y pnDjw;(|oy] — o))
h T 7 |ag—aos|2<Cskn e T (o)
(1) ~ ~- S _

2) @)

To analyze (1), note that |y — agsle = Cek, and my(79,9) = 0 and when §y = 0,

my (7, gy) is free of 7. Then there is ¢3 > 0,

v

IV

v

v

Lj(ay,7) — Ly(ags,T)

m (1o, 05)" (s — o) + (g — OéOJ)T(9 Elp(Y, X4(7)" aos)]

(904;804:5

(OéJ - OéOJ)

—|mJ(7'0, 040J) - mJ(?, 040J)|2|04J - CY0J|2 - C3|CY0J - CYJE)
N (azE[P(Ya X, (7))

805J8(]{? |CYJ B aOJ’%

—(|mJ(To, CVOJ) - mJ(/T\, 040J)|2)|Ou - OéOJ\z - C333/2|040J - OZJB

chfka — (|my(70, 0s) — My (T, any)|2)Cekn, — 0383/205%3

Ceky(cyCekn — Myn~tlogn — c3532C%k2) > ¢, C2k2 /3,

where the last inequality follows from M, n~*logn < 1/3¢,C.k, and c38%/ 2031{:,21 < 1/3¢1Ccky.

These follow from the conditions M?2(logn)?/(slogs) = o(n) and s*log s = o(n).

To analyze (2), by the symmetrization theorem and the contraction theorem (see, for ex-

ample, Theorems 14.3 and 14.4 of Biithlmann and van de Geer (2011)), there is a Rademacher

sequence €y, ...,

€, independent of {Y;, X;, Q;}i<,, such that (note that when g = 0, oy = Sy,

n

1
va (g, 7) = > 1o (Y X3a0iBs) = Ep (Y, XJis0)80)]

i=1

5



which is free of )

7€Tn ‘aJ7a0J|2§Cekn

V, = E (sup sup v (ay, m) — Vn(CYOJ77—)|)

n

1
< 2E | sup sup — Z elp(Yi, Xiy (1) ay) — p(Yi, Xis (1) g )]
TG% |aJ7a0J‘2SCekn n i=1

which is bounded by the sum of the following two terms, Vi, + Va,, due to the triangle

)

% Z e(Xis (7)) () — apy))

IA

4LE (sup sup

7—67—” |04J_O‘OJ‘2SC€]€7L

inequality and the fact that |a; — o1 < |as — aosl2v/s: when dp # 0 and 79 is identifiable,

n )

ALE (sup sup ! Z EiXZ]((SO)(l{Qi >71}— Qi > 10}) (05 — dos)

T€Tn |8;-80s 1 <Ceknv/5 | TV 525

< 4LC.k,/sE (sup max %Zﬁinj(l{Qi > 7} - Qi > To})D

€T, 3€J(d0) i1

logn
< ALChSC T (00)ly

due to the maximal inequality (for VC class indexed by 7 and j); when 6y = 0, V3, = 0.

3 aXan(r) = Xuslro) (s — )

Vin, = 4LE (sup sup

T€Tn |ay—ag |1 <Cekn/s

IN

)

n

1
Vo, = 4ALE sup — Z QXiJ(TO)T(CVJ — )
|aJ_aOJ|1SCskn\/§ n i=1
< 4LC.k,+/sE | max l i 6 Xii(10)| | <4LC.Cok?,
- jed(ao) [ 4= J - n

due to the Bernstein’s moment inequality (Lemma 14.12 of Biithlmann and van de Geer

(2011) for some Cy > 0. Therefore,

logn

Vi, < 4LC kK, /50y | J(80)], +4LC.Cyk? < 5LC.Cyk2,

n2
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where the last inequality is due to s*logn/logs = o(n). Therefore, conditioning on the
event 7 € 7, when §y # 0, or for 7 € T when §; = 0, with probability at least 1 — e,
(2) < L5LC,CK2.

In addition, note that P(max;c o) |w;| = 0) =1, so (3) = 0 with probability approach-

ing one. Hence

_ _ 2k2 1
it Qulas) — Qulans) > 2 L510,08 > 0.

O‘J—O‘OJ‘QZCekn

15LC>

- By the continuity of Qp, there is a local minimizer

The last inequality holds for C, >
of Qn(ary) inside {a; € R® : gy — ayly < Cck,}, which is also a global minimizer due to

the convexity. ]

On R?, recall that

R.(T,a) = %Zp(YQ, Xi(1)a).

For &y = (B(sy), 05(50)) = (Bs,05) in the previous lemma, define
a=(p7,0",65,00)T.

Without introducing confusions, we also write @ = (ay,0) for notational simplicity. This
notation indicates that & has zero entries on the indices outside the oracle index set J (o).

We prove the following lemma.

Lemma C.5. With probability approaching one, there is a random neighborhood of & in R??,

denoted by H, so that Vo = (g, a5e) € H, if age # 0, we have gn(aJ,O) < @n(a).

Proof of Lemma C.5. Define an lo-ball, for r, = p,,/logn,
H={aecR?”:|a—al,<r/(2p)}.

Then sup,ey |@ — @l1 = SUPuey D 1<y, |t — | < 7y Consider any 7 € 7T,. For any a =

7



(g, age) € H, write

R, (1,0,0) — R, (T, )

= R.(1,0;5,0) — ER,(7,a;,0) + ER,(7,0s,0) — R,(7,a) + ER,(7,) — ER, (T, )
< ER,(7,0;,0) — ER, (7, ) + | Ry (7, 0y,0) — ER,(T,s,0) + ER, (7, ) — Rp(7, )|
<ER,(1,05,0) — ER, (T, ) + |vn(cs, 0,7) — vp(c, 7).

Note that |(ay,0) — a3 = |ay — ayl3 < |ay — ayl3 + |aje — 02 = |a — @|3. Hence a € H
implies (ay,0) € H. In addition, by definition of @ = (@, 0) and |ay — agyls = Op(y/ 2182
plies (a., , by :

n

(Lemma C.4), we have |& — ap|; = Op(s4/'%%), which also implies

log s
sup |a — agly = Op swi + 7,
acH n

where the randomness in sup,cq, |@ — ap|; comes from that of H.

By the mean value theorem, there is h in the segment between o and (a,0),

ER,(7,a;,0) —ER,(1,a) = Ep(Y, X (1) ay) —Ep(Y, X (1) ay+ Xje (1) aye)

= — Z 8Ep(Y(,92(j(T) h)ajz Z m; (7, h)o

J¢J (o)

i¢J (o)

where m; (7, h :—W.Hence, ER,(T,a;,0) —ER,(7,a) <> .., |m;(1, h)||a;].
j jgg 1T j

Oaj

Because h is on the segment between v and (avy,0), so h € H. So for all j ¢ J(ayp),
m; (7, h)| < SUE m; (7, )| < sup [my (7, @) — my;(7, ao)| + [m; (7, a0) = 1m;(70, a0) |-
aE

acH

We now argue that we can apply Assumption B.2 (ii). Let

cn = s/ (logs) /n+1y,.
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For any € > 0, there is C. > 0, with probability at last 1 —¢, sup ey, |a—|1 < Cec,. Ya € H,
write o = (5,0) and 0 = §+ . On the event | — ag|; < Cecy, we have |5 — fol1 < Cecy,
and |0 — 6p|; < Cec,. Hence E[(XT(8 — 50))*1{Q < 70}] < |B — Bol? max; j<, E| X; X;| < r?,
yielding 8 € B(fy,r). Similarly, 8 € G(6y,r). Therefore, by Assumption B.2 (ii), with

probability at least 1 — €, (note that neither C,, L nor ¢, depend on «)

max _sup sup |m; (7, a) —m;(1,a0)| < Lsup |a — apli < L(Cecy),
J¢JI(@0) r€T,, acH aeM

max sup |m; (7, ag) — m;(7o, ap)| < M,n~"logn.
J<2p TE€ETH

In particular, when 6y = 0, m;(7, o) = 0 for all 7. Therefore, when dy # 0,

sup sup |m;(7,h)| = Op(c, + M,n"'logn) = op(in);
j¢J (o) TETR
when §y = 0, SUD;¢ j(a0) SUPe7 M5 (T, B)| = Op(cn) = op ().
Let €, ...,€, be a Rademacher sequence independent of {Y;, X;, @Q;}i<n. Then by the

symmetrization and contraction theorems,

TET

E (sup [Vn (s, 0,7) — Vn(aa7)|)

1 n
< 2E <su$ =2 _cilp(Yi Xis(7) ag) = p(Y;, Xi(7) ) )
TE i=1
1 n
<A4LE | sup |— Z Gi[XiJ(T)TOéJ - Xi(T)TO‘]
TeT | i—1
1 n
<4LE (sup —ZQXi(T) ) Z loj| < 2wy, Z |l
TeT || max/ j¢J(ao) j¢J(ao)

where the last equality follows from (C.5).

Thus uniformly over o € H, R, (7, s,0) — R, (7, ) = op(pin) D |a;|. On the other

Jj&J (o)

hand,

Z ijnDj|aj|—ijMnDj|@j|: Z pnw; Djlag].
i

j€J(ao) i¢J(a0)
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Also, w.p.a.l, w; = 1 and ﬁj > D for all j ¢ J(ap). Hence with probability approaching

one, @n(ou, 0) — @n(a) equals

Ro(7,00,0)+ Y Djwidilaj| = Ru(F.a) = 3 Dywjwalay| < ~DE- 37 Jay| < 0.

jeJ(ap) J<2p j¢J (o)

Proof of Theorem 5.5. Conditions in Lemmas C.4 and C.5 are expressed in terms of M,,.
By Lemma B.1, we verify that in quantile regression models, M, = Cs'/? for some C' > 0.
Then all the required conditions in Lemmas C.4 and C.5 are satisfied by the conditions
imposed in Theorem 5.5

By Lemmas C.4 and C.5, w.p.a.1, for any a = (a, aye) € H,

Sn(dJao) = Qn(@J) < Qn(aJ> = Sn(aJ>0) < Sn(a)'

Hence (ay, 0) is a local minimizer of S,,, which is also a global minimizer due to the convexity.

This implies that w.p.a.1, a@ = (a, a ) satisfies: ayje =0, and ay; = @y, so

- [slog s ~ /log s
|OéJ—a0J|2=OP< ng ), |aJ_a0J|1:OP<3 %)

C.9 Proof of Theorem 5.6

Recall that by Theorems 5.3 and 5.5, we have

slog s

‘aJ—Oéo]‘z :Op ( ) and ’7/:—7'0‘ :Op(nil), (046)

n
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and the set of regressors with nonzero coefficients is recovered w.p.a.1. Hence we can restrict

ourselves on the oracle space J(ap). In view of (C.46), define r, = \/n~tslogs and s,. Let
1 n
R, = — Sfiy XZ T )
n (@, 7) n;P( J(7) )

where ay € A, = {ay oy —apyly < Krp,} CRand 7 € 7, = {7: |7 — 19| < Ks,} for
some K < oo, where K is a generic finite constant.

The following lemma is useful to establish that o can be estimated as if 75 were known.

Lemma C.6 (Asymptotic Equivalence). Assume that %E [p (Y, XT0)|Q =1t] eaists for
all t in a neighborhood of 1o and all its elements are continuous and bounded. Suppose that

s3(log s)(logn) = o(n). Then

sup  {Ry (ay,7) — Ry (s, 70)} — { Ry, (0, 7) — Ry, (s, m0) | = op (n71) .

ag €A, 77—67;L

This lemma implies that the asymptotic distribution of argmin,, , R} (s, 7) can be charac-
terized by @ = argmin,, , R} (o, 7). It then follows immediately from the variable selection
consistency that the asymptotic distribution of a; is equivalent to that of a%. Therefore, we

have proved the theorem.

Proof of Lemma C.6. Noting that

p (Yo, X B+ X[01{Q; >7}) = p (Y, X{'B) 1{Q: < 7} + p (Vi, X[ B+ X[6) 1{Q; > 7},
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we have, for 7 > 79,

D, (a, 1)
={R,(a,7) — R, (a,70)} — {Rn (v, 7) — Ry, (0, 70) }

:—Z (Yi, XI'B) = p (i, X{Bo) | 1{mo < Qi < 7}
—EZ[p(Y;‘,XiTﬂ‘f'XiT(S)_p()/iaerﬁo"}_XZT(sO)]1{7—0<Qi§7—}
i=1

=: Dp1 (a,7) — Dpo (0, 7).
To prove this lemma, we consider empirical processes
an (aJ7T) = \/E(Dnj (aJ’T) - EDnj (aJvT))7 (] =1, 2)a

and apply the maximal inequality in Theorem 2.14.2 of van der Vaart and Wellner (1996).

First, for G, (s, ), we consider the following class of functions indexed by (5;,7):

Fo={(p(Ye, X585) — p (Y, X550s)) 1 (70 < Qi < 7) ¢ |By—Bosla < Kry and |7 — 79| < Ks,,}.

Note that the Lipschitz property of p yields that

lp (Y, X3581) — p (Vi X5 Bos) | 1 {70 < Qs < 7} < |XT|, 185 — Bosl21{|Qi — 70| < Ksp}

Thus, we let the envelope function be F,(X;s,Q:) = |Xisl, K 1{|Q; — 10| < Ks,} and
note that its Ly norm is O (\/Erm/ﬁ) )

To compute the bracketing integral

1
Jy (L Fy L) = / U108 N (Pl P, Lo)de,
0
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note that its 2¢ bracketing number is bounded by the product of the ¢ bracketing num-
bers of two classes F,,; = {p (K,XglﬁJ) —p (Yi,Xg,ﬁo) 18y = Bogla < Krn} and F,y =
{1(ro < Q; <7): |1 — 79| < Ks,} by Lemma 9.25 of Kosorok (2008) since both classes are

bounded w.p.a.l (note that w.p.a.1, | X;;|, K1, < C' < oo for some constant C'). That is,
N[] (25||Fn||L27FTL7 LQ) S NH (5||Fn||L27]:n17 LQ) N[] (5||Fn||L2a]:n27 LQ) .

Let Fou(Xiy) = | Xis|, K7y and 1,(Xiy) = | Xiyl|,. Note that by Theorem 2.7.11 of van der

Vaart and Wellner (1996), the Lipschitz property of p implies that

N[] (28HlnHL27~Fn17L2) S N(‘C:? {ﬁJ . |BJ - ﬁ0J|2 S Krn}u | : ‘2)7

which in turn implies that, for some constant C,

el|lF,
N Gl Fons L) < N (2, (605160 = Purle < K| o)
n 2

o) ()

€+/Sn €

where the last inequality holds since a e-ball contains a hypercube with side length €/4/s in
the s-dimensional Euclidean space. On the other hand, for the second class of functions F;,5

with the envelope function F,5(Q;) = 1{|Q; — 70| < Ks,}, we have that

Sn C Cy/n
NH (€||Fn||L27fn27L2) <C \/— = — \/_ ’
TRl oy vl

for some constant C'. Combining these results together yields that

02 s
Ny (el Fullzys Fns La) < v VIS < Q25 lp(stD/2
esy/log s €
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for all sufficiently large n. Then we have that

Jy (1, Fo, L) < C%*(\/slogn ++/s)

for all sufficiently large n. Thus, by the maximal inequality in Theorem 2.14.2 of van der

Vaart and Wellner (1996),

nY2E sup |G (ay,7)| <O [n_lm\/grn\/s—n(\/slogn + \/5)}
AnXTn
=0 [#\/logs(\/slogn + \/5)]

o),

where the last equality follows from the restriction that s*(logs)(logn) = o(n). Identical
arguments also apply to Gz (s, 7).

Turning to ED,, (o, 7), note that by the condition that %E [p (Y, XTa) |Q = t] exists
for all ¢ in a neighborhood of 7y and all its elements are continuous and bounded, we have

that for some mean value 3; between 8; and By,

E (p (Y, X785) —p (Y, X7 Bos)) L{r0 < Q < 7}

_ 'E {%E o (v XT3 1| 1< @ < T}] (B~ fo)
— O (sr5)

~0 {ZZ—Z \/@1

o(n ),

where the last equality follows from the restriction that s*(logs) = o(n). Since the same

holds for the other term in ED,,, sup |ED, (o, 7)| = o (n™!) as desired. &

84



C.10 Proof of Theorem 5.7

By definition,
1 « e ~ 1 < T ~
- > oV, Xi(7)'@) + pa| WDl < - > o(Y;, Xi(7) ag) + | W Dol
i=1 i=1
where W = diag{wy, ..., wq,}. From this, we obtain the following inequality
R(&,7) + ptn|W D@y < |vn(0,7) — va(@,7)] + R(0, 7) + pin|W Daxgly.

Now applying Lemma C.1 yields, when y/log(np)/n = o(u,) (which is true under the as-
sumption that w, < p,), we have that w.p.a.l, |v,(a, 7) — vu(a, 7)| < %,un|lA)(ozo — a)ls.

Hence on this event,
- . ~_ 1 = - _ ~
R(a,T) + pn|WDal; < §un\D(ag —a)|l1 + R(ao, T) + pn|W Daygl1.-
Note that max; w; <1, so for A := a — ay,

-~ =~ 3 = 1= ~
R((X,T) + Mnl(WDA)Jc 1 S 5/,Ln|DAJ|1 + §,un|DAJc|1 —+ R(Oéo,T).

By Theorem 5.2, max;¢ |a;| = Op(wys). Hence for any € > 0, there is C' > 0, max;¢; |@;| <
Cwys < 1, with probability at least 1 —e. On the event max;¢;|a;| < Cw,s < py, by

definition, w; =1 Vj ¢ J. Hence on this event,

-1 ~
R(a,7T) + §,un|(DA)Jc

3 ~ ~
1 < §Mn|DAJ’1 + R(ap, 7).

We now consider two cases: (i) %un\ﬁAJh < R(ap,7); (ii) %Mn‘ﬁAJ‘l > R(a, 7).
case 1: %MnlﬁAJh < R(ag,T)

We have: for C = 14D7'/3, u,|Al; < CR(ap,7). If 7 > 19, for 7 = 7 in the inequalities
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below,

R(ag,7) = E(p(Y, XTBy) — p(XT0) {70 < Q < 7} < LE| X 60|1{my < Q < 7}
< Loy ?§§E|Xj\1{70 <Q <7} < Lldoly maX sup E(X;]|Q =q)P(ro < Q < 7)
S = q

< Cs(t —1).

The case for 7 < 79 follows from the same argument. Hence p,|A}; < C|T — 79ls.
case 2: %MnlﬁAJh > R(ap,T)

Then by the compatibility property,

RG.7)+ 3al(DA)ls < 30|11 < 30 DVIX ()Ml v/
The same argument as that of Step 5 in the proof of Theorem 5.2 yields
1 X (10)Al3 < CR(a,7) + C7 — o
for some generic constant C' > 0. This implies, for some generic constant C' > 0,
R(a,7)? < 1i2sC(R(a,7) + |7 — 7o)
It follows that R(&,7) < C(pu2s + |7 — 70|), and || X (79)Al|2 < C(uZs + |7 — 7o|). Hence
[Alf < Cs[| X (10)All; < Clups® + |7 = 7o)
Combining both cases, we reach:
@ = a0l < CU2sE + 7 — s + |7 — 1),

which gives the desired result since the first term p2s* dominates the other two terms.
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C.11 Proof of Theorem 6.1

If 69 = 0, 79 is non-identifiable. In this case, we decompose the excess risk in the following

way:

R(a,7)=E([p(Y,XT8) —p (Y, X"B)] 1{Q < 7})

FE (o (Y, X70) = p (. X73)] 1{Q > 7)) .

(C.47)

We split the proof into three steps.

Step 1: For any r > 0, we have that w.p.a.1, B € lg’(ﬁo,r, 7) and 0 e ,C’;(ﬁo,r, 7).

Proof of Step 1. As in the proof of Step 1 in the proof of Theorem 5.2, Assumption B.3 (iv)

implies that

2
< R(a,7’)2 Y R(Q,T)‘
(m*r*) n*

E[(X"(8 ~ 60))*1H{Q < 7}]

For any r > 0, note that R(¢&,¥) = op(1) implies that the event R(c, ) < 72 holds w.p.a.1.

Therefore, we have shown that B cB (Bo,r, 7). The other case can be proved similarly. 1

Step 2 : Suppose that 6o = 0. Then

v

1
D(Ové— Oéo)

R(a,7) + =Ky

< 2%,
9 S 4K

1

D(a— aO)JL w.p.a.l. (C.48)

Proof. The proof of this step is similar to that of Step 3 in the proof of Theorem 5.2. Since

(¢, 7) minimizes the ¢;-penalized objective function in (2.2), we have that
1 < T . 1< " y
- > p(Yi, Xi(#)&) + k| Détfy < - > p(Yi, Xi(#) o) + k| Dol (C.49)
=1 =1

When 6y = 0, p(Y, X (#)Tag) = p(Y, X (79)Tap). Using this fact and (C.49), we obtain the
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following inequality
R(&,7) < [Vl 7) — vn(&, 7)] + Fn| Dol — kn| D1 (C.50)

As in Step 3 in the proof of Theorem 5.2, we apply Lemma C.1 to [v,(ag, 7) — vy (&, 7))
with a, and b, replaced by a,/2 and b,/2. Then we can rewrite the basic inequality in

(C.50) by

an‘ > R(&,7) + #n | Dt
1

Kn

L b -] wpal
5h (v ao)lwpa

1

%

D(d—OKO>

Now adding &, on both sides of the inequality above and using the fact that

,
|l — |ay|, + (& — ;)] = 0 for j ¢ J, we have that w.p.a.1,

1
> R(&, ) + ~#n

D(a—ao)Jl : D (& — o)

2K,

g
Therefore, we have obtained the desired result. g

Step 3 : Suppose that §o = 0. Then

R(&,7) = Op(k2s) and |& — ag| = Op (kns).

Proof. By Step 2,

— D (@ a0),| +

D (& — ag) . o (C.51)

which enables us to apply the compatibility condition in Assumption 4.2.
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Recall that || Z]|, = (EZ%)'/? for a random variable Z. Note that for s = |.J(ag)|o,

1

R(@,7) + S#n D (& — )
1
<() 2Kn D(a- o), .
) (C.52)
<(2) 260 D || X (F)" (& — )], V/5/ 9
4k:D%*s ¢ T 2
<0 ez T2 [ X ()" (@ = ao)]; -

where (1) is from the basic inequality (C.48) in Step 2, (2) is by the compatibility condition
(Assumption 4.2), and (3) is from the inequality that uv < v?/(2¢) + ¢u?/2 for any ¢ > 0.

Note that

X (1) — X (1) |,

=) E [(XT(0 = 50))"H{Q > 7}] + E [(XT(8 - £0))*1{Q < 7}]
<@ ) E[(p (Y. X"0) = p (Y. X"50)) 1{Q > 7}]

+ () TE [(p (Y, XT8) — p (Y, XT5)) 1{Q < 7}]

<@ (") 'R(a, ),

where (1) is simply an identity, (2) from Assumption B.3 (iv) , and (3) is due to (C.47).

Hence, (C.52) with ¢ = n* implies that

) 4r2 D?
R(8,7) + in | D (6 = ag)| < ’j?ngf. (C.53)

Therefore, R(&,7) = Op(r2s). Also, |& —ay| = Op (k,8) since D(¥) > D w.p.a.l by

Assumption 3.1 (iv). n
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C.12 Proof of Theorem 6.2

When 79 is not identifiable (69 = 0), 7 obtained in the second-step estimation can be
any value in 7. Note that Lemmas C.4 and C.5 are stated and proved for this case as
well. Similar to the proof of Theorem 5.5, by Lemma B.1, in quantile regression models,
M,, = Cs'/? for some C > 0. Hence all the required conditions in Lemmas C.4 and C.5 are
satisfied by the conditions imposed in Theorem 6.2. Then by Lemmas C.4 and C.5, w.p.a.l,

for any o = (g, yc) € H,

SR(O_éJ,O) = Qn(dj) S Qn(OZJ) = Sn(OéJ,O) S Sn(oz)

Hence (@, 0) is a local minimizer of S, which is also a global minimizer due to the convexity.

This implies that w.p.a.l, @ = (ay, @ <) satisfies: ajo =0, and a; = ay, so
~ slog s ~ log s
lay — agsl, = Op - . oy —agyl, =0p | s - -
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