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Abstract
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1 Introduction

1.1 Motivation

Understanding how to design auctions with desirable incentive and efficiency properties is a
central question in mechanism design. The Vickrey-Clarke-Groves (hereafter, VCG) mech-
anism is celebrated as a major achievement in the field because it performs well in both
respects - agents have a dominant strategy to truthfully report their private information and
the mechanism implements a Pareto efficient allocation of resources. However, the VCG
mechanism loses its desired incentive and efficiency properties without the quasilinearity re-
striction. Moreover, there are many well-studied cases where the quasilinearity restriction
is violated: bidders may be risk averse, have wealth effects, face financing constraints or
be budget constrained. Indeed, observed violations of quasilinearity are frequently cited as
reasons for why we do not see multi-unit Vickrey auctions used in practice.!

In this paper, I study multi-unit auctions for indivisible homogenous goods when bid-
ders have private values, multi-unit demands, and non-quasilinear preferences. I provide
conditions under which we can construct an auction that retains the desired incentive and
efficiency properties of the Vickrey auction. Instead of quasilinearity, I assume only that
bidders have positive wealth effects; i.e. the goods being auctioned are normal goods. My
environment nests well-studied cases where bidders are risk averse, have budgets, or face
financing constraints. I show that there exists a mechanism that retains the desirable prop-
erties of the Vickrey auction if there are two bidders and bidders have single dimensional
types. However, I construct two impossibility theorems showing there is no mechanism that
retains the desired incentive and efficiency properties of the Vickrey auction when bidders
have multi-dimensional types or when there are three or more bidders.

I begin by studying a setting with two bidders who have single dimensional types. I use
the taxation principle (see Rochet (1985)) to construct a mechanism that is ex-post Pareto
efficient and dominant strategy incentive compatible. The taxation principle simplifies the
problem of finding an efficient mechanism to a problem of finding an efficient pricing rule
that ensures an ex-post Pareto efficient allocation of resources. In my efficient mechanism,
each bidder faces a pricing rule that states the price of acquiring additional units. The
price a bidder pays for additional units is determined by her rival’s reported type. 1 find
an efficient price vector by defining a transformation that maps an arbitrary allocation rule

to a more efficient allocation rule. I use Schauder’s fixed point theorem to show that this

'For example, Ausubel and Milgrom (2006), Rothkopf (2007), and Nisan et al. (2009) all cite budgets
and financing constraints as salient features of real-world auction settings that inhibits the use of the Vickrey
auctions. Che and Gale (1998) note that bidders often face increasing marginal costs of expenditures when
they have access to imperfect financial markets.



transformation has a fixed point that defines an efficient mechanism (Theorem 1).

I then construct two impossibility theorems showing that the positive result obtained in
Theorem 1 does not generalize beyond the two bidder single dimensional types case. My
first impossibility theorem (Theorem 2) is for a setting where bidders have multi-dimensional
types. I show there is no mechanism that satisfies: (1) individual rationality, (2) weak budget
balance, (3) dominant strategy incentive compatibility, and (4) ex-post Pareto efficiency. To
prove this Theorem, it suffices to consider a setting where two bidders compete for two units
and bidders have two-dimensional types. The first dimension of a bidder’s type describes her
willingness to pay for her first unit - I call this her intercept. The second dimension of a
bidder’s type is binary - it is either flat or steep. All else equal, a bidder with a flat demand
type has relatively greater demand for her second unit than a bidder with a steep demand
type.

I prove my first impossibility theorem by contradiction. If a mechanism satisfies the four
aforementioned properties, then I show that the price a bidder pays to win one unit must
vary with both dimensions of her rival’s reported type. However, wealth effects imply that
a bidder’s demand for her second unit depends on how much she pays to win her first unit.
Thus, the solution to the efficient design problem endogenously causes a bidder’s demand
for her second unit to vary with her rival’s reported type, even when bidders have private
values. The endogenous interdependence of bidder demands in the design problem without
quasilinearity yields an impossibility theorem that is similar to the well-known impossibility
theorems in interdependent value settings, when bidders have quasilinear preferences and
multi-dimensional types (see Dasgupta and Maskin (2000) and Jehiel and Moldovanu (2001)).

Because my proof shows that it is impossible to construct a mechanism that satisfies the
four properties with two-dimensional types (where the second dimension is binary), it follows
that there is no mechanism that satisfies the four properties on richer type spaces. The
increase in dimensionality only increases the number of incentive constraints that an efficient
mechanism must satisfy.

I then return to the single dimensional types case and I consider a setting with three or
more bidders. To this end, my second impossibility theorem shows that there is no mechanism
that satisfies (a) individual rationality, (b) no subsides for bidders, (¢) dominant strategy in-
centive compatibility, (d) ex-post Pareto efficient, and (e) a monotonicity constraint on the
allocation rule. The monotonicity constraint states that a bidder wins a weakly greater num-
ber of units if her demand increases while her rivals’ reported demands decreases. While the
impossibility theorem holds in a general setting, it provides insights on the particular case of

bidders with private values and public budgets.? The theorem shows that the clinching auc-

2This setting is studied by Laffont and Robert (1996) and Maskin (2000) with a single good, and is one



tion studied by Dobzinski, Lavi, and Nisan (2012) loses its desirable incentive and efficiency
properties when assume bidders have strictly decreasing marginal values instead of constant
marginal values.

The rest of the paper proceeds as follows. The remainder of the introduction discusses
how my work relates to the existing literature in mechanism design. Section 2 describes
my model and mechanisms in the single dimensional types setting. Section 3 constructs an
efficient mechanism for a setting with two bidders and two units. Section 4 considers the
efficient auction design problem in a general setting with 2 bidders and £ units. Section 5
then studies the multi-dimensional type setting, and section 6 studies the single dimensional

type setting with more than 2 bidders.

1.2 Related Literature

This paper studies a central question of mechanism design: how to design an auction that
allocates many homogenous goods to many different buyers? With quasilinearity, Holmstrom
(1979) shows that the Vickrey auction is the unique dominant strategy mechanism that im-
plements a Pareto efficient allocation of goods. However, the Vickrey auction is not dominant
strategy implementable or efficient without quasilinearity (see Ausubel and Milgrom (2006)).

There is a small literature that studies efficient auction design without quasilinearity.
Most of this literature studies cases where bidders have hard budget constraints. In the
single unit context, Maskin (2000) and Pai and Vohra (2014) study the design of constrained
efficient auctions that are Bayesian implementable. However, this paper studies efficient
mechanisms that are dominant strategy implementable. Dobzinski, Lavi, and Nisan (2012)
is more similar to this paper. They study dominant strategy implementable auctions in a
setting where bidders have private values and multi-unit demands. They study the case
where bidders have hard budgets.

This paper is distinct from Dobzinski, Lavi, and Nisan in a few key respects. First, I give
necessary and sufficient conditions for efficient auction design without making functional form
restrictions on bidder preferences. I only assume bidder preferences are such that goods are
normal, and hard budgets are nested as a special case. Second, my results show that the
privacy of bidder budgets do not necessarily inhibit efficient auction design.® In fact, Theorem
1 shows that if bidders’ private budget are perfectly correlated with their private values -

and hence bidder private information can be summarized by a single-dimensional type - then

of the cases studied by Dobzinski, Lavi, and Nisan (2012) a multi-unit setting.
3Dobzinski, Lavi, and Nisan (2012) show efficient auction design is possible if and only if bidders have
private budgets.



we can construct an efficient auction for two bidders.* In addition, Theorem 2 shows that it
is impossible to construct an efficient auction if bidder types are multi-dimensional, even if
bidder budgets are public information.?

While most literature on auctions without quasilinearity focuses on the case of hard
budgets, there is a small literature that studies auction design without strong function form
restrictions on bidder preferences. The most notable paper in this literature is Maskin and
Riley (1984). Maskin and Riley study the design of revenue maximizing auctions in a general
setting where bidders are risk averse and have single dimensional types. More recently, Baisa
(2016a) studies the design of revenue maximizing auctions when bidders have positive wealth
effects.

On efficiency, Saitoh and Serizawa (2008) and Morimoto and Serizawa (2015) study the
auction design with non-quasilinear bidders, but in a single-unit demand settings. However,
this paper focuses on a multi-unit demand setting. Both of my impossibility theorems show
that the presence of multi-unit demands inhibits efficient auction design. Hence, we get
results that are distinct from the positive results seen in the two aforementioned papers.
Most recently, Serizawa and Kazumura (2016) study the problem of selling heterogenous
goods to buyers with non-quasilinear preferences, but allow for multi-unit demands. They
show that there is no mechanism that is dominant strategy incentive compatible and Pareto
efficient, even if only one bidder has multi-unit demands. In contrasts, this paper studies
the sale of homogenous goods. This is distinction is important for my results because an
impossibility result in a heterogenous good setting does not imply that efficient design is
impossible with homogenous goods. In fact, Theorem 1 illustrates cases where efficient
design is possible with multi-unit demand. In addition, I focus on how the dimensionality of
bidder types changes the auction design problem, while the above Serizawa and Kazumura
do not consider dimensionality restrictions on bidder types.

Outside of the auctions literature, Garratt and Pycia (2014) investigate a problem similar
to the one studied here. Garratt and Pycia study how positive wealth effects influence the
possibility of efficient bilateral trade in a Myerson and Satterthwaite (1983) setting. In
contrast to this paper, Garratt and Pycia show that the presence of wealth effects and can

help to induce efficient trade when there is two-sided private information.

4Bidders have perfectly correlated values and budgets in auctions where bidders endogenously determine
their budgets after observing their value (see, Baisa and Rabinovich (2016)).

5An example of a setting with public budgets and multi-dimensional types is setting where bidders de-
mands two units of the good, and the first dimension of a bidder’s type is her value for her first unit, and
the second dimension of a bidder’s type is her value for her second unit.



2 Model

2.1 Bidder Preferences - The Single Dimensional Types Case

A seller has k units of an indivisible homogenous good. There are N bidders, who are vNM

expected utility maximizers. Bidders have private values and multi-unit demands. Bidder ¢’s

preferences are described by her type 6; € [0,6] :== © C R,. If bidder i wins ¢ € {0,1,...,k}

units and receives m € R in monetary transfers, her utility is
u(q,m,0;) € R.

A bidder’s utility is continuous in her type #; and continuous and strictly increasing in
monetary transfers m.
If 6; = 0, then bidder ¢ has no demand for units,

u(q,m,0) = u(q',m,0) Vq,q'€{0,1,...,k}, meR.
If 6; > 0, then bidder ¢ has positive demand for units,
¢ >q <= u(qd,m,6;) >ulqg,m,0;), V6, € ©, m € R.

Without loss of generality, I assume that «(0, 0, 6;) = 0 V6;. Bidders have bounded demand
for units of the good. Thus, there exists a p > 0 such that

I make three additional assumptions on bidder preferences. First, I assume that bidder
preferences satisfy the law of demand. That is, if a bidder is unwilling to pay p for her ¢
unit, then she is unwilling to pay p for her (¢ + 1)* unit. This implies that bidders have
downward sloping demand curves and generalizes the declining marginal values assumption

imposed in the benchmark quasilinear setting.
Assumption 1. (Law of Demand)
u(q—l, m, 61) > u(Q: m—=p, QZ) = U(Qa m, 0%) > U(Q+17m_pa ‘91)7 vq < {]-a SRR k_1}7 01 > 0.

Second, I assume that bidders have positive wealth effects. This means a bidder’s demand
does not decrease as her wealth increases. To be more concrete, suppose that bidder ¢ was

faced with the choice between two bundles of goods. The first bundle has x goods and



costs p, total, and the second bundle has y goods and costs p, total, where we assume
x > y. If bidder 7 prefers the first bundle with more goods, then positive wealth effects state
that she also prefers the first bundle with more goods if we increased her wealth prior to
her purchasing decision. This is a multi-unit generalization of Cook and Graham’s (1977)
definition of an indivisible, normal good. I define two versions of positive wealth effects, weak
and strict. When constructing an efficient mechanism, I assume the weak version, which nests
quasilinearity. When presenting my impossibility theorems, I assume the strict version that
rules out the quasilinear setting where the benchmark Vickrey auction is already known to

solve the efficient auction design problem.

Assumption 2. (Positive wealth effects)
Suppose x >y where x,y € {0,1,...k}. Bidders have weakly positive wealth effects if

u(xa_pxaez) 2 U(y, _pyvei) — u(x,m—px,ez) Z u(yam_py70i> vm > Oa 91 > Oa
and strictly positive wealth effects if
U,(ZE, —Pxz, 91) Z U(y, _py7 92) - U’('Ta m — Pg, 91) > u(y, m — pya 91) vm > 07 01 > 0

Finally, I assume that bidders with higher types have greater demands.

Assumption 3. (Single-crossing)

Suppose x >y where x,y € {0,1,...k}. Then,
uw(x, —pg, 0) > uly, —py,0) = u(z, —p.,0") > uly,m — p,,0") V&' > 6.

I let b1(0;) be the amount that bidder i is willing to pay for her first unit of the good.
Thus, by(6;) implicitly solves

It is without loss of generality to assume types are such that b;(6) = 6 V0 € ©. Thus, 6;
parametrizes the intercept of bidder i’s demand curve.
[ similarly define b;(6;, ) as bidder 4’s willingness to pay for her j unit, conditional on

winning her first j — 1 units for a cost of x € R. Thus, b;(6;, ) is implicitly defined as solving,
u(Ja —T — bj(ei; CL’), 92) = u(] — 1, —x, 91)

[ analogously define s;(6;, ) as bidder i’s willingness to sell her 5 unit, conditional on having

paid z in total. Thus, a bidder’s willingness to sell her j unit s; is implicitly defined as



solving
u(]? -, 01) = U(j - 17 —x + 3j7 0@)

Note that by construction,
Sj(9i7 .T) = bj(ez‘, xr + Sj(@@l‘)).

Assumptions 1, 2, and 3 imply:

1. b;(8,2) > bj+1(0,2) and s;(6,x) > sj41(0,z) forall# € ©, x € R, j € {1,... k}.
2. b; and s; are continuous and decreasing in the second argument.®

3. b; and s; are continuous and strictly increasing in the first argument.

The first point is implied by the law of demand. The second point is implied by positive
wealth effects. The final point is implied by single crossing.

2.2 Mechanisms

By the revelation principle, it is without loss of generality to consider direct revelation mech-
anisms. A direct revelation mechanism maps the profile of reported types to an outcome.
An outcome specifies a feasible allocation of goods and payments. An allocation of goods
y € {0,1,...,k}N is feasible if S 4 < k. Tlet Y be the set of all feasible allocations. A
(deterministic) allocation rule ¢ maps the profile of reported types to a feasible allocation
q: ©Y — Y. The payment rule maps the profile of reported types to payments z : @Y — RV,
A direct revelation mechanism I' consists of an allocation rule and a payment rule. For sim-
plicity, I let T';(0;,6_;) represent that allocation and payment for bidder ¢ when she reports
type 60; and her rivals report types 6_;.

I study direct revelation mechanisms that satisfy the following properties.

Definition 1. (Ex-post individual rationality)

A mechanism I is ex-post individually rational if
u(FZ(Hl, G,i), 61) Z 0 ‘v’(@z, (9,1) € @N.

Thus, a mechanism is ex-post individually rational (hereafter, individually rational) if a

bidder’s utility never decreases from participating in the mechanism.

6b; and s; are weakly decreasing under weakly positive wealth effects and strictly decreasing under strictly
positive wealth effects.



Definition 2. (Weak budget balance)

A mechanism I" satisfies weak budget balance if

N
> wi(6:,6-) > 0 Y(0;,0_;) € O,
i=1
The weak budget balance condition is an individual rationality constraint on the auction-
eer. A mechanism that satisfies weak budget balance always yields weakly positive revenue.
When I study the single dimensional types setting with N > 3 bidders, I impose a stronger
but related requirement - no subsidies. A mechanism provides no subsidies if it never pays
a bidder a positive amount to participate. Morimoto and Serizawa (2015) impose the same

condition when studying efficient auctions in a setting where bidders have unit demand.

Definition 3. (No subsidies)
A mechanism I" gives no subsidies if z;(6;,0_;) > 0 V(6;,0_;) € O

We study mechanisms that implement efficient allocation of goods. With quasilinearity,
efficiency implies that goods are assigned to bidders with the highest values. Yet, without
quasilinearity, there is no clear analog for a bidder’s value. In this paper, I look at mechanisms
that satisfy a weak notion of efficiency, ex-post Pareto efficient. Our notion of ex-post Pareto
efficiency is the same notion used by Dobzinski, Lavi, and Nisan (2012) and Morimoto and
Serizawa (2015).

Definition 4. (ex-post Pareto efficient)
An outcome (y,7) € Y x R is ex-post Pareto efficient if V(,Z) € Y x RY such that

w(Pi, =i, 6;) > w(ys, —xi, 6;),

for some i € {1,..., N}, then either

or

for some j € {1,...,N}.

Thus, an outcome is ex-post Pareto efficient, if any reallocation of resources that makes

bidder ¢ strictly better off necessarily makes her rival strictly worse off, or strictly decreases



revenue. We say that the mechanism I' is an ex-post Pareto efficient mechanism (here-
after, Pareto efficient) if ['(61,...,0y) € Y x RY is an ex-post Pareto efficient allocation
\V/(Ql, ce 79N> S oV,

In addition, we study mechanisms that can be implemented in dominant strategies.

Definition 5. (Dominant strategy incentive compatibility)

A mechanism I is dominant strategy incentive compatible if
u(Fz(Hz, G_i), 92) Z u(FZ(Qi, 9_2'), 61) VGZ, 0; € C"‘), ‘9_1' € @N_l.

Since we study mechanisms that are dominant strategy implementable (hereafter, incen-
tive compatible), there is no need to model bidder beliefs.
When I study the single dimensional types setting with N > 3 bidders, I also consider

mechanisms that satisfy a monotonicity condition on the allocation rule.

Definition 6. (Monotone allocation rule)
A mechanism T' has a monotone allocation rule if 0% > 6% and 6", > 0°, in the coordinate

wise sense implies that

Thus, a mechanism has a monotone allocation rule if bidder i always wins a weakly
greater number of units when she increases her reported demand and her rivals decrease
their reported demands. Note that with two bidders, any incentive compatible mechanism
has a monotone allocation rule.

It will also be useful to note the taxation principle of Rochet (1985). The taxation
principle shows that if I' is incentive compatible, then there exists a corresponding set of
pricing rules {pi,...,py} where p; : OV~ — R¥! that implements mechanism I'. The

corresponding pricing rule that implements mechanism I' is such that
m
qi(0i,0-;) =m = x;(0;,0-;) = sz‘,j(e—i),
j=0

and

i(0:,0_;) = — y — i (0-:),0;).
0 0) =m > mEang e alo =3 y(6-0.0)

3 Single Dimensional Types - the 2x2 case

In order to motivate the construction of an efficient mechanism in a general two bidder,

single dimensional type environment, I first construct a mechanism that retains the desired

10



incentive and efficiency properties of the Vickrey auction in the two bidder and two unit case.
The mechanism is symmetric and gives no subsidies.

The mechanism’s allocation function can be described (almost everywhere) by a cut-off
rule d, where d : © — O is such that

The cut-off rule states the minimal type that bidder ¢ must report to win at least one unit,
given her rival’s type. The rule divides the two-dimensional space of bidder reports into three
regions: a region where bidder 1 wins both units, a region where each bidder wins one unit,
and a region where bidder 2 wins both units. I construct a cut-off rule that characterizes
a mechanism that is incentive compatible and efficient. I assume that a bidder’s cut-off is

strictly increasing and continuous in her rival’s type.”

62

d(e2)
q1=0;02=2 g1=q2=1

d(e:)

G1=2;q2=0

6

Figure 1: Allocations implied by an arbitrary symmetric cut-off rule d.

The corresponding (symmetric) pricing rule is such that p;(6;) = d(6;), because bidder ¢
wins at least one unit (6; > d(#;)) when her willingness to pay for her first unit 6; exceeds
the amount she must pay for the first unit p;(6;).®

My goal is to construct a cut-off rule that implements a Pareto efficient outcome. The
mechanism assigns units to bidders based upon a bidder’s willingness to pay for an additional
unit. More precisely, bidder ¢ wins both units if and only if her willingness to pay for her last

unit, conditional on paying p;(6;) for her first unit, exceeds her rival’s willingness to pay for

"Proposition 3 shows that a continuous and strictly increasing first unit cut-off is a necessary condition
for any mechanism that satisfies individual rationality, budget balance, incentive compatibility, and Pareto
efficiency.

8There is no bidder specific subscript in the description of the pricing rule and the cut-off rule because we
construct a symmetric mechanism.

11



her first unit. Thus, I construct a mechanism where the price a bidder pays for her second

unit equals her rival’s willingness to pay for her first unit,

Therefore, if bidder i’s conditional willingness to pay for her second unit by (6;,p1(6;))
exceeds bidder j’s willingness to pay for her first unit ¢;, the cut-off rule is such that bidder
i wins both units d(6;) > ;. Thus, the cut-off rule d is such that

0> 0; — ba(0;,p1(0;)) = 0; — ba(0;,d(0;)) = d(0;) > 0,

and
Hj — bg(@,,pl(ﬁj)) = 0]' — bg(@z,d(ej)) > 0 — 0]‘ > d(@z)

If the cut-off rule d is continuous and increasing then 6; — by(6;,d(6;)) is continuous and

strictly increasing in ;.2 Then,
pi(0:) = d(0;) = 0; <= 0; — ba(0;, p1(6;)) = 0; — b2(0;, d(6;)) = 0.

In other words, if bidder j is indifferent between winning zero and one unit, then bidder j’s
willingness to pay for her first unit equals bidder i’s conditional willingness to pay for her
second unit. When we substitute d(6;) for 8;, the right hand side of the above expression
simplifies to,

d(6;) = ba(6;,d(d(6;)). (1)
Lemma 1 shows that there exists a cut-off d that satisfies the above equation for all §; € [0, d].

Lemma 1. There exists a continuous and strictly increasing function d : [0,0] — [0, 0] such
that 6 > d(6) V8 > 0, and
d(0) = ba(0, d(d(0)).

Proposition 1 confirms that a cut-off rule that satisfies Equation (1) characterizes a mech-
anism which retains the desirable properties of the Vickrey auction. In particular, the cut-off
rule d defines a feasible mechanism that satisfies (1) individual rationality, (2) no subsidy,
(3) incentive compatibility, (3) no subsidies, and (4) Pareto efficiency. The proof follows
from the construction of the cut-off rule d. The associated pricing rule is such that bidder ¢
demands both units if and only if she was willingly to pay more for her final unit than her
rival was willing to pay for her first unit. Or in other words, the pricing rule associated with

d is such that the two highest conditional willingness to pays are winning bids.

9This is because by is decreasing in the second argument and d(6;) is increasing in 6;.

12



Proposition 1. There exists a mechanism that satisfies (1) individual rationality, (2) no
subsidies, (3) incentive compatibility, and (4) Pareto efficiency. The mechanism has cut-off

rule d that solves Equation (1) and pricing rule p, where

p1(6;) = d(0;), p2(0;) = 0;.

The proof of Proposition 1 is a Corollary to Proposition 2 in the k unit setting. Hence,

it is omitted.

4 The two bidder k£ unit case

In this section we show that there exists a mechanism that retains the desirable incentive and
efficiency properties of the Vickrey auction when two bidders compete for k£ units. Just as
in the last section, we characterize the mechanism by constructing a symmetric cut-off rule
d:© — ©F. The m" dimension of the cut-off rule d,,(6;) gives the lowest type that bidder
i must report to win at least m units, given that her rival reports type 6;.'° Therefore, a

mechanism I' has cut-off rule d if

and
dm(gg) > 91 - m > qz(Ql,(‘)])

Incentive compatibility implies ¢;(;, 6;) is weakly increasing in 6; and weakly decreasing
in 0;." Thus, the cut-off rule d,,(#) is weakly increasing in 6 and weakly increasing in m.
We let D C {d|d : © — ©*} be the set of all cut-off rules that are weakly increasing in 6 and
m. Note that a cut-off rule d € D does not necessarily correspond to a feasible mechanism.

I prove that there exists an efficient mechanism by constructing a transformation 7" that
maps an arbitrary cut-off rule d to a more efficient cut-off rule T'(d). I argue that the
fixed point of this transformation defines a feasible mechanism that satisfies (1) individual
rationality, (2) no subsidy, (3) incentive compatibility, and (4) Pareto efficiency.

In order to define the transformation, I first define a pricing rule that corresponds to
a cut-off rule d. The corresponding pricing rule ensures that bidder ¢ demands at least m

units if and only if her type 6, exceeds d,,(6;). Therefore, the price of bidder 4’s first unit is

0Note that if a direct revelation mechanism is such that ¢;(6;, 6;) > m, then dominant strategy incentive
compatibility implies that ¢;(6;,6;) > m V8, > 0;.

14:(0;,0;) is weakly decreasing in 6; because Pareto efficiency implies ¢;(0;,0;) = k—q;(6;,0;) and ¢;(6;,60;)
is weakly increasing in 6;.

13



p1(0j,d) = dy(0;). This is because bidder ¢ demands at least one unit if and only if her type
0; exceeds the cut-off for her first unit d;(6;).'?

I determine the price of bidder i’s m* unit inductively. If bidder i pays ZZ:II (8, d)

to win m — 1 units, then she is willing to pay by, (6;, >.7— p.(6;,d)) to win her m™

h

unit. In
the pricing rule that corresponds to cut-off rule d, bidder ¢ demands her m!* unit if and only

if her type is above the cut-off for the m* unit. Or equivalently,

m—1

bm(eia an(gjad» > pm(0j7d) <~ Qi > dm(ej)'

n=1
Thus, the price of the m*™ unit is,

m—1

pm(9j7 d) = bm(dm(ej)v an(ej’ d))

n=1
Lemma 2 shows bidder ¢ pays a higher total price for m units when bidder j has a higher
type.
Lemma 2. Y " | p,(0;,d) is weakly increasing in 0; for all0; € ©, m € {1,...,k}, d e D.

The transformed cut-off rule is such that bidder i wins her m!" unit if and only if her
type 6; is such that her willingness to pay for her m!”* unit exceeds her rival’s willingness to

pay for her k —m + 1% unit. In other words, the transformed cut-off rule is such that bidder

h

i wins at least m units if and only if her willingness to pay for her m!* unit ranks among the

top k willingness to pays of the two bidders.

h unit under the untransformed

h

We calculate a bidder’s willingness to pay for her m!
pricing rule that corresponds to cut-off rule d. Thus, bidder ¢’s willingness to pay for her m!
unit is

m—1
b (05, Y pn(05, d)).
n=1

And bidder j’s willingness to pay for her k — m + 1! unit is

k—m

bk —m+1(0;, Z Pn(0i, d)).

n=1

Thus, the transformed cut-off rule is such that

m—1 k—m
0; > T(dyn)(0;) = b (0, > a0, d) > i (6, Y pal6i, d)).
n=1 n=1

12T show that there is a mechanism that satisfies the no subsidy condition. Hence, we assume po(6;) = 0.
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For ease of notation, we let

m—1 k—m
F(05,05,m,d) = b (05, (05, d)) = br—myr (65, pa(6:,d)).
n=1 n=1

Thus, f(6;,0,,m,d) represents the amount that bidder i’s willingness to pay for her m'™ unit
exceeds her rival’s willingness to pay for her k — m + 1% unit, when we evaluate willingness

to pays under the pricing rule induced by cut-off rule d.

Lemma 3. f s strictly increasing in the first arqgument, and strictly decreasing in the second

and third arguments.

Lemma 3 implies that if f(m, 6, 6;,d) <0, then bidder i’s willingness to pay for her m'"
unit is always less than her rival’s willingness to pay for her k — m + 1% unit. Therefore,
the transformed cut-off is such that bidder ¢ wins less than m units for any reported type.
Hence, let T(d,,,)(6;) = 0.

If f(m,0, 6;,d) > 0, then bidder 7’s willingness to pay for her m' unit exceeds her rival’s
willingness to pay for her k& —m + 1°* unit when 6; is sufficiently large. Then, let T'(d,,)(6;)

h

be the lowest type where bidder i’s willingness to pay for her m!* unit exceeds her rival’s

willingness to pay for her k — m + 1% unit,

T(dn)(0;) == inf{0 € [0,6]|f(m,0,6;,d) > 0}.
Thus, the transformed cut-off rule assigns bidder ¢ at least m units if and only if her will-
ingness to pay for her m! unit exceeds her rival’s willingness to pay for her k — m + 1%

unit. We calculate a bidder’s willingness to pay for her m®®

unit by assuming that the price
she paid for her first m — 1 units was determined by the pricing rule corresponding to the

(untransformed) cut-off rule d. This is stated in the remark below.

Remark 1. If d € D, then

m—1 k—m
bin(0: Y (65, d)) 2 bimms1 (85, ) palbird)) = 6; > T(dw)(8)),
n=1 n=1

bhmir(Oy, 3 pall ) = b0, S puly, ) = T(d)(0) > 01

n=1 n=1
A consequence of Remark 1 is that if T has a fixed point d* € D, then d* defines a
feasible mechanism that satisfies individual rationality, no subsidy, incentive compatibility,

and Pareto efficiency. This is because the pricing rule corresponding to d* is such that (1)
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bidder i demands m units if and only if her rival demands k£ —m units, and (2) bidder ¢ wins

h h unit exceeds her rival’s

her m!" unit if and only if that her willingness to pay for her m!
willingness to pay for her kK —m + 1% unit. Thus, there are no Pareto improving trades where

bidder 7 sells one of her units to bidder j.

Proposition 2. Ifd* € D is a fixed point of the mapping T', then d* corresponds to a feasible
mechanism that satisfies (1) individual rationality, (2) no subsidy, (3) incentive compatibility,
and (4) Pareto efficiency.

[ use Schauder’s fixed point theorem to show that the mapping 7" has a fixed point d* € D.
In particular, I argue that (1) if d € D, then T'(d) € D; (2) T is a continuous mapping; and
(3) D is compact. These three conditions guarantee the existence of a fixed point according
to Schauder’s fixed point theorem (see Aliprantis and Border (2006, pg.. 583)).

Theorem 1. There exists a d* € D such that T'(d*) = d*.

Thus, Theorem 1 shows that in the 2 X k setting, there is a mechanism that retains
the desirable properties of the Vickrey auction. The mechanism satisfies (1) individually

rationality (2) no subsidy, (3) incentive compatibility, and (4) Pareto efficiency.

5 Multi-dimensional Types and An Impossibility The-

oreim

While we obtain a positive result with two bidders who have single dimensional types, in
this section I show that the positive result does not carry over to the multi-dimensional type
case. I study a setting where bidders have two-dimensional types, and the second dimension
of a bidder’s type is binary. I show that there is no mechanism that satisfies (1) individual
rationality (2) weak budget balance, (3) incentive compatibility, and (4) Pareto efficiency (for
the remainder of this section, Properties (1)-(4)). Since there is no mechanism that satisfies
Properties (1)-(4) in the two-dimensional types, it follows that there is no mechanism that
satisfies Properties (1)-(4) when we have a richer type space - the increase in dimensionality

only adds to the number of incentive constraints that our mechanism must satisfy.

5.1 Setting with Multi-dimensional Types

We study a setting where there are two bidders who compete for two homogenous goods.

A bidder’s type is described by a two dimensional variable v; = (0;,t;) € [0,6] x {f,s}. If
bidder i has type 7;, wins g € {0, 1,2} units, and receives transfer m € R, then her utility is
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u(q, m,~;) € R, where u is continuous and strictly increasing in m. Again, we assume that

bidder 7 has no demand for units if the first dimension of her type 6; = 0,
u(q, —x,(0,t;)) = u(q', —z,(0,t;)) Yq,q' € {0,1,2}, z € R, t; € {s, [},
and a bidder has positive demand if 8; > 0,
u(q, —x, (0, ;) > uld, —x, (0;,t;)) Vg > ¢ € {0,1,2}, x € R, t; € {s, [}

The second dimension of bidder i’s type t; € {f, s} represents the steepness of her demand
curve - it can either be flat (f) or steep (s). Bidders with steeper demand curves have

relatively lower demand for their second unit. Thus, if 6; > 0,
U(2, —T =Y, (Q'Lv 8)) Z u(17 -, (9’57 S)) = U(2, —r—Y, (917 f)) > U(]_, -, (017 f))

Hence, if by(7;, x) is bidder ¢’s willingness to pay for her second unit when she has type ~;

and paid x for her first unit, then by is such that

bg((@z,f>,$) > bg((@i,s),m) >0 Vo, € (0, ]

Again, we assume u is continuous in 6;, and it is without loss of generality to assume
that 6; represents bidder 7’s willingness to pay for her first unit of the good. I refer to 6; as
bidder ¢’s intercept. We assume bidder preferences satisfy (1) the law of demand, (2) strictly
positive wealth effects, and (3) single-crossing in 6 (Assumptions 1-3, as defined in Section
2). Thus,

1. 6; > by(yi,z) > 0, and s1(y;, x) > sa(vi,x), Ve >0, v = (0;,t;) € (0,5] x {f, s}

2. b, (74, ) and s,(7;, z) are continuous and strictly decreasing in z, Vo € R, 7; € (0, 0] x

{f:s}-

3. bu((65,t:), ) > bu((0;,t;),x) and s,((0.,t;),x) > s,((0;,t;),2) VO, > 0;, v € R, t; €
{f, s}

Points 1, 2, and 3 above are direct implications of Assumptions 1, 2, and 3, respectively.

5.2 An impossibility theorem for the multi-dimensional type case

I prove the impossibility theorem in the multi-dimensional type setting by contradiction.

The proof proceeds roughly as follows. If a mechanism satisfies Properties (1)-(4), then the
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price a bidder pays to win her first unit depends on her rival’s demand for a second unit.
Thus, all else equal, bidder ¢ faces a relatively higher price for her first unit when bidder j
reports a flatter demand curve.!3Consequently, positive wealth effects imply that bidder i has
lower demand for a second unit (conditional on buying her first unit) when her rival reports
a flatter demand curve (bidder ¢ pays more for a first unit when bidder j reports a flatter
demand curve). Yet, if bidder ¢ has lower demand for a second unit, then bidder j faces a
relatively lower price to win her first unit. This is because bidder i’'s demand for a second
unit determines the price bidder j pays for a first unit. Thus, bidder j is able to pay a lower
price for her first unit by overstating her demand for her second unit. When she overstates
demand for her second unit, she is able to lower her rival’s demand for her second unit, and
thus lower the price she pays for her first unit. This violates incentive compatibility and
hence, we obtain a contradiction.

In order to formalize this line of argument, it is useful to invoke the taxation principle,
which states that changes in bidder ¢’s reported type change her payment only if they change

her allocation.

Remark 2. (Taxation principle) If ' satisfies Properties (1)-(4), then there exists pricing rules
Di,0, i1, and p; o such that

(Vi V) = pio(v) = ¢(vi,7;) =0,

xz‘(%%’) = pi,o(%) +pi,1(%‘) — qz‘(%‘,%‘) =1,
and

(i, 75) = Pio(V;) + pia(y) F pi2(v) = @y, ;) = 2.

Lemma 4 simplifies the proof further. It shows that any mechanism that satisfies Prop-
erties (1)-(4) also satisfies the no subsidy condition. Individual rationality ensures that
pio(7;) <0, because a bidder never regrets participating in the mechanism, even if she wins
no units. In addition, I show that we violate weak budget balance if p;o(7y;) < 0. This
is because efficiency and incentive compatibility imply that bidder j wins both units for a
negligible payment when bidder 7 reports a sufficiently low intercept #;. Thus, bidder ¢ must

be paid at most an arbitrarily small amount, or else we would violated weak budget balance.

Lemma 4. If ' satisfies Properties (1)-(4), then

¢(vi,v) =0 = xi(v,7;) = 0.

13When bidder j reports flat demand, she is indicating that she has greater demand for her second unit of
the good relative to the case where she has steep demand.
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I form the proof by contradiction by placing necessary conditions on a mechanism’s allo-
cation rule. It is useful to describe a mechanism’s allocation rule by a cut-off rules. The first
cut-off rule specifies the minimal intercept a bidder must report to win at least one unit, for

a given reported steepness and her rival’s type,

dz’fl(’?’j) =y ] .
else.

Therefore, given bidder j’s reported type 7;, bidder ¢ wins at least one unit if she reports
type v = (6;,t;), where 6; > di';(v;). Similarly, the second cut-off function that states the

minimal intercept a bidder must report in order to win both units,

3,2\ 1) T ) — .
0 else.

Remark 3 gives necessary conditions on the cut-off rules of mechanism that satisfy Properties
(1)-(4).

Remark 3. If T" satisfies Properties (1)-(4), then

(1) ¢1(71,72) + @2(y1,72) =2 if 6; >0 for somei=1,2.

(2> dgfl(ovtj) = d;iQ(O?tj) =0.

3) db,(6;,t;), and d,(0;,t;) are weakly increasing in 6.
i,2\Vjs Lj 0,1\ Uj j

(4) d?fé(%’) > dﬁfi ('Yj)~

The first point states that both units are sold if at least one bidder has positive demand.
The second point states that a bidder wins both units if she reports positive demand and
her rival reports no demand. The third point states that a bidder faces a greater intercept
cut-off when her rival reports greater demand. The final point states the cut-off intercept
for winning both units is weakly greater than the cut-off intercept for winning a single unit.
The first two points directly follow from Pareto efficiency, and the latter two points follow
from incentive compatibility.

Proposition 3 places additional restrictions on the cut-off rules. The Proposition shows
that a bidder’s first cut-off is continuous and strictly increasing in her rival’s intercept. Thus,
it becomes continuously more difficult for bidder ¢ to win a single unit as her rival increases

her reported intercept. In addition, bidder ¢ has a strictly greater cut-off for her second unit
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than she does for her first unit. Or in other words, given bidder j’s reported type ;, there

is always an interval of reported intercepts for which bidder ¢ wins exactly one unit.

Proposition 3. Fiz t;,t; € {s, f}. If ' satisfies Properties (1)-(4), then dffl(Gj,tj) is con-

tinuous and strictly increasing in 0;, for all 0; € ©, and
d;'5(05,t5) > di'1(05,t5) V0, € (0,0].

While the formal proof of Proposition 3 is long, the intuition behind the proof is straight-
forward. I first show that d,(6;,¢;) > di',(6;,¢;). The proof is by contradiction. If the two
cutoffs are equal at a point, then there is a point where bidder ¢ can increase her reported
intercept by an arbitrarily small amount and change her allocation from winning zero units
to winning both units. Yet, if it is the case that there is a Pareto efficient outcome where
bidder ¢ wins no units (and bidder j wins both units) when she reports the lower intercept,
then it must be the case that bidder i’s demand for her first unit is sufficiently low relative
to bidder j’s demand for her second unit. Declining demand then implies that her demand
for her second unit is non-negligibly lower than bidder j’s demand for her first unit. Thus, if
we increase bidder ’s intercept by an arbitrarily small amount, her demand for her second
unit remains lower than her rival’s demand for her first unit. Hence, it is Pareto inefficient
to assign bidder ¢ both units.

I then use a similar style of proof to show that a small increase in bidder j’s reported
intercept must lead to a small increase in bidder ¢’s first cut-off. Hence, the first cut-off is
continuous and strictly increasing.

The taxation principle and Proposition 3 imply that a bidder’s first cut-off is independent
of her steepness. This is intuitive, because a bidder demands at least one unit if and only if
her willingness to pay for her first unit 6, exceeds the price of the first unit p;;(v;). Bidder
©’s demand for her first unit is independent of her steepness, thus her first intercept cut-off

is independent of her first unit.

Corollary 1. If T satisfies Properties (1)-(4)

pia(vy) = dl1 () = &1 (7;) Vv, € {s, [} x ©.

Given the Corollary 1, I drop the superscript on a bidder’s first cut-off dfl

We also use Proposition 3 to get more precise information on the pricing rule. Corollary
2 shows that the price a bidder pays for her first unit equals her rival’s willingness to pay for
her second unit, conditional on having already won her first unit. In addition, the price a

bidder pays for her second unit equals her rival’s willingness to pay for her first unit. Thus,
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the mechanism assigns one bidder both units if and only if her willingness to pay for her
second unit, conditional on winning her first unit, exceeds her rival’s willingness to pay for
her first unit. To prove the Corollary, consider a case where bidder ¢ intercept equals her
first cut-off 6; = d;1(7;) = pi1(7y;). In this case, both bidders’ intercept reports are locally
pivotal. If bidder ¢ increases her reported intercept by a negligible amount, then she wins one
unit. Similarly if bidder j increases her reported intercept by a negligible amount, she wins
both units. Incentive compatibility then implies that the pricing rule is such that bidder ¢ is
indifferent between winning zero and one units and bidder j is indifferent between winning
one and two units. In addition, efficiency implies bidder i’s willingness to pay for her first
unit equals bidder j’s willingness to pay for her second unit. If the two quantities were
unequal, then we could find a Pareto improving reallocation where the bidder with the lower

willingness to pay sells a unit to the bidder with the higher willingness to pay.
Corollary 2. IfI" satisfies Properties (1)-(4), then 8; = d; 1(;), implies that

t; = pi,l(%’) = pj,2(%‘) = b2('7j7pj,1('7i))- (2>

A consequence of Corollary 2 is that bidder ¢ pays more to win her first unit when her
rival has a flat demand curve. This is because her rival has a relatively higher willingness to
pay for her second unit when her demand curve is flat, and the price bidder i pays for her

first unit is her rival’s (conditional) willingness to pay for her second unit.

Corollary 3. If " satisfies Properties (1)-(4), then
pin(0y, f) = dia (05, f) > di1(0;,8) = pin(0;,5) VO; € (075]-

6,

d1,1(62,5) d11(62,0)

d1(61,t1)

61

Figure 2: First Unit Cut-off rules for a fixed t;.
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Thus, if bidder j reports a flat demand curve (as opposed to a steep demand curve), then
bidder ¢ pays more to win her first unit. If bidder ¢ pays more to win her first unit, then she
has lower demand for her second unit. If bidder ¢ has lower demand for her second unit of
the good when bidder j reports a flat demand curve, then Corollary 3 implies bidder j pays
a lower price to win her first unit of the good. Thus, bidder j is able to lower the price that
she pays for her first unit by reporting a flat demand curve instead of a steep demand curve.
This violates incentive compatibility and yields a contradiction.

More formally, Corollary 2 states that if 6; = d; 1(7;), then Equation 2 implies that

0; = ba(7;, 0516, 9)) = ba(v5,0j1 (i f)).

Yet Corollary 3 shows that

pj,1(9¢,f) = dj,1(0i7 f) > dj,1(9i7 S) = pj,l(eia 8) — b2(7j7pj,1(0i7 S)) > b2(7japj,1(9i, f))

Hence, the final inequality above contradicts the implication of Equation 2. Thus, there is

no mechanism that satisfies Properties (1)-(4).
Theorem 2. There is no mechanism that satisfies Properties (1)-(4).

The proof of Theorem 2 illustrates how the presence of wealth effects impedes efficient
auction design. In the quasilinear setting, there are no wealth effects and the Vickrey auction
satisfies Properties (1)-(4). In a 2x 2 setting, the Vickrey auction is such that the price bidder
¢ pays for her first unit equals her rival’s willingness to pay for her second unit. Corollary
2 shows that this is a necessary condition in the non-quasilinear setting as well. Yet, in the
non-quasilinear setting, the presence of wealth effects implies that the price a bidder pays for
her first unit affects her demand for her second unit. This inhibits efficient auction design
because a bidder can lower the price she pays for her first unit by misreporting her demand
for her second unit. By stating a high demand for her second unit, a bidder forces her rival to
pay more for her first unit. This benefits the bidder in a non-quasilinear setting because when
the bidder’s rival pays more for her first unit, her rival has lower demand for her second unit.
Moreover, a bidder pays less to win her first unit when her rival has lower demand for her
second unit. Thus, no mechanism can simultaneous satisfy (1)-(4) when we introduce wealth
effects and multi-dimensional heterogeneity. A similar incentive to overreport demand for
later units is present when bidders with positive wealth effects bid in the standard Vickrey
auction (see Baisa (2016b)).

The proofs of Theorems 1 and 2 also illustrate the connection between efficient multi-unit

auction design problem with private values and non-quasilinear preferences, and efficient
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single-unit auction design problem with interdependent values and quasilinear preferences.
In the latter setting, Dasgupta and Maskin (2000) and Jehiel and Moldovanu (2001) show
that efficient design is possible if and only if bidders have single dimensional types. Theorems
1 and 2 combine to give similar result in my setting, because the presence of wealth effects
endogenously causes interdependence of bidders’ demands. In the efficient auction design
problem, wealth effects imply that a bidder’s demand for her second unit is a function of
the price she pays for her first unit. In addition, the price of a bidder’s first unit depends
on her rival’s type. Thus, a bidder’s willingness to pay for her second unit depends on her
rival’s type. Thus, when types are multi-dimensional, a bidder’s demand for her second unit
depends on both dimensions of her rival’s type, and thus we can obtain an impossibility
result. We do not see similar impossibility results in single unit demand settings, because
the interdependence is only in the demand of later units.**

While Theorem 2 is obtained in a 2 bidders and 2 objects setting, the proof generalizes to
an n bidder k object case. To see this, consider a proof similar to the one presented above.
Suppose that there is a mechanism that satisfies Properties (1)-(4) in the n X k setting.
Furthermore, suppose that bidder 2 has a relatively high intercept and steepness t5 € {s, f},
and bidders 3,...,n all have arbitrarily small intercepts. Then, the mechanism assigns no
units to bidder j where j > 3. If a bidder 57 won a positive number of units, there is a Pareto
improving trade where bidder j sells a unit to bidder 2.

I look at the decision problem of bidder 1. Incentive compatibility implies that the price
bidder 1 pays for her first unit p;1(7_1) is independent of her type. In addition, py1(y-1)
is determined by bidder 2’s willingness to pay for her last unit. This is proved using same
argument given in Corollary 2. Bidder j’s report does not change the price bidder 1 pays for
a unit because bidder j’s demand for units is arbitrarily small.

Yet, then bidder 1 can lower bidder 2’s willingness to pay for her last unit, and hence the
price of her first unit, by reporting a flat demand versus a steep demand. When bidder 1
reports a flat demand and has greater demand for her later units, then bidder 2 pays more to
win her first £ — 1 units. Positive wealth effects then imply that bidder 2 has lower demand
for her final unit when she pays more for her first £ — 1 units. Thus, bidder 1 pays less for her
first unit when she reports a flat demand. Yet this contradicts with incentive compatibility

that requires that the price bidder 1 pays for her first unit is independent of her type.

MMorimoto and Serizawa (2015) show there is a mechanism that satisfies Properties (1)-(4) when bidders
have single unit demands.
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6 An impossibility theorem for the single dimensional

type case with N > 3 bidders.

In this section, we return to the single-dimensional type case. We show that there is no
mechanism that retains the desirable properties of the Vickrey auction, even in the single
dimensional type setting, when there are at least three bidders. In particular, we show that
there is no mechanism that satisfies (a) individual rationality, (b) no subsidies, (c) incentive
compatibility, (d) Pareto efficiency, and (e) monotonicity (for the remainder of this section,
Properties (a)-(e)).

We consider a setting where there are three bidders who compete for two goods and N > 3
bidders. The proof is by contradiction. We begin by assuming that there is a mechanism
I that satisfies Properties (a)-(e). Let ¢;(6;,0_;) be the number of units won by bidder i in
mechanism I'. Incentive compatibility implies that ¢;(6;,0_;) is weakly increasing in bidder

i’s type 6;. In addition, Pareto efficiency implies that

N
Zqi(Hi,G_i) =2if 6; >0 for someie{l,...,N}.
i=1

Again, it is useful to define a cut-off rule that corresponds to mechanism I'. The cut-off

rule for bidder ¢’s first unit d;; is

1
di,l(e—i) = _ .
0 if ¢:(0,0-)=0

Similarly, the cut-off rule for bidder 7’s second unit d; » is

inf{0 € ©|q;(0,0_;) =2} if ¢:(0,0_;)

2

dia(0-;) = .
1
Incentive compatibility implies that d;2(0_;) > d;1(0_;) V6_; € ©2.

Again, Pareto efficiency implies that if bidder i’s rivals report zero demand, then bidder
¢ wins both units if she reports positive demand.
Remark 4. d;1(0_;) =0 < 6, =0Vj #i.

To condense notation, for the remainder of this section, I study the decision problem from
the perspective of bidder 1, and I assume that 0, > 03 > 0, Vj # 1,2, 3.

Lemma 5 uses the implication of Pareto efficiency to show that a bidder wins a positive

number of units only if her reported demand is among the two highest reports. If this
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property did not hold true, then there would be a Pareto improving trade where a bidder

with a lower type sells a unit to a bidder with a higher type who did not win any units.

Lemma 5. For any mechanism that satisfies, then
di1(0-1) > 6s.

The next Lemma shows that if a bidder’s two highest rivals have types that are sufficiently
close together, then bidder ¢ wins at least one unit if and only if her report type is among
the two highest reported types. This follow from the law of demand.

To see the intuition, suppose 05 > 63. If bidders 2 and 3 have types that are sufficiently
close together, then declining demand implies that 63 > by(62,0). In other words, bidder 3
is willing to pay more for her first unit than bidder 2 is willing to pay for her second unit.
Thus if bidder 1 reports a type that is in the interval (63, 605), Lemma 5 implies that bidder 3
wins zero units, because her type is not among the two highest demands. Then, if bidder 1
wins no units, it means that bidder 2 must win both units. Yet, if bidder 2 wins both units,
there is a Pareto improving trade where bidder 1 buys one of bidder 2’s units. The trade is
Pareto improving because the law of demand implies that bidder 2’s demand for her second

unit is low relative to bidder 1’s demand for her first unit.

Lemma 6. For any mechanism that satisfies (1)-(5), if ba(02,0) < 05 < 05, then
d171(9,1) - 093.

Thus, when bidders 2 and 3 have types that are sufficiently close together, bidder ¢ wins
at least one unit if and only if her type ranks among the two highest types. This means that
if 5 and 65 are sufficiently close together, bidder 1 must pay 63 to win one unit of the good.

Furthermore, if we continue to assume bidder 1’s two highest rivals report demands that
are sufficiently close together, then Pareto efficiency implies that bidder 1 wins both units
of the good if and only if her willingness to pay for her second unit (conditional on having
paid 65 for her first unit) exceeds her highest rival’s willingness to pay for her first unit of
the good 6,. Or in other words, bidder 1 wins both units only if by(6;, 05) is greater than 6s.

This is summarized in Lemma 7 below.

Lemma 7. For any mechanism that satisfies (1)-(5), if ba(62,0) < 05 < 0y, then

d172(9,1) - 91(
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where 07 is defined as solving
by (07,03) = 0.

Lemmas 6 and 7 combine to yield a violation of the monotonicity constraint on the
allocation rule. Suppose that 6, > 6y > 63, and that 6, is sufficiently close to #3. Then if
03 increases slightly, Lemma 6 implies that it becomes more difficult for bidder 1 to win a
second unit of the good, as the price she pays for her first unit increases. Thus, it becomes
relatively easier for bidder 2 to win her first unit of the good when bidder 3 increases her
reported type slightly.!® In fact, bidder 2 faces a lower first unit cut-off when her rival bidder 3
stated a higher demand. This contradicts with the monotonicity constraint on the allocation
rule because monotonicity implies that a bidder faces a higher cut-off when her rivals report

greater demands.
Theorem 3. There is no mechanism that satisfies properties (1)-(5).

Thus, to recap the argument, we see that if 8; > 0y > 03 > 6, Vj # 1,2, 3, then Lemma
5 shows us that bidder 3 never wins any units. Yet, if bidder 3 reports a demand that is
sufficiently close to bidder 2, then bidder 3 can still change the allocation. This is because
the price bidder 1 pays to win her first unit equals bidder 3’s willingness to pay for her first
unit when 65 is sufficiently close to 6. Thus, by increasing her report, bidder 3 increases the
price that bidder 1 pays for her first unit, and lowers bidder 1’s demand for her second unit.
When bidder 1 has lower demand for her second unit, bidder 2 then faces a lower cut-off for
her first unit. However, we have a violation of monotonicity if bidder 2’s first cut-off is lower

when her rivals increase their demands.

15Indeed, bidder 2 faces a lower cut-off for her first unit of the good, even if bidder 1 reports a slightly
higher type.
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7 Proofs

Proof of Lemma 1.

Proof. 1 show that there exists a solution d to Equation 1 by showing that for any n € N,

there exists a unique function d” : [0, 6] — [0, 0] such that

d"(0) = max{%, bo(0, " (d"(6))}.

Then I show that d” converges uniformly to a function d that solves Equation 1 .

Equation 3 uniquely defines a function over the interval [0, %] because

d"(0) = % - max{%,bg(&d”(d”(ﬁ))} > b3(6,0) > by(0, d(d"(0))).

(3)

Thus, there is an interval of the form [0, x|, where x > 0, over which there exists unique

function d" that satisfies Equation 3. Let T be the supremum z such that there is a function

that is uniquely defined by Equation 3 over the interval [0,z]. We know from the above

construction that 7 > %

I show d" is weakly increasing over (0,7) by contradiction. If d" was strictly decreasing,

then 30* € (0,T) such that

0* = inf{0]30' > 0 s.t. d"(0') < d"(0)}.

Thus, for any € > 0 there exists a 6, 6, such that 0, < 0* < 6,,, 6,0, € (0* —€,0" + €), and

dn<9[) > d”(Qh) > % Thus,
d (94) > ﬁ - 95 >d (95) = bg(&g,d (d (95))) > ﬁ
In addition, d"(6,) > d"(6,) implies that
b2<9h, dn(dn(0h>> < bg(eg, d”(d"(@g)))
Since by is increasing in the first argument and 6, > 6,, then we must have that
d"(d"(0p)) > d™(d"(6))-
However, the above inequality can not hold because

d"(0n) < d"(0r) <00 < 0" = d"(d"(0n)) < d"(d"(0r)),
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where the final inequality holds because d™ is weakly increasing when 6 < 6*. Thus, we have
a contradiction that shows d" is weakly increasing.

A similar proof shows that d™ is continuous over (0,Z). Let 8* be the point of the first
discontinuity. By construction d" is continuous when 6 is such that by (6, %) < % Thus,
limg_,++ d(0) > L. Yet, when € is small, d"(8* — €) ~ d"(6* + €) because d"(d"(6* — ¢€)) ~
d"(d™(0* 4+ €)) < d"(6* — €). Since by is continuous in both arguments, this implies that
d"(0* 4 €) ~ d"(0* — ¢€), which contradicts our assumption that d" is discontinuous at 6*.

Next, I show that T = # by contradiction. Suppose that 2 < 6. Then, for any ¢ > 0,
there exists a 0 € [T, T + €) such that d"() is not uniquely defined by Equation 3. Note that
by (6, L) > L If not, then d"(6) would be uniquely defined by Equation 3.

If d*(0 — €) = %, then

s (by(6, 1)) =

1
—=d"(0—€) = d"(ba(0,

bl

1
n

S|

) >

SRS
S

where the first inequality holds because § — ¢ > bg(é, %) when e is sufficiently small by

declining demand, and the second inequality holds because d" is bounded below by % Thus,

Ma%:@@m(wab).
Thus, if we let d"(0) = by (0, 1), then
d™(0) = by(0, d™(d"(9)).

This is the unique solution to Equation 3 because  — by(6, d*(z)) is weakly increasing in z

as by is decreasing in the second argument and d” is increasing in x. Thus, it can not be the

case that d"() —e) = L.

n

Next suppose that d"(0 — €) > L. Recall that z — by (0, d"(x)) is strictly increasing in z.

Ifx= %, then

%—@@@w%»<é—e—@@—@wmw@—q»:o,

where the inequality follows because (1) 6 — € > L because A0 — €) > I = 0 —e>
by(6 — €, 1) > L and (2) by is decreasing in the second argument, while d” is increasing and
a0 —€) > i

In addition, if = 6 — ¢, then

0<6—e—by(h,d" (6 —e)).
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The above inequality holds because d"(6 — ¢) > % implies that
0=0—ec—by( —e,d"(d"(0 —€))) <0 —e—by(8,d"(6 —¢€)),

where the final inequality holds because (1) d”(f — €) > d*(d*( — €)) by construction and

(2) by is increasing in the first argument and decreasing in the second market. Thus,

x —by(0,d"(x))

is strictly increasing, less than zero when x = % and greater than zero when x = 6 — €. Since

d" is continuous, then the above expression is continuous and there is a unique x that solves

z —by(0,d"(z)) = 0.
Thus, if z = d"(é), then there is a unique solution defined by Equation 3. This contradicts
our assumption that d" is not uniquely defined by Equation 3 at é, and we have shown that

T=40.

The last step of the proof shows {d"}22; is uniformly Cauchy. I show that

m>n>N" = max |d"(0) —d"(0)| <
0€[0,0]

=

First, I show that the above property holds if 6 is such that by(6, %) < %

ba (0, %) < % = d"(0) = max{by(0,d"(d"(0))), %} < max{by(0,0),

1
v

because = > < and d"(d"(6)) > 0 and b, is weakly decreasing in the second argument. In

addition the proof of Lemma 2 shows that

1 1
ba(6,0) < ba(0, N) + N

— by(0,0) < %, and

1 2 1 2
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Next, suppose that 6 is such that by (6, %) > % I first show d"(0) > %, by contradiction.
If d"(0) = <, then by the construction of d”, then by(0,d"(2)) < L. But d"(1) = 1, because

1 1 1 11 1
d"(0) > — Vb d"(—) = Zoby(=, ) =2
(6)> 90 = ') = max{ by )=
since by(£, L) < by(£,0) < L by declining demand. Therefore, by (6, d" (1)) = by(6, 1) <
Yet,

3=

1 1 1 1

’N)>N>n’

which contradicts, by(6, £) < £. Thus, d"(#) > L. I use this to show
1 1 2
- - s mn _gm < =

The proof is by contradiction. If there is a 6 such that

a"(6) — " (6)| > ~

then since both d™ and d™ are continuous in 6, there exists a 6%,
. 2
0" = min{0*|d"(0*) — d™(0")| = N}

We know that 6% > by(6*, 1) because |d"(0) —d™(0)| < + V0 s.t. bs(6, +) < . Without loss
of generality, assume d"(6*) > d™(6*). Since

0 >b2(9,N) = d(9)>n, d (9)>m,
then,

n [ )* * N qn [ * *  gn( Jgm * 2 *  gm( Jm [ n* 2 m ()% 2
T0) = b0, (@ (0°)) = ba(0°, (@™ (0)" +50)) = a0, " (@™ (07)) 4 = d"(0) +
In addition, the proof of Lemma 2 implies
bo(0F, d" (d™ ()" + 2 ) = bo (6%, d™(d™(67))) + 2 = d™(d™(0%)) > d"(d™(0") + 2 )+ 2

2 3 N — U2 3 N N N
Since d" is weakly increasing this implies

* m( Jm( nx 2
d™(d™(6%)) > d"(d™(0")) + N
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Yet, 0 := d™(0*) = by(6%, d™(d™(67))) < 6*. Thus,

W@—W@>%.

Since d™ and d" are continuous and d™(0) — d™(0) < %, then there exists a ¢ < 0 such that

() — dn (') = %

Since §' < 6 < 6*, the above inequality contradicts the definition of *. Thus, we have shown

that {d"} is uniformly Cauchy because

2
max |d"(0) — d™(0)] < N

0€[0,0]

Thus, there exists a function d such that d* — d uniformly. Since d" is continuous and

increasing for all n € N, uniform convergence implies that d is continuous, increasing and
A(0) = bo(6, d(d(0))).

In addition, d is strictly increasing because b, is strictly increasing in the first argument.
O

Proof of Lemma 2.

Proof. The proof is by induction. When m = 1, p;(0;, d) is weakly increasing in 6; because
p1(0;,d) = dy(0;) and dy(0;) is weakly increasing in 6, for all d € D.

Before showing the inductive step, it is useful to note that
2>2y>0 = by(0,2)+2>b,(0,y) +yVme {1,... k}.
This is because
2>y >0 = ulm—1,-y—b,(0,y),0) = u(m, —y,0) > u(m,—=z,0) = u(m—1,—z-b,(6, 2),0).
Because u is increasing in the second argument, the final inequality shows
22y>0 = z+b,(00,2) > y+bn(0,y) (4)

m—1

Returning to the proof, suppose that Y " p,(0;,d) is weakly increasing in 6;. Let
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hoo pl
07 > 0;. Then,

m m—1 m—1 m—1 m—1
D a0, d) =" pa(0), d) 4o (dm(00), Y pa(0),d) =D pul0), d)+bu(dm(65), Y pa(8],d)),
n=1 n=1 n=1 n=1 n=1

where the equality follows from the definition of p,,, and the inequality follows because b,, is
increasing in the first argument and d,, (0}) > d,n(65). Then,

-1

3

m—1 m—1 m—1 m
> PO, )by (05, pa(0h,d) > > pul0), d)+ba (din(05), Y pa(0h.d) = pu(6f.d
n=1 n=1 n=1 n=1

n=1

where the inequality holds by Equation 4 where we let z = """ pn(Gh d)>y=>"" pn(ef d)
0. The final equality holds from the construction of p,,. O

v

Proof of Lemma 3

Proof. f is strictly increasing in 6; because by, (6;,> ., pn(ej,d)) is strictly increasing in
6;. In addition, by_y,+1(6;, ZZ;T pn(;,d)) is decreasing in the second argument and Lemma
2 shows ZZ;T pn(0;,d) is increasing in 6;. The same argument shows that f is strictly
decreasing in ¢;. The law of demand and positive wealth effects imply that f is strictly

decreasing in m. O

Proof of Proposition 2.

Proof. 1 construct a mechanism that follows from the symmetric cut-off rule d; . I assume
ties (in terms of willingness to pays for additional units) are broken in favor of bidder 1.
Thus,

m—1 k—m
q1(01,05) = max{m € {0, 1, ..., k}bn (01, ) pn(02,d")) > bp—ms1 (B2, > pulb,d"))},
=1 n=1
and ¢o(61,02) = k — q1(01,62). We let x;(6;,6:) = ffigf’oj)pn(ej,d*). By construction, the

mechanism satisfies weak budget balance and individual rationality.
I show that mechanism is incentive compatible. If ¢;(6;,6;) > m then the construction of

the mechanism implies that

m—1 k—m
b (05 Y pa(05,d%) = b1 (05, ) palbiyd7) = 6 > d5, (6)),
n=1 n=1

34



where the implication follows from Remark 1. And since b, is increasing in the first argument,
0; > d (6,) implies that

m—1 m—1
b (0, Y Pu(0,d7)) = b5 (67), > (05, d°)) = pm(85,d7).
n=1 n=1

h h

In other words, the price of bidder i’s m* unit is below her willingness to pay for her m!
unit. Thus, bidder 7 has no incentive to deviate by reporting a lower type and winning fewer
units.

Similarly, m > ¢;(6;,6;), then the construction of of mechanism implies that

k—m m—1
bh-mi1(05, > pu(6i,d*) > b (05, pul(0;,d7)) = i, (6;) > 6:.
n=1 n=1

Thus, d,(6;) > 6; implies that

m—1 m—1
P05, 0°) = b2 (0,3 (0, d%) = b0, S pal6;,d%)).
n=1 n=1

h

Thus, the price of winning an m' unit where m > ¢;(6;,6;) exceeds bidder i’s willingness

to pay for her m' unit, conditional on having won m — 1 units under pricing rule p(6;, d*).
Therefore, bidder ¢ does not increase her utility by reporting a type 6. that allows her to win
more units. Thus, the mechanism is incentive compatible.

Last, I show that the mechanism is Pareto efficient. For ease of notation, let ¢; = ¢;(01, 62),

x; = 24(01,05), and p be
p = max{by+1(01,21), bgy11(02,22)}.
I show that the mechanism is Pareto efficient by first showing that
w(Gi, — T, 0;) > ulqs, —x4,0;) = x + p(@ — G) > Zi.
If ¢; = ¢;, the above inequality holds trivially. If ¢; < ¢;, and
u(Gi, =24, 0;) > u(qi, —4,6;).
Let y be such that,
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Thus, y is bidder ¢’s willingness to sell ¢; — ¢; units when her initial allocation is having g;
units and paying x;. I show that y > p(¢; — ¢;). That is, bidder ¢ must be compensated by
at least p per unit to ensure that she is made no worse off. To show this, it is useful to note
that

bn(0,2) = $,(0, 2+ b,(0,2)) < s,(0, 2+ ¢) Ve < by(0, ), (5)

where the first equality follows directly from the definitions of willingness to pay/sell, and
the final inequality follows from positive wealth effects.

Next, note that bidder ¢’s willingness to pay for each of her first ¢; units when facing
pricing rule p(6;, d*) exceeds p, because the willingness to pays associated with any winning
bids exceeds p. Thus, bidder 7 pays an amount below her willingness to pay for each of her
first ¢; units when the pricing rule is p(6;, d*). Thus, Equation 5 implies that her willingness

to sell each unit exceeds p, and
u(Gi, —Ti, 0;) > w(qi, =i, 0;) = w(Gi, —vi+y,0;) = i~y > T = ;=T >y > p(¢i—G)-

Or equivalently

w(Gi, — i, 0;) > (g, —xi,60;) = xi+ (G — q)p > T
If ¢; > q;, we show that
w(Gi, —T4,0;) > ulqs, —xi,0;) = 2+ p(G; — @) > .

This follows because declining demand and positive wealth effects imply that b,,(0;,y) <
by +1(0i, ;) < pforallm > ¢;+1, y > x;. Thus, if a bidder wins more than ¢; units, and her

utility increases, the marginal price of additional units must be less than p,
u(Gi, —Ti, 0i) > u(qs, =i, 0;) = x+ (G — qi)p > T4

Thus, any reallocation that makes bidder i strictly better and bidder j no worse gives
strictly lower revenue. This is because

w(Gi, —Ti, 0;) > ulqi, —4,0;) = x;+ (G — q)p > T,

and

u(q;, —;,0;5) > u(g;, —x;,0;) = x; + (G — q;)p > .
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Feasibility implies that ¢; + g2 > ¢1 + ¢2. Thus,

i+ x; > w4+ (G —q)p+x;+ (G — qj)p > 1+ 2.

Similarly, any reallocation that makes both bidders no worse off, generates weakly lower

revenue. Thus, {¢;, r;}?_, is a Pareto efficient allocation. ]

Proof of Theorem 1.

Proof. First, we show d € D = T'(d) € D. To do this, I show that T'(d,,)(0) is weakly
increasing. If T'(d,,)(0%) = 6, then T(dy,)(0%) < 6 because T(d,,)(#) € [0,0] V6 € ©. If
T(dm)(07) < 0, then

inf{0]£(0,0",m,d) > 0} > inf{0| f(6, 6%, m,d) > 0},

Y ) P

because Lemma 3 shows [ is strictly increasing in the first argument and f(6;, 9§ ,m,d) >
f(@iﬁ;-‘,m,d) V0; € ©. Thus, T(dm)(ej?) > T(dm)(ﬁf) V@? > 95.
Next, we show that

T(dpir)(0;) > T(dw)(0;) Y € {1,... k — 1},

If T(d,,.1)(0;) = 0, the condition holds because T'(d,,)(#) € [0,0] V0 € ©. If T(dn11)(0;) < 0.
Note that Lemma 3 shows that

f(@i,ej,m, d) > f(Qi,Hj,m + 1,d) Vﬁiﬁj € @, d e D.
In addition f is strictly increasing in the first argument. Therefore,
1nf{6|f<97 ejam + 17 d) > 0} > Hlf{@’f(Q’ ejvma d) > 0} = T(derl)(e]) = T(dm)(ej)

Thus, T(d) € D Vd € D, because T(dy,)(0) is weakly increasing in 6 and T'(d,,+1)(0) >
T(dyn)(0).

Next, we show that 7" is a continuous mapping. Since D is a metric space (under the
uniform norm), it suffices to show that if {d*}2° , is such that d* € D Vk € N and lim d* = d,
then lim T'(d*) = T(d) (see Aliprantis and Border (2006), pg. 36).

Fix ;. By assumption d*(6;) — d(6;). First, Ishow that >."" | p,(0;,d") = >0 pu(0;,d) Ym €
{1,...,k}. The proof is by induction. It holds when m = 1, because

pi(6;,d*) = di(9;),
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thus, limpl(ej,dk) = lim d¥(6;) = d,(6;) = p1(0;,d). Next, suppose that lim S7 ' p,,(6;, d*) =
Yo " pn(6;,d). Then,

m m—1 m—1
> o0, d%) = bun(d,(65), Y pa(05,d%) + > pal(B;,d").
n=1 n=1 n=1

Since b,, is continuous in both arguments, d% (6;) — d,(6;), and 37! p, (05, d*) — S pa(9;, d),
then

m—1 m—1 m—1 m—1 m
bm(dfn(ej), an(eja dk))+z pn(9j> dk) — bm(dm(ej)a an(9j> d))+z pn(eja d) = an(eja d)
n=1 n=1 n=1 n=1 n=1

Recall that
m—1 k—m
f(03,05,m,d) = bn(6;, an(ep d)) — br—m+1(0;, an(ei, d)).
n=1 n=1

Since Y. pn(0;,d¥) — S pa(6;,d) and b, is continuous in the second argument, it
follows that
f(0;,0;,m,d") — f£(0:,0;,m,d).

Thus, if lim £(6,60;,m,d*) = £(0,0;,m,d) < 0, then T(d,,)(¢;) = . In addition, for any
€ > 0, there exists a k* such that for all £ > k¥,

FO—e.0;,m,d") <0 = T(d")(6;) >0 —

Since € > 0 is arbitrary, this implies that T(d%)(6;) — 0.
If £(6,0;,m,d) > 0, then T(d,,)(#;) < 0, and

lim 7'(d* ) (6;) = lim inf{0|f(0,0;, m,d") > 0} = inf{0|f(0,0;,m,d) > 0} = T(d,,)(6;)

because f (0,0;?,m,dk) — f (Q,Qf,m d) and f is strictly increasing in the second argument.

Since m and ¢; are arbitrary, it follows that 7" is a continuous mapping because
d* = d = T(d") — T(d).

In order to show that D is compact, I show that it is complete and totally bounded. The
set D is complete because every Cauchy sequence {d"}>° , converges to an element d € D

when we use the L' norm as our metric.
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In addition, D is totally bounded, as d € D C {d|d : [0,0] — [0,60]*}. More formally, D
is totally bounded under the L' norm because any weakly increasing and bounded function
can be approximated by a series of simple functions. Thus, for any € > 0, we can construct
a finite set of simple functions {dy,...,d,}, where d; € D and for any d € D, there is an i
such that |d — d;| < € according to the L' norm. Thus, D is compact (see Theorem 3.28 in
Aliprantis and Border (2006)).

Thus, we have shown that T': D — D is a continuous mapping from a compact space D
into itself. Schauder’s fixed point theorem then states that the mapping 7" has a fixed point
deD. O

Proof of Lemma 4.

Proof. Individual rationality implies that if ¢;(7;,v;) = 0, then x;(vi,7v;) = pio(y;) < 0.
When ¢;(7;,v;) = 2, individual rationality implies that

w(2, —2;(7i,75),75) = w(0,0,7;).
Thus, (v, 7v;) < 0; + ba(7;, 0;) because
u(0,0,v;) = u(l, =0;,7;) = u(2, =0; — ba(v;,6;),7;) < u(2, —2;(7i, ), 75)-

If v, = (0,¢;) and ; = (6;,t;) where 6; > 0 then ¢;(v;,y;) = 2. Thus, the above inequality
implies
23 (%, 75) = Pio(i) + pia (i) + pia(v) < 05+ ba(75,0;).

The above inequality holds for all §; > 0. Taking the limit of this expression as §; —* 0,
gives that

pio(7i) + pja(vi) + pja(v) < elﬂoej + ba(v;,0;) = 0.
J

Thus, if 7, = (0,¢;) and v; = (0;,t;) where 6; > 0, then weak budget balance implies

2 (Vi v5) + (Vi ) = Pio (V) + (i0(i) + pja () + pj2(vi)) > 0.

However we have already shown that (p;o(v:) + pj1(7:) + pj2(7)) < 0and p;o(y;) < 0. Thus,

Pio(V) + (2i0(%) + 2in (%) + pj2() >0 = pio(vy;) =04f 6; > 0.
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This yields our result,

¢(7i,7) =0 = (v, ;) = pio(y;) = 0.

Proof of Proposition 3.

I prove Proposition 3 by establishing Remarks 5-6 and proving Lemmas 8-9. In the proof I
take ¢; and ¢; as fixed, and thus I will proceed with the an abuse of notation by dropping
t; and t; from the description of bidder types. Thus, the functions d§f1 and dffz are written
as d;; and d; 2 to condense notation. Similarly, I will refer to bidder i’'s type as 6; assuming
that her steepness is fixed and is ¢; € {s, f}.

Remark 5. Pareto efficiency implies that
4i(0:,0;) =2 <= s9(6;,2:(0:,0;)) > 6;,
and
qz(ﬁl,ﬁj) =1 <— bz(gz,LZ'Z(e“eJ)) < 81(9j7$j(91',6]’)).

If d; 2(6;) > d;1(6;), then incentive compatibility implies,
pia(0;) = di(0;)

and
di,l(ej) = lim 31(@,]91,1(93‘))-

Giﬁ*dm(ej)
Lemma 8. If0; > 0, then

91'—>J1rl£,12(9j) SQ(Qi? xi(ei? (93')) B 9i—>11£,12(9j) bz(ei, di’l (9j>)‘

Proof. Fix 0;. Let 07 := d;1(0;), 05 := d;2(0;), and =z} := x;(0;,0;) if ¢:(0;,0;) = 2, and
xy = x,(0;,0;) if ¢;(0;,60;) = 1.

If 05 = 07, then bidder ¢ has utility u(2, —x3,60;) if 6; > 65. If 05 > 6,, bidder i has utility
u(0,0,6;). Incentive compatibility implies that bidder i utility is continuous and increasing

in her type 6;. Thus,

w(2, —x5,05) = lim w(2,—23,0;) = lim w(0,0,6;) =u(0,0,65).

91'—>+9§ 91‘—)795
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And, u(2, —x3,0%5) = u(0,0,6;) implies that x5 = 65 + by (035, 05) because
U(O, 0, ‘9;) = U(l, _0; 0;) = u(27 - (91( + b2(8>2ka ‘91()) 7‘9;)
Thus,

hm SQ(QZ', —IZ(QZ, 0])) = 82(9:, —I:) = 62(0;‘, HI) = hIIl bg(el‘, d1’1<93))

6@'—)+di’2(6]') 91'_>7di,2(9j)
Next, suppose that 05 > 07. Recall, incentive compatibility implies that a bidder’s utility

is continuous in her type,

u(2, —$;, 0;) = 92%}'16212(97) U’(27 _xz(gza ej)v 02) = eiﬂliir;(ej) U(l, _l‘z(eza ej)v 97,) = U(l, —1'1(, 0;)

Thus,
w(2, —x5,05) = u(l, —x7,05) = s9(05, %) = x5 — x] = bo(65, x7).

Remark 6. Remark 5 and Lemma 8 show

, N A ) — : A ) — ; x:(0:0.)) > 0.
ba(di2(6;), di1(6;)) ei_glg’lz(ej)62(9“652,1(93)) ei_ilgg(ej)&(@“x’(el’@)) > b;
Lemma 9. If 0; > 0, then
di2(05) > dia(65).

Proof. My proof is by contradiction. Suppose that d;o(0;) = d;1(0}) for some 67 > 0. Let

61' = d172<9;) = dl71(9;) Then,

ql(el, 9]) = .
Thus, Remark 6 implies

Let 0% := inf{0; : d;1(0;) = d;2(0;) = 0;}. Then, d;1(6;) < 0; for all §; < 6%, because d;;
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and d, » are weakly increasing. For a given € > 0, then 6, € (d; (6% — ¢), é,) implies

J

>1 of 0, <0 —c¢
Qi(eiaej): ’ ! .
0 if9j>6;

Or equivalently if 0; € (d;1(0] — ¢), 0:),
<1 if 6, <0 —e
q;(6:,6;) = S
2 if 0;>0;

Thus, d;(6;) € [0% — €,03] if 0; € (d;1(0; —€),6;), and Remark 6 implies

J
by(dj2(0;), d;1(0:)) = 0;.
Recall that Equation 6 implies that
by (0;,0;) > 0, > 07 V0, s.t. d; 1 (0;) = di(0)),

where the final inequality follows from the definition of #7. Combining the above two expres-

sions gives
bs(0;,0;) > 07 > dja(0;) > ba(d;2(0:),d;1(0:) = 0; V0; € (di1 (0 — e), 0,),

where the second inequality holds because d;o(0;) € [05 — €,05] if 0; € (d;1(0F — €), 0;), and
the third inequality holds because of declining demand. Thus,

Yet bg(éi, 91) > @, contradicting the law of demand assumption. Hence, dio(0;) > d;1(0;). O

Now that I have established Lemmas 8-9 and Remarks 5-6, I complete the proof of Proposition
3.

Proof. First, I show that d;; is continuous in 6;. The proof is by contradiction. Incentive
compatibility implies that d;1(6;) is weakly increasing. Thus, if d; ;(6;) is discontinuous, then
there exists a 67 > 0 such that

lim di1(6j>< lim di71(9]‘).

9j->_9;-‘ ’ 9j—)+9;
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Let 6f := limg, ¢+ d;1(0;) and o = limg, +¢+ d;,1(0;). Thus, 0; € (6%,60") implies that

1771

<1 if ;<0

qj(0s,0;) =2 — q;(0:,0;) = )
2 if 0;>0;

Therefore, d;5(0;) = 65 V6; € (67,0}), and Remark 6 shows

177

1771
0;—— 00

Similarly, Lemmas 8 and Remark 5 show that,

lim bg(@j,djyl(ei)) < lim 31(0i, dm(ﬁj)) = di,l(ej) S lim di,l(ej) = 66 VQJ < 0%

91*}+d1"1(9j) - Gig)eri’l(@j) 9j~>79"f
(8)

where the final inequality follows because d; 1(6;,) is weakly increasing. Thus, positive wealth

effects imply that

62(9]-, dj71(0f)) < lim bg(@j, dj,l(ei)) < Hf VQJ < 9;, (9)

- 9¢~)+di,1(9j)
where the final inequality from Equation 8. Combining Equations 8 and 7 gives,

lim bo(6%,d;1(6:)) > 08 > 0F > b (07, d; 1 (6Y)).

9L—>79{l
This yields a contradiction as limy,_,—gn d;1(6;) > d;1(6) and positive wealth effects imply

ba(67, d;1(6))) > , lim by(05, d;1(0;))
i— 0]
Thus, d;; is continuous.
Next, I prove that d;(6;) is strictly increasing in 6; by contradiction. Incentive compat-
ibility requires that d,(6;) is weakly increasing. If d;;(6;) is not strictly increasing, there
exists an interval (6%, 6") such that d; 1 (0;) = d; 1(0]) V6;, 07 € (65,0). Let 0; := d;1(0;) VO; €

(605,0%), 05 = inf{0; : 0; = d;1(6;)}, and 0% := sup{; : 0; = d;1(0,)}. If 0; € (65, 6")

VR VR

0, =dir(0;) = lLm  s1(0;,di1(6;) >  Um  bo(0;,d;1(6:) = ba(6;,dja(6;)),

9i‘>+di,1(9j) o ei‘)+di,1(91)

where the second equality and the inequality holds from Remark 5, and final equality holds
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because we showed that d;; is continuous. Using the above expression we see that

0; > bo(0;,d;1(6:)) V0; € (05,0%) = 0, > by(0", d;1(6;)). (10)

Y3
In addition, if §; > Gf, then d,1(6;) > 6. Thus, if 6; > 95 and 6; < 6;, then qi(0;,0;) =
0 = ¢;(6;,6,) = 2. Thus, if 6; < 6;, then d;2(6;) < 05 and Remark 6 implies

bg(dj}g(ei),dj’l(ei» > 01 V@Z < él — hHI~ bg(dj72(9i),dj71(6i)) > lim 91

91'*)*'91‘ 91'4)"'91'
Recall that d;(6;) is continuous and d;5(6;) < 0% Vo; < 0;. As such,

hIl’l~ bg(dj72(9i),dj71(9i)> > hl’Il~ QZ — bz(@f, de(éi)) > éz

9¢~>+9¢ 9,’4)"'01'

I combine this with Equation 10 to show that
52(9§,dj,1( i) > 0; > 52(9?,%,1(5@‘)) = 9; > 9?~
However, this contradicts the fact that 67 > 6%. Hence, d;1(0;) is strictly increasing. O

Proof of Corollary 2.
Proof. Let ~; = (07,t;) and ~; := (¢7,¢}). Suppose that 0 = d;1(y;). Then, d;(0;,t;) >
07 <= 0; > 07 and if v; = (0;,1]),

2 if ;>0

(V7)) =2 — @i ) = . :
<1 if 0; <0

The above expression implies that d;JQ(fyZ*) = 05 when 0 = d;1(7}). Thus, v/ := (6;,t;) and

177

Vi = (9;, t;“) implies both bidders’ intercept reports are locally pivotal. Incentive compati-

bility then implies
t‘*

07 = dls (7)) = pj2(0i) = b7, 01 (7)) = 07 = dia(7}) = pin(75) (11)

where the final inequality follows from Remark 6. In addition,

07 = lim s1((0:, 1), pin(v;)) = Hm ba(v],pja(0i,17)) = b2(77, pia (77)), (12)

0;—+0r 0;—+0;
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where the first inequality holds because q;(7i, ;) = 1 if 75 = (0, t;) where 6; > 0. The final

(2

equality holds because p;; is continuous in ;. Combining the above two 11 and 12 gives

ba(V5, 25 (7)) = 07 = ba(7;, pin (7)) = 07 = ba(7, 051 (7))

This is our desired result because p;1(7;) = 07 and by (77, pj1 (7)) = pi2(77)- O

For the remaining proofs recall that we assume 0y > 65 > 0; V5 # 1,2, 3.

Proof of Lemma 5.

Proof. 1 show that dy 1(6_1) > 65. The proof is by contradiction. Suppose that there exists
65,05 such that 03 > dy 1(6_1). This implies that if 6; = d;1(0_1) +¢, then ¢;(64,6_1) > 1 and
if 0; = dy1(0-1) —e¢, then ¢;(61,0_1) = 0. Thus, as 0; approaches d; ;(6_;) from above, bidder
1 is willing to sell one of her units for at most 6, (if bidder 1 wins 2 units when 6; > d ;(6_1),
then her willingness to sell an additional unit is lower). Thus, there is a Pareto improving

trade where bidder 1 sells one unit to bidder 3 for a price in the interval (6y,63). O

Proof of Lemma 6.

Proof. Lemma 5 shows that dy;(0_1) > 3. I show this holds with equality when 63 >
b2(04,0). The proof is by contradiction. Suppose dy 1(6-1) > 5. Let 6, be such that 6, €
(03,dy1(6-1)). Then go(6;,62,65,0_123) = 2. This holds because (1) ¢1(f1,0-1) = 0 because
di1(0-1) > 64 and (2) ¢;(0;,0_;) = OVi # 1,2 because Lemma 5 shows d; 1(f_;) > min{6;, 6>}
and min{6,6,} > 6;. Thus,

Oy > doo(0_2) > day1(6-2) > 05.

Let 0y = do2(0_2)+€, and Oy = d22(0_2) — €. Incentive compatibility and continuity of bidder

2’s preferences imply that when e > 0 is sufficiently small,
59(0a, w9(01,05)) ~ bz(éQ,d2,1(91,93)) < by(62,0) < 6.

Thus, 52(52, x9(61,03) < 01. This implies that there is a Pareto improving trade when bidder 2
is type 0. Bidder 2 sells one unit to bidder 1 for a price in the interval (82 (9~2, xo(bs, 9_2)) ,01).
]
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Proof of Lemma 7.

Proof. The proof is by contradiction. First suppose dy 2(6_1) > 6}. Then

q1(01,0-1) =1 if 61 € (07, d12(0-1)),

because 0; > 0] > 0 > 03 = dy 1(6_1) where the final equality holds because Lemma 6 shows
that 05 = dy1(0_1) if 03 € (ba(02,0),62). In addition, go2(6y,02,03,0_123) = 1 because both
units are sold and bidder 7 # 1,2 wins zero units when her type is not among the two highest
types reported. Thus, 65 > dy1(6_2).

Let 0y = min{fs, ds1(0_3)+€} where € > 0 is small. Note that 0y > 03 because do1(0-1) >
05 and 0y > 05. Thus, Oy > 0y > 03 = 05 € (bg(ég, 0), HNQ), which follows because we assume
05 € (b2(02,0),05). Thus, Lemma 6 shows dl,l(ég, 0_12) = 03, and bidder 1 is willing to pay
by(0y,05) for an additional unit. Note that

bo(01,03) > ba(67,03) = 0, > 0.

Where the first inequality holds because 6; > 6] and the equality holds from the definition
of 67.

In addition, since 6y — 2¢ < do1(0-2) < 65, where € > 0 is arbitrarily small, incentive
compatibility implies that bidder Sl(ég,le(e_g)) ~ dy1(0_2) because Oy ~ do1(0-2). Yet
q2(§2, 6_5) = 1 by construction. Thus, there is a Pareto improving trade where bidder 1 buys
the unit from bidder 2 for a price in the interval (6, by(6y,63)). Thus, if dy 2(_1) > 6%, there
exists a Pareto improving trade and the mechanism does not satisfy Properties (a)-(e).

Next, suppose that 07 > d;2(0_1). Then, d;2(0_1) > di1(6_1) = 05, where the final
inequality holds by Lemma 6. Let 0, = d12(0-1) + €, where € > 0 is sufficiently small. Thus,
q1(§1,9,1) = 2. Incentive compatibility implies that bidder 1 is approximately indifferent
between buying her second unit when her type is near d; 2(6_;). Thus, bidder 1 is willing to
sell her second unit for approximately by(fy,63) (this follows from Remark 6). In addition,
bidder 2 is willing to pay 6, for her first unit and 6, > bg(él,eg) because I assumed that
07 > 9~1 ~ dy2(6_1). Thus, there is a Pareto improving trade where bidder 1 sells her second
unit to bidder 2 for a price in the interval (bg(él, 0s), 492>. ]

Proof of Theorem 3.

Proof. Let 0% and 05 be such that 0% = 05 + € where ¢ > 0 is sufficiently small. Then,

bo(62,0) < 05 < 6%
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Let 6%, 0% be such that 65 < 0% where
05 = ba(65,0) + ¢

and
0 = 05 — e,

where € > 0 is sufficiently small.
Finally, let ¢, 0% be such that 6% < 6% and

ba (07, 05) < 05 < 05 + e = 08 < by (05, 65).

We know such 7 0% exist when € > 0 is sufficiently small, because 6% > 65 implies that
by(01,05) > by(01,0%) VO, > 0, and by is continuous in the first argument. Thus 67 > 6{ >
0% > 05 > 0% > 5. In addition suppose 0; < 05Vi # 1,2, 3.
Then,
02(07,605,05,0_123) > 1

This is because q;(07,05,0%.0_153) <1, as 0 < 07 = dy2(0_1) where

In addition g¢;(0%,05,0% 0 _153) = 0 Vi # 1,2 by Lemma 5 because 67, 05 > 0,

Yet, our assumptions also imply ¢ (65,05, 05,0_153) = 2, because 6] > 6* where
ba(0;,03) = 05 < ba(01,65).

Thus, Lemma 7 1mphes q1(9f,93,6§,9,1’273) =2 = QQ(6f793,9§,6,172,3) = 0. Yet this

violates the monotonicity, because monotonicity implies

%(%;937959—1,2,3) > Q2(9?,9§76379—1,2,3) >1
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