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Abstract

Methodology is proposed to uncover structural breaks in functional data that is “fully functional” in the
sense that it does not rely on dimension reduction techniques. A thorough asymptotic theory is developed
for a fully functional break detection procedure as well as for a break date estimator, assuming a fixed
break size and a shrinking break size. The latter result is utilized to derive confidence intervals for the
unknown break date. The main results highlight that the fully functional procedures perform best under
conditions when analogous fPCA based estimators are at their worst, namely when the feature of interest
is orthogonal to the leading principal components of the data. The theoretical findings are confirmed by
means of a Monte Carlo simulation study in finite samples. An application to annual temperature curves

illustrates the practical relevance of the proposed procedures.
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1 Introduction

This paper considers the problem of detecting and dating structural breaks in functional time series data, and
hence lies at the intersection of functional data analysis (FDA) and structural breaks analysis for dependent ob-
servations. FDA has witnessed an upsurge in research contributions in the past decade. These are documented,
for example, in the comprehensive books by Ramsay and Silverman (2005) and Ferraty and Vieu (2010). Re-
search concerned with structural breaks has a longstanding tradition in both the statistics and econometrics
communities. Two recent reviews by Aue and Horvath (2013) and Horvéth and Rice (2014) highlight newer

developments, the first with a particular focus on time series.
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Early work in functional structural break analysis dealt primarily with random samples of independent
curves, the question of interest being whether all curves have a common mean function or whether there are
two or more segments of the data that are homogeneous within but heterogeneous without. Berkes et al. (2009)
developed statistical methodology to test the null hypothesis of no structural break against the alternative of a
(single) break in the mean function assuming that the error terms are independent and identically distributed
curves. Aue et al. (2009) quantified the large-sample behavior of a break date estimator under a similar set of
assumptions. The work in these two papers was generalized by Aston and Kirch (2012a, b) and Torgovitski
(2016) to include functional time series exhibiting weak dependence into the modeling framework. In Zhang et
al. (2011), a structural break detection procedure for serially correlated functional time series data is proposed
that is based on the self-normalization approach of Shao and Zhang (2010). Structual break detection in the
context of functional linear models is considered in Aue et al. (2014) and for spatially distributed functional
data in Gromenko et al. (2016). Smooth deviations from stationarity of functional time series in the frequency
domain were studied in Aue and van Delft (2017+).

Most of the procedures in FDA, such as those presented in the above cited papers, are based on dimension
reduction techniques, primarily using the widely popular functional principal components analysis (fPCA),
by which the functional variation in the data is projected onto the directions of a small number of principal
curves, and multivariate techniques are then applied to the resulting sequence of score vectors. This is also the
case in functional structural break detection, in which after an initial fPCA step multivariate structural break
theory is utilized. Despite the fact that functional data are, at least in principle, infinite dimensional, the state
of the art in FDA remains to start the analysis with an initial dimension reduction procedure.

Dimension reduction approaches, however, automatically incur a loss of information, namely all infor-
mation about the functional data that is orthogonal to the basis onto which it is projected. This weakness is
easily illustrated in the context of detecting and dating structural breaks in the mean function: if the function
representing the mean break is orthogonal to the basis used for dimension reduction, there cannot be a con-
sistent test or estimator for the break date in that basis. This point will be further illustrated by theoretical
arguments and in comprehensive numerical studies in Section[d] where other more subtle differences between
the competing methods will be highlighted.

The main purpose of this paper is then to develop methodology for detecting and dating structural breaks
in functional data without the application of dimension reduction techniques. Here, fully functional test
statistics and break date estimators are studied, and their asymptotic theory is developed under the assumption
that the model errors satisfy a general weak dependence condition. This theory illuminates a number of
potential advantages of the fully functional procedures. For example, it is shown that when the direction of
the break is orthogonal to the leading principal components of the data, the estimation of the mean break
is asymptotically improved when using the fully functional estimator compared to mean breaks of the same

size that are contained in the leading principal components. This contrasts with fPCA based techniques in



which such mean breaks are more difficult, if not impossible, to detect, even given arbitrarily large sample
sizes. In addition, the assumptions required for the fully functional theory are weaker than the ones used in
Aue et al. (2009) and Aston and Kirch (2012a, b), as convergence of the eigenvalues and eigenfunctions of
the empirical covariance operator to the eigenvalues of the population covariance operator do not have to be
accounted for. These assumptions are typically formulated as finiteness of fourth moment conditions. The
relaxation obtained here may be particularly useful for applications to intra-day financial data such as the one-
minute log-returns on Microsoft stock discussed in the online supplement Aue et al. (2017+) accompanying
this article.

The application presented in Section [5]is concerned with annual temperature curves recorded across dif-
ferent measuring stations in Australia. Structural breaks in these temperature curves are detected with both
fPCA and fully functional methods. The sample covariance operator associated with the data has eigenvalues
that decay remarkably slowly. A somewhat peculiar feature of fPCA methods in this setting, studied as part
of the simulation experiment, is a loss of accuracy in break dating even when the break function loads almost
exclusively on the first component. A similar effect is found in the data, where fPCA-based break dates can
occur outside of the confidence intervals provided by the fully functional procedure.

Most closely related to the present work are Fremdt et al. (2014), who considered structural break de-
tection using fPCA under an increasing number of projections. Horvath et al. (2014) developed a functional
analog of the KPSS test statistic for the purpose of stationarity testing that does not rely on dimension re-
duction. Sharipov et al. (2016) considered a bootstrap procedure for measuring the significance of the norms
of functional CUSUM processes with applications to testing for a structural break in the means of functional
observations and in the distribution function of scalar time series observations under a mixing assumption,
generalizing the result for the independent, identically distributed case put forward in Tsudaka and Nishiyama
(2014). Bucchia and Wendler (2016+) studied general bootstrap procedures for structural break analysis in
Hilbert space-valued random fields.

The remainder of the paper is organized as follows. Testing procedures and a break date estimator are
introduced in Section [2] along with the main asymptotic results of the paper. The asymptotic properties
developed in this section are accompanied by implementation details given in Section [3| and results from a
comprehensive simulation study in Section[d The application to temperature curves is given in Section[5} and
Section [6] concludes. Proofs of the main results as well as additional empirical illustrations of the proposed
methodology are provided in the online supplement Aue et al. (2017+), henceforth referred to simply as the
online supplement. In addition, an R package, fChange, has been developed to supplement this article and
is available on the Comprehensive R Archive Network. The package contains implementations of all of the

testing and estimation procedures introduced below, see Sénmez et al. (2017).



2 Main results

In this paper, a functional data model allowing for a mean function break is considered. It is assumed that the

observations X7, ..., X,, are generated from the model
Xi=p+01{i > k*} + ¢, 1 €7, 2.1

where k* = |On ], with 6 € (0, 1), labels the unknown time of the mean break parameterized in terms of the
sample size n, u is the baseline mean function that is distorted by the addition of ¢ after the break time k¥,
1 4 denotes the indicator function of the set A and Z the set of integers. Each X; is a real-valued function
defined without loss of generality on the unit interval [0, 1]. The argument ¢ € [0, 1] will be used to refer to a
particular value X;(t) of the function X;. Correspondingly, the quantities y, § and ; on the right-hand side

of (2.1) are functions on [0, 1] as well. Interest is first in testing the structural break hypotheses
Hp:0=0 versus Hyp:6#0,

and then, in the event that H 4 is thought to hold, estimating the break date k£*. Throughout the following
assumptions are made, roughly entailing that the innovations (g;: ¢ € Z) are weakly dependent, stationary

functional time series. Below, let || - || and (-, -) denote the canonical norm and inner product in L2[0, 1].

Assumption 2.1. The innovations (¢;: i € 7) satisfy
(a) there is a measurable function g: S™ — L?(0,1], where S is a measurable space and independent,
identically distributed (iid) innovations (¢;: i € 7) taking values in S such that ¢; = g(€;, €;—1,...) fori € Z;

(b) there are (-dependent sequences (¢; : i € 7) such that, for some p > 2,

3" (Ellle — ciel”) VP < oo,
=0

where €, ¢ = g(€i, ..., €141, 622,1’—8’ 62:571-_6_1, ...) with e;&j being independent copies of €; o independent

Of(EZ‘: 1€ Z)

Processes satisfying Assumption[2.1|were termed LP-m-approximable by Hormann and Kokoszka (2010),
and cover most stationary functional time series models of interest, including functional AR and ARMA (see
Aue et al., 2015; and Bosq, 2000) and functional GARCH processes (see Aue et al., 2017). It is assumed that
the underlying error innovations (¢;: i € 7Z) are elements of an arbitrary measurable space S. However, in
many examples S is itself a function space, and the evaluation of g(e;, €;_1, ...) is a functional of (e;: j < 9).

The proposed methodology is based on the (scaled) functional cumulative sum (CUSUM) statistic

1 /< k&
SOy = \/ﬁ<;xi— HZ;X> (2.2)



The superscript 0 indicates the tied-down nature of the CUSUM statistic, since 5270 = S?m = 0 (interpreting
an empty sum as zero). Noting that ||S , || as a function of k tends to be large at the true break date motivates

the use of the max-type structural break detector
T, = max |S°,|?
W= max |50
to test Hy versus H 4. Furthermore, the break date estimator for £* may be taken as
kX :min{k: SOl = max [|S° } 2.3
. IS4l = masx (1504 23)

The main results of this paper concern the large-sample behavior and empirical properties of the test statistic

T}, and the estimator k.

2.1 Asymptotic properties of structural break detector

Under Hy, the limiting behavior of 52 i, €vidently depends on that of the partial sum process of the error terms
(ei: 1 € Z). As this sequence may be weakly serially correlated under Assumption the asymptotics of the
partial sum process necessarily involve the long-run covariance kernel

[e.e]

Ce(t,t') = ) Cov(eo(t),ee(t')) (2.4)

t=—co
of the error sequence (¢;: @ € Z). Note that C. constitutes the limiting covariance kernel of /n times the
centered sample mean under Hy. It is a well-defined element of L?[0, 1] under Assumption This kernel
was considered initially in Hérmann and Kokoszka (2010). It was also studied in Panaretos and Tavakoli
(2012) in the context of spectral analysis of functional time series, and in Horvéth et al. (2013) in an application
to the functional two sample problem. In addition, C, may be used to define a positive definite and symmetric

Hilbert-Schmidt integral operator on L2[0, 1], ¢, given by

e(F)(t) = / Cu(t,8)f(s)ds.

which further defines a non-increasing sequence of nonnegative eigenvalues (\;: ¢ € N) and a corresponding

orthonormal basis of eigenfunctions (¢y: ¢ € N) satisfying

ce(Po)(t) = Nege(t),  LeN. (2.5)
The eigenvalues of c. determine the limiting distribution of 7, as detailed in the following theorem.

Theorem 2.1. Under Model Assumption[2.1)and Hy,

[e.9]

7, 3 sup Z M\ B2 (z) (n — 00), (2.6)
0<z<1 =1

where (By: ¢ € N) are independent and identically distributed standard Brownian bridges defined on [0, 1].



Theorem [2.1] points to an asymptotically validated test of Hj, namely to reject if the test statistic 75,
exceeds the corresponding quantile of the distribution on the right hand side of (2.6). As the limiting distribu-
tions depends, in a rather complicated way, on the unknown eigenvalues (\;: ¢ € N) and standard Brownian
bridges, Monte Carlo simulation can be used to approximate this distribution using estimated eigenvalues.
Implementation details are provided in Section [3| below. Theorem 2.1 was also obtained in Sharipov et al.
(2016) under a strong mixing condition that is analogous to Assumption 2.1} These authors further developed
a block bootstrap methodology to approximate the limiting distribution.

A common assumption made in order for analogous break point detection procedures based on fPCA to
be consistent, as studied for example in Berkes et al. (2009) and Aston and Kirch (2012a), is that § is not
orthogonal to the principal component basis used to perform the dimension reduction step. When using the

detector T}, no such assumption is needed.
Theorem 2.2. Under Model Assumptionand Hy, T, L 00, as n — 00.

The proofs of Theorems [2.1and [2.2] are in the online supplement.

2.2 Asymptotic properties of the break date estimator

Further advantages of the fully functional approach become apparent when studying the asymptotic properties
of the break date estimator l%;;, which are established below. Two cases are studied: the fixed break situation
for which the break size is independent of the sample size, and the shrinking break situation for which the

break size converges to zero at a specified rate. In the fixed break case, the following holds.

Theorem 2.3. If model 2.1)) holds with 0 # & € L?[0, 1], and ifAssumptionis satisfied, then

kX — k 2 min {k: P(k) = sup P(k")} (n — o), 2.7
k'eZ
where
L—0)6)?k+ (5,S-), k<O,
Pk) (1—0)[all (0, Se k) 29
—0||8)1%k + (6, Scr), k>0,
with

k -1
Sg,k = Zsi + Z Ei.
=1

i=—k
As one can see in (2.7), the limit distribution of l?:;‘t in the case of a fixed break size depends on the
unknown underlying distribution of the error process. This encourages the consideration of a break &, that
shrinks as a function of the sample size, in which case the limit distribution is the supremum of a two-sided
Brownian motion with triangular drift depending on a small set of nuisance parameters, but not otherwise on

the distribution of the error sequence (¢;: 7 € Z).



Theorem 2.4. If model (2.1) holds with 0 # § = 6, € L?[0,1] such that ||6,,|| — 0 but n||5,||*> — oo and if
Assumption is satisfied, then
Il (k5 ~ ) it {2 Q) = sup Q)| (> 00),
where R denotes the real numbers and
O(z) = { (1—-0)x+ oW (x), x <0,

(2.9
—0x + oW (z), x>0,

with (W (x): x € R) a two-sided Brownian motion, and

on(t')
= lim //C’ (t, t S L dtdt
n—>00 H5 12

where C.(t,t') is the long-run covariance kernel of (¢;: i € Z) given in (2.4).

An interesting consequence of Theorems and is that mean changes ¢ that are orthogonal to the
primary modes of variation in the data are asymptotically easier to detect and estimate. For example, if,
under the conditions of Theorem 0 is orthogonal to the error functions, then the stochastic term in the
limit distribution vanishes. Moreover, if the functions d,, in Theorem [2.4] tend to align with eigenfunctions
corresponding to smaller and smaller eigenvalues of the integral operator with kernel C;, then o2 tends to zero
in the definition of Q(x). The proofs of Theorems and|2.4|are given in the online supplement.

Theorem [2.4|suggests a confidence interval for k™.

Corollary 2.1. Let Z = inf{z: Q(z) = sup,cg Q(2')}. Then, under the conditions of Theorem[2.4and for

a € (0, 1), the random interval

- El—a/? . ‘Ea/Q
kX — kX — 2.10
( n T s ||6n\2> (10

is an asymptotic 1 — v sized confidence interval for k*, where = is the qth quantile of =.

The main crux here is that §,, is unknown and the distribution of = depends on the unknown break fraction
6 and the limiting variance parameter 2. Consistent estimation techniques for these parameters are discussed
in Section[3]below. This confidence interval tends to be conservative in practice due to the fact that it is derived
under the assumption of a shrinking break. A thorough empirical study of the break date estimator and the
corresponding confidence interval is provided in Section ]

The last result of this section concerns the large-sample behavior of l}:;; if no break is present in the data,

that is, if 6 = 0 in 2.1).

Theorem 2.5. If model 2.1) holds with 6 = 0, so that X; = p; + €; foralli = 1, ..., n, and if Assumption
[2.1]is satisfied, then

*
n D 0
" B arg max T BN
2 arg o 102, )| (n > oc),



where T is a bivariate Gaussian process with mean zero and covariance function E[I°(x,t)[%(2/,¢)] =

(min{z, 2"} — xa")C(¢,1').

The proof of Theorem [2.5]is provided in the online supplement. Observe that the limiting distribution in
Theorem is non-pivotal, but it can be approximated via Monte Carlo simulations using an estimator of
C.. To see this note that, because of the Karhunen-Loéve representation, I'’(x, ) can be written in the form
S v 1 VAude(t)Be(x), where (Ag: £ € N) and (¢, : £ € N) are the eigenvalues and eigenfunctions of C; and
(B¢: £ € N) are independent standard Brownian bridges. Computing the norm as required for the limit in
Theorem [2.5]yields that

0 00 1/2
arg mmas [IT°(z, )| = arg max < et AB(2) > '
Truncation of the sum under the square-root on the right-hand side gives then approximations to the theoretical

limit. For practical purposes population eigenvalues have to be estimated from the data. This can be done

following the steps described in Section

2.3 Two fPCA based approaches

In the remainder of this section, the fully functional results put forward here are compared to their fPCA coun-
terparts in Berkes et al. (2009), Aue et al. (2009), Aston and Kirch (2012a, b), and Torgovitski (2016). Berkes
et al. (2009) and Torgovitski (2016) dealt with detection procedures and Aue et al. (2009) with break dating
procedures, while Aston and Kirch (2012a, b) presented both. A short summary of the different approaches
follows.

The works of Berkes et al. (2009), Aue et al. (2009) and Aston and Kirch (2012a, b) utilized the eigenval-
ues, say 71, .. ., 7n, and eigenfunctions, say 1[11, cen zﬁn, of the sample covariance operator K of the observa-
tions whose kernel is given by K (¢,t') = n~' 321 [X;(t) — X (8)][Xi(t') — X, (t")]. In the presence of a

mean break as in (2.1)), K (t,t") converges as the sample size tends to infinity to the covariance kernel
K(t,t") = Ko(t,t') +0(1 — 0)5(t)s(t"),

where Ko(t,t') = E[e1(t)e1(t')] is the covariance kernel of the innovations (g;: ¢ € Z). In particular, the
eigenvalues and eigenfunctions of K (t,t") converge to those of K (¢,t") under appropriate assumptions that
include the finiteness of the fourth moment E[||1||4]. Choosing a suitable dimension d € {1,...,n} allows

one to define an fPCA detector based on the maximally selected quadratic form statistic

- _— lap w14
R, = 1211?§Xn R, = 1?1?%{71 ﬁSnykEn Shn ks (2.11)
and the break point estimator
k* = min {k:; Rog = max ank,}, (2.12)



where S,, = Zle &i—knt Sy Gand & = (éiyl, . ,éi,d)T with fPCA scores é’i,g = (X; — X, 1), and
S = diag(71,...,74). For the independent case, the counterparts of Theorems [2.1{and [2.2| were established
in Berkes et al. (2009) for a Cramér—von Mises test statistics, and those of Theorems and in Aue et
al. (2009). Aston and Kirch (2012a) considered versions of the test in (2.11]) and showed the consistency of
E: in the time series case. The performance of R, and l;:;‘l depends crucially on the selection of d and the
complexity of the break function §. To briefly illustrate this point, suppose that Ky(t,t") = ab(t)b(t') for
some orthonormal function b that is orthogonal to §. It then follows from elementary calculations that zﬂl will
be asymptotically orthogonal to § if and only if a > 6(1 — 0)]|6]|?, and hence under this latter condition one
cannot have a consistent fPCA based test or break date estimator if d = 1. The use of the fully functional
approach to dating break points is therefore especially advantageous in the interesting case of breaks that are
sizable but not obvious in the sense that their influence does not show up in the directions of the leading
principal components of the data.

This fact was noticed by Torgovitski (2016), who extended the detection procedures in two ways. First,
instead of using the spectral decomposition of the covariance operator K, his procedures are based on the
long-run covariance operator C. and its eigenvalues A1, ..., A, and eigenfunctions ¢1, ..., ¢,. Second, an
alignment is introduced that shifts the detection procedure into the subspace of the potential break, the idea
being to significantly improve power, while not majorly compromising the level. The alignment is obtained
by modifying the first sample eigenfunction qgl using

B=0y ég"”;*,
nY N4D

where v € (0,1/2) is a tuning parameter and § = sign(dgl, S'n 7+ ). Torgovitski (2016) then proposed to

(2.13)

replace ¢ with ¢, = ¢ /||#}|| in the definition of (ZIT), but did not introduce the corresponding break

dating procedure.

3 Implementation details
3.1 Estimation of long-run covariance operator

The implementation of the detection procedure and confidence intervals based on the break point estimator
requires the estimation of the covariance operator C.. Due to its definition as a bi-infinite sum of the lagged
autocovariances of the functional time series (¢;: ¢ € Z), the following lag-window estimator is used. Let
. 0
Ce(t,t) = — ) At 3.1
()= Y wr () et @D
l=—00

where the components of this estimator are defined as follows: h is a bandwidth parameter satisfying h =
h(n), and 1/h(n) + h(n)/n'/? = 0as n — oo,

. 1 . .

Fe(t, 1) = - Z [Xi(t) — X7 (8)] [Xoqelt') — Xio(tD)]

i€y



withJy={1,...,n—¢}if £ >0andJy = {1 —¢,...,n}if ¢ <O.

k*
1 «— .
- k;kz i=1
Xj(t) = n
1
— > Xi(), ki+1<j<n,
T e

and w; is a symmetric weight function with bounded support of order 7 satisfying the standard conditions

w-(0) = 1, wr(u) = wr(—u), wr(u) < 1, wr(u) = 0if |u| > m for some m > 0, w; is continuous, and

0<qg=limz [l —w, ()] < 0. (3.2)
z—0
Through C., eigenvalue estimates 5\1, cee 5\n of A\1,..., A\, are defined via the integral operator
do(t) = [ Cutts)ns)ds. (33)

In order to show consistency of these estimates, a condition supplementary to the weak dependence of the

errors (g;: ¢ € Z) given in Assumptionis needed.
Assumption 3.1. For some p > 2, {(E[||g; — &; ¢||P])*/? — 0 as £ — oc.

Assumption [3.1]is not necessarily stronger than Assumption [2.1] although both are implied by the simple
condition that (E[||g; — &;,¢||P])'/? = O(¢~7) for some p > 1, which is by itself a fairly mild assumption. This
condition appears in Horvéth et al. (2013). The following result holds.

Proposition 3.1. Under the conditions of Theoremand Assumption C’s in (3.1)) is a consistent estima-
tor of C in L%0,1]2. Moreover, for any fixed d € N, maxj<s<q |\¢ — M| = op(1).

The verification of this result is given in Lemma A.5 of the online supplement. While the proposition
guarantees the large-sample accuracy under a reasonably broad set of conditions, producing the estimate C.
and its eigenvalues satisfying in practice requires the choice of a weight function w, and bandwidth h.
This problem, which is familiar to nonparametric analysis of finite-dimensional time series and spectral den-
sity estimation (see, for example, Chapter 7 of Brillinger, 2001), has only recently begun to receive attention
in the setting of functional time series.

In the case of long-run covariance function estimation and functional spectral density estimation, Hormann
and Kokoszka (2010) and Panaretos and Tavakoli (2012) utilized Bartlett and Epanechnikov weight functions
(see Bartlett 1946; and Wand and Jones, 1995) with bandwidths of the form h = n'/3 and h = nt/ 5 re-
spectively. These choices arise from the well-known fact that taking a bandwidth of the form h = n!/(1+27)
maximizes the rate at which the mean-squared normed error of the estimator C. tends to zero. The perfor-

mance of the estimator in finite samples can, however, be affected by strong serial correlation in the data, in

10



which case one should use a larger bandwidth in order to reduce the bias of C.. An approach that balances
these two concerns is to take h = Mn'/(1427) where the constant M is estimated from the data and increases
with the level of serial correlation. It can be shown (see Rice and Shang, 2017) that the optimal constant M

in terms of asymptotically minimizing the mean squared normed error of C.. is of the form

1/(1+427) 1 ) oo ~1/d+2m)
M = (2T|ch§7>\|2) ({||cs||2+ (/0 C’s(u,u)du> }/ wZ(x)dm) ,

where C{7)

is related to the 7th derivative of a spectral density operator evaluated at frequency zero. The
unknown quantities in M can be estimated using pilot estimates of C. and CE(T) to produce an estimated
bandwidth h = Mn!/(+27), Complete details of this estimation procedure are provided in Section C of the
online supplement to the paper.

A comparison of the accuracy in terms of mean-squared normed error of C. for a multitude of bandwidth
and weight function combinations is provided in Rice and Shang (2017), but a comparative study of how
these estimators perform in problems of inference has not been conducted, to the best of our knowledge. With
results reported in the online supplement, the proposed break point detection method was compared for all
combinations of the Bartlett, Parzen (Parzen, 1957) and a version of the flat-top (Politis and Romano, 1996)
weight functions with the four bandwidth choices of h = ni/3 h=nt4 h=nl/5 and h = Mnt/(+27) for
the data generating processes considered in the simulation study presented below, as well as some additional
processes exhibiting stronger temporal dependence. It was found that when it comes to conducting hypothesis
tests and producing confidence intervals as described above with moderately correlated errors, each of these
typical choices produced similar results. The difference across weight functions was minuscule, whereas there
were some small fluctuations in the empirical sizes of the test of Hy due to the choice of the bandwidth: no
more than a 2% difference when the level was set at 5% over those FAR processes utilized in Section |4] but
with expected bigger discrepancies and advantages for the empirical bandwidth when the level of dependence
approached non-stationarity. Due to the similarity in performance of each choice for the data generating
processes considered below, results are only presented for the bandwidth h = n/* and the Bartlett weight

function below.

3.2 Computation of critical values

To compute the critical values of the limiting distribution of T}, given in Theorem [2.1] say 7', the following
procedure was employed. Based on the estimator C., the first D empirical eigenvalues satisfying (3.3) were
computed, where D is taken to be the number of basis elements over which the initial discretely observed
functional data are smoothed. By then simulating D independent Brownian bridges on [0, 1], By(x), using the
R package sde, a realization of T’ is estimated by

D

T = sup ZX@BE(:U).
0§m§1£:1

11



This estimation is independently repeated R times, and quantiles of the resulting Monte Carlo distribution are

used to produce the appropriate cut-offs. For the results in Sections |4 and [5] R was selected to be 1,000.

3.3 Construction of confidence intervals

This section provides more information on the construction of confidence intervals as defined through Corol-
laryu To start, let = = inf{z: Q(x) = sup,/cg Q(z')} be the sample version of =, where Q is an estimated
version of ) in (2.9) obtained by plugging in the natural estimators

A~

=" // £)on(t )dtdt
n InH2

in place of their respective population counterparts 6 and o as specified in Theorem[2.4] where

60 = ZX— ZXZ,

nz k*+1 n21

and C’E an estimator of C. as discussed in Section All of these estimators are consistent under the
conditions of Theorem H; see Lemma A.5 of the online supplement. Let éq denote the gth quantile of the

distribution of =.

Theorem 3.1. Under the conditions of Theorem and Assumption for a € (0,1), the random interval

<I;‘:L =1 a/;,]%;_ ‘:La/22>
16,1 161

is an asymptotic 1 — « confidence interval for k*.

Note that the construction of confidence intervals is aided by the use of the exact form of the maximizers
in the limit of Theorem as derived in Bhattacharya and Brockwell (1976) and Stryhn (1996), see the
supplemental material for more. Since o and &2 are respectively bounded from above by \; and A1, the
largest eigenvalues of the integral operators with kernels C. and C., a conservative confidence interval is

obtained by replacing 62 with AL

4 Simulation Study

4.1 Setting

Following the construction of the data generating processes (DGP’s) in Aue et al. (2015), n functional data
objects were generated using D = 21 Fourier basis functions vy, ..., vp on the unit interval [0, 1]. The choice
of D corresponds to our study of yearly Australian temperature curves constructed from daily minimum

temperature observations that were initially smoothed over this basis. Qualitatively these results remain valid

12



for larger values of D. Without loss of generality, the initial mean curve 4 in[2.1]is assumed to be the zero

function. Independent curves were then generated according to

D
Gi=>_ N,
=1

where the V; ¢ are independent normal random variables with standard deviations o = (0¢: £ = 1,...,D)
used to mimic various decays for the eigenvalues of the covariance and long-run covariance operators. Three

distinct situations were considered:

e Setting 1: the errors are finite dimensional, using oy = 1for{ =1,2,3andoy =0for{ =3,...,D;
e Setting 2: mimics a fast decay of eigenvalues, usingo = (37 *: £ =1,..., D);
e Setting 3: mimics a slow decay of eigenvalues, using o = (¢~*: £ =1,..., D).

Note that the last setting, inspired by the data analysis reported in Section [5] is not to be taken asymptotically
in D. Rather it is meant to model a slow decay of the finitely many initial eigenvalues without intending to
prescribe the behavior for D tending to infinity.

As innovations, independent curves €; = (;, ¢ = 1,...,n, were used. To explore the effect of temporal
dependence on the break point estimators, functional autoregressive curves were also considered, which are
widely used to model serial correlation of functional data, see Besse et al. (2000) and Antoniadis and Sapatinas
(2003). First-order functional autoregressions €; = Ve;_1 + (;, ¢ = 1,...,n, were generated (using a burn-in
period of 100 initial curves that were discarded). The operator was set up as ¥ = W, where the random
operator Wy is represented by a D x D matrix whose entries consist of independent, centered normal random
variables with standard deviations given by oo’ as specified by Settings 1-3. A scaling was applied to achieve
||¥o|| = 1. The constant x can then be used to adjust the strength of the temporal dependence. To ensure
stationarity of the time series, || = 0.5 was selected.

To highlight the effect of the distribution of the break function across eigendirections as well as its size
relative to the noise level, the following arrangements were made. A class of break functions was studied

given by

m

v,  m=1,...,D, (4.1)

(=1

5m = 5m,c = \/65:@7 57*71 =

Elly

where the normalization ensures that all ¢;,, have unit norm. The role of c is explained below. Note that §;
represents the case of a break only in the leading eigendirection of the errors. On the other end of the spectrum
is dp describing the case of a break that affects all eigendirections uniformly. To relate break size to the natural
fluctuations in the innovations, the signal-to-noise ratio

0(1— 0)13.1> _ 01— 0)

SNR = —— ) ‘T (Co)
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was used, where 6 denotes the relative location of the break date and C. the long-run covariance operator
of the £;. (Note that since ||0;",|| = 1, in the adopted formulation SNR does not depend on m.) Results are
reported choosing ¢ to maintain a prescribed SNR.

Finally, in order to mitigate the effect of the particular shape of the Fourier basis functions and the ordering
v1,...,vp on the performance of the various procedures, a random permutation = was applied to 1,...,D
before each simulation run, and the experiment was performed as described above using the permuted ordering
Ur(1)s - - - » Ur(p)- Combining the previous paragraphs, functional curves y; = I 1{i > k*}+ei,i=1,...,n,
according to (2.1) were generated for k* = |On] with § = 0 (null hypothesis), and § = 0.25 and 0.5
(alternative). Both the fully functional procedure and its fPCA counterparts were applied to a variety of
settings, with outcomes reported in subsequent sections. All results are based on 1000 runs of the simulation

experiments. Additional complementary simulation evidence is presented in the online supplement.

4.2 Level and power of the detection procedures

In this section, the level and power of the proposed detection procedure are compared to the two fPCA-based
methods introduced in Section @ In particular, the fPCA-based detector (2.11]) was run with three levels of
total variation explained (TVE), namely 85%, 90% and 95%. The change-aligned detection procedure
was set up as in Torgovitski (2016). Critical values for the proposed fully functional detection procedure were
obtained through simulation from the limit distribution under the null hypothesis as provided in Theorem 2.1]

Table provides the levels for the various detection procedures for the three settings of eigenvalue
decays, and iid and FAR(1) data generating processes. For the FAR(1) case, the long-run covariance operator
was estimated following the recommendations given in Rice and Shang (2017). The sample sizes under
consideration were n = 50 and n = 100. It can be seen that, even for these rather small to moderate sample
sizes, the proposed method kept levels reasonably well across all specifications. This is true to a lesser extent
also for the fPCA-based procedures, while the change-aligned version produced the most variable results.
The fPCA-based procedures depend, by construction, more explicitly on the behavior of the eigenvalues with
levels well adjusted in case of a fast decay. The proposed procedure is fairly robust in all settings.

To examine the power of the detection procedures in finite samples, the break functions &,, in were
inserted as described in Section[ﬂ]with scalings c so that the SNR varied between 0, 0.1, 0.2, 0.3, 0.5, 1 and
1.5. The empirical rejection rates out of 1000 simulations for each test statistic described above are reported
as power curves in Figure when the errors in (2.1) are iid and distributed according to each of Settings 1,
2, and 3. The sample size in the figure is n = 50 and the number of components m in the break functions
Om are 1, 5, and 20. Note that the plots in Figure .| are not size corrected because it would not qualitatively
change the outcomes. Further simulation evidence is provided in the online supplement. The findings of these

simulations can be summarized as follows:

e The change aligned test of Torgovitski (2016) was usually outperformed by both the fPCA and fully

functional methods for most of the DGP’s and sample sizes under consideration.
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Setting DGP n Proposed TVE 85% TVE 90% TVE 95% Aligned

1 iid 50 0.08 0.02 0.03 0.03 0.02
100 0.06 0.07 0.06 0.06 0.05

FAR(1) 50 0.07 0.03 0.03 0.02 0.00

100 0.05 0.07 0.06 0.07 0.02

2 iid 50 0.07 0.06 0.06 0.06 0.09
100 0.06 0.05 0.06 0.07 0.05

FAR(1) 50 0.07 0.04 0.04 0.05 0.11

100 0.06 0.05 0.05 0.05 0.05

3 iid 50 0.04 0.02 0.02 0.00 0.00
100 0.05 0.07 0.03 0.02 0.01

FAR(1) 50 0.03 0.01 0.03 0.00 0.00

100 0.05 0.02 0.02 0.02 0.00

Table 4.1: Empirical sizes for the various detection procedures for two data generation processes. The nominal
level was a = 0.05.

4.3

e The power for the fully functional detection procedure was observed to improve as m increased, as

predicted by the theory. Moreover, when the change was largely orthogonal to the errors, as in Setting
1 with m = 20, the expected advantage of the fully functional method over the dimension reduction

based approaches materialized.

A particularly interesting example to examine is when m = 1 under Setting 3 (with slowly decaying
eigenvalues). One notices in this case that, although the change lied fully in the direction of the leading
principal component of the errors, the fPCA-based methods were outperformed by the fully functional
method, and additionally their performance decayed as TVE increased. Here, the slow decay of eigen-
values adversely affects the fPCA procedure. This contrasts, for example, with the case when m = 20
under Setting 2 (with fast decaying eigenvalues), when the fPCA method improved as TVE increased,
and ultimately outperformed the fully functional method. This demonstrates that the fPCA method is
not guaranteed to beat the proposed detection procedure even when the break is in the leading eigendi-
rection. Moreover, this particular case highlights the fact that increasing TVE may not always lead to
improved performance. Note also that this example seems to match well with the situation encountered

in an application to Australian temperature curves presented in Section [5]

In additional simulations reported in the online supplement, the expected improvement in power when
n increased was noticed. Additionally, no more power loss than is typical was observed when the model

errors are serially correlated rather than independent and identically distributed.

Performance of the break dating procedures

In order to study the empirical properties of the break date estimator /fc;j, the break functions d,,, specified in

(4.1) of Section 4.1| were utilized again with scaling ¢ chosen to yield SNR values of 0.5 and 1. The break
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Figure 4.1: Power curves for the various break detection procedures for three different forms of the break
functions indexed my m and the three eigenvalues settings for n = 50 and independent errors. The x-axis
gives different choices of SNR. Observe that “FF” refers to the proposed fully functional method, “0.85”,
“0.90% and “0.95* correspond to the three levels of TVE in the fPCA procedures, and “Aligned” to the method
of Torgovitski (2016).

date was inserted at § = 0.25, so that the samples before and after the break have a ratio of 1 to 3. As in the
previous section, focus is on the small sample size n = 50. The results from additional settings are reported
in the online supplement. For each setting and choice of m, the estimators I%;"l and INf;‘; for £* were computed
for the proposed and the fPCA methods, respectively in 1000 independent simulation runs. The results are
summarized in the form of box plots in Figure {.2]

Overall, the proposed method is observed to be competitive, with box plots being narrower or of the same
width as those constructed from the fPCA counterparts. It can be seen that the accuracy of the fully functional
break date procedure improved for increasing m, spreading the break across a larger number of directions. As
expected, the performance of the fPCA procedure was sensitive to the choice of TVE, in a way that often only

the best selection of TVE was competitive with the fully functional method. Moreover, in analogy to the same
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phenomenon observed in the power study, the fully functional procedure enjoys an advantage when the break

loads entirely on the first eigenfunction (m = 1) for slowly decaying eigenvalues of the covariance operator
(Setting 3).
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Figure 4.2: Boxplots for the various break dating procedures for three different forms of the break functions
indexed my m and two choices of SNR for the three eigenvalues settings, sample size n = 50 and independent
errors. Labeling of the procedures is as in Figure [d.1]

The confidence intervals computed from Theorem [3.1]are seen to be conservative. As already pointed out
after Corollary [2.10] this is due to the fact, that they are based on an asymptotic analysis assuming a shrinking
break. For illustration purposes, since this will prove relevant in Section [5] Figure {.3| gives 95% confidence
intervals for the case of Setting 3 with independent errors and sample size n = 100. The break function d,y,
is inserted in the middle (# = 0.5), using m = 1, 5 and 20 as before. The plots provide further evidence for
the theory, as the confidence intervals get significantly narrower when the break function is distributed across
a larger number of directions. The case m = 1 leads to the widest confidence intervals, which for this case
are of little practical relevance. Larger sample sizes and higher SNR lead to the expected improvements, but

are not shown here to conserve space. To improve the width of the confidence intervals for small sample sizes
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and/or small SNR’s, one might entertain some jackknife or bootstrap modifications. This might be pursued in

detail elsewhere.
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Figure 4.3: Confidence intervals constructed from the fully functional break dating procedure across 1000
simulation runs for Setting 3, sample size n = 100, and three types of break functions indexed by m with
SNR set to 0.5. For each run, the blue line gives the 95% confidence interval and the red dot the estimated
break date.

4.4 Heavy tails

The heavy tail case is only considered for independent curves in Settings 2 with fast decay of eigenvalues
of the innovations and break function specified by d,, in .I) with m = 1, 5 and 20 as before. Settings 1
and 3 produce results more in favor of the proposed method. Instead of the normal distributions specified in
Section@ (1,...,(, were chosen to be t-distributed with 2, 3 and 4 degrees of freedom and €1, ..., 190
were defined accordingly. Modifications of the simulation settings presented in this section could potentially
be useful for applications to intra-day financial data such as the Microsoft intra-day return data presented as
part of the online supplement. Due to the reduced number of finite moments in this setting, the fPCA-based
procedure is not theoretically justified, while the fully functional procedure is not justified only for the case of
two degrees of freedom.

Results in Figure [d.4] are given for n = 100, £* = 50. The summary statistics show the proposed method
to be superior in all cases. The proposed method looks in general more favorable in the heavy-tail case than in

the time series case of the previous section due to the deteriorated performance in estimating eigenvalues and
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eigenfunctions. It can be seen that in all cases the fPCA-based procedure fails to produce reasonable results.
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Figure 4.4: Boxplots for the various break dating procedures for three different forms of the break functions
indexed my m and ¢-distributed innovations with 2, 3 and 4 degrees of freedom for Setting 2, sample size
n = 100, k* = 50 and independent errors. Labeling of the procedures is as in Figure .1}

The performance is worst for df = 2 and somewhat comparable for df = 3 and df = 4. The proposed method
is seen to work for the latter two cases but its performance deteriorates somewhat for df = 2, a situation that

is not theoretically justified.

S Application to annual temperature curves

In this section, the proposed methodology is applied to annual temperature curves from eight measuring
stations in Australia. More precisely, the raw data consists of 365 (366) daily measurements of minimum
temperatures that were converted into functional objects using 21 Fourier basis functions. The observations
for each of the eight stations are recorded over different time spans, roughly equaling 100 years. The data may
be downloaded from The Australian Bureau of Meteorology at the URL www . bom. gov. au. For each case,
the fully functional break detection procedure rejected the null hypothesis of no structural break in the mean
function. Consequently, both functional break dating procedure and fPCA counterpart were applied to locate
the time of the mean break. Information on all stations under consideration is provided in Table 5.1 More

details may be found in the online supplement.
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Station Range l;:;; (year) CI (years) Range of 7;:;‘1 (year)

Sydney (Observatory Hill) 1959-2012 1991 (1981, 1994) 1983, 1991
Melbourne (Regional Office) 1855-2012 1998 (1989, 2000) 1996, 1998
Boulia Airport 1888-2012 1978 (1954, 1981) 1978

Cape Otway Lighthouse 1864-2012 1999 (1949, 2005) 1999, 2000
Gayndah Post Office 1893-2009 1962 (1952, 1966) 1953, 1962, 1968
Gunnedah Pool 18762011 1985 (1935, 1992) 1979, 1984, 1985, 1986
Hobart (Ellerslie Road) 1882-2011 1966 (1957, 1969) 1966, 1967, 1968, 1969
Robe Comparison 1884-2011 1981 (1954, 1985) 1969, 1974, 1981

Table 5.1: Summary of results for eight Australian measuring stations. The column labeled ]2:; reports the
estimated break date using the fully functional method, CI gives the corresponding 95% confidence interval.
This is contrasted with the range of break date estimates obtained from using fPCA methods with dimension
of the projection space d = 1,...,10. The year in bold is the most frequently chosen break date.

In the following the station Gayndah Post Office is singled out and discussed in more detail. The time
series plot of n = 116 annual curves recorded in degree Celsius at this station from 1893 to 2009 are given
in the upper left panel of Figure They exhibit the temperature profile typical for Australia, with higher
temperatures in the beginning and end of the year. The corresponding scree plot of sample eigenvalues in the
upper right panel of the same figure indicates a slow decay, which Setting 3 in Section[d]sought to mimic. The
p-value of the fully functional detection procedure for this station was 0.008. Table [5.1|reports the break date
estimate for the fully functional procedure as 1962 and gives a 95% confidence interval spanning the years
from 1952 to 1966. In the range considered, the fPCA procedure chose three different years as break dates,
namely 1953 (corresponding to d = 1 and TVE = 0.40), 1962 (for d = 3 and TVE = 0.62), and 1968 (for
all other choices of d with TVE reaching 0.92 at d = 10). It can therefore be seen that, for any reasonable
choice of TVE, the fPCA break date estimate leads to a year that is not included in the 95% confidence
interval obtained from the fully functional methodology, even those were shown to be conservative in Section
Ml The estimated break function is displayed in the middle panel of Figure [5.1] Almost 90% of the variation
in ||3 || is explained by the first sample eigenfunction, with a rapid decay of contributions from higher sample
eigenfunctions. This is displayed in the middle panel of Figure The situation is therefore indeed similar
to the case displayed in the lower left panels of Figures A.1] and [4.2] which corresponds to slow decay of
eigenfunctions and a break occurring predominantly in the direction of the first mode of variation. That this is
a situation beneficial to the proposed procedure is further highlighted in the lower panel of Figure [5.1] Here
it can be seen that the estimated SNR of the sample break function decreases significantly with the inclusion
of further sample eigenvalues and eigenfunctions into the analysis. In particular, the estimated SNR’s are, for
d > 1, noticeably smaller than the estimated SNR obtained from the fully functional procedure.

The application shows that, while both fully functional and fPCA procedures often work similarly in
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Figure 5.1: Upper panel: Time series plot of annual temperature profiles at Gayndah Post Office (left) and
scree plot of eigenvalues from the sample covariance operator of the Gayndah Post Office temperature profiles
(right). Middle panel: Estimated break function 6 (left) and proportion of variation in ||§|| explained by the ¢th
sample eigenfunction (right). Lower panel: Estimated SNR for the fully functional procedure (straight line)
and for the fPCA procedure across varying d.
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practice, there are cases when they differ substantially. In the situation discussed in this section, there is
evidence to believe that the fully functional method is perhaps more trustworthy. The results of the data
application used in combination with the simulation analysis show that one can do worse than the proposed

procedure but not obviously better.

6 Conclusions

In this paper, a fully functional methodology was introduced to detect and date mean curve breaks for func-
tional data. The assumptions made allow for time series specifications of the curves and are formulated using
the optimal rates for approximations of the data with /-dependent sequences. The assumptions are notably
weaker than those usually made in the fPCA context and include heavy-tailed functional observations, making
the asymptotic theory developed here widely applicable. In a comprehensive simulation study it is shown that
the fully functional method tends to perform better than its fPCA counterpart, with significant performance
gains for breaks that do not align well with the directions specified by the largest (few) eigenvalue(s) of the
data covariance operator, but also in a number of subtler situations such as breaks concentrated on the first
eigendirection with slowly decaying eigenvalues. It is shown in an application to annual temperature curves
that the latter situation can be of practical relevance. More generally, this work provides an in-depth study in a
specific context of the overarching principle that whenever the signal of interest is not dominant or is “sparse”,
in the sense that it is not entirely contained in the leading principal components, then alternatives to dimension

reduction based methods should be considered and are likely more effective.
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Abstract

Interest in functional time series has spiked in the recent past with papers covering both methodology
and applications being published at a much increased pace. This article contributes to the research in this
area by proposing stationarity tests for functional time series based on frequency domain methods. Setting
up the tests requires a delicate understanding of periodogram- and spectral density operators that are the
functional counterparts of periodogram- and spectral density matrices in the multivariate world. Two sets
of statistics are proposed. One is based on the eigendecomposition of the spectral density operator, the
other on a fixed projection basis. Their properties are derived both under the null hypothesis of stationary
functional time series and under the smooth alternative of locally stationary functional time series. The
methodology is theoretically justified through asymptotic results. Evidence from simulation studies and

an application to annual temperature curves suggests that the tests work well in finite samples.

Keywords: Frequency domain methods, Functional data analysis, Locally stationary processes, Spectral
analysis
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1 Introduction

The aim of this paper is to provide new stationarity tests for functional time series based on frequency domain
methods. Particular attention is given to taking into account alternatives allowing for smooth variation as
a source of non-stationarity, even though non-smooth alternatives can be covered as well. Functional data
analysis has seen an upsurge in research contributions for at least one decade. This is reflected in the growing

number of monographs in the area. Readers interested in the current state of statistical inference procedures
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may consult Bosq| (2000), [Ferraty & Vieu| (2010), Horvath & Kokoszka| (2012), |[Hsing & Eubank|(2015) and
Ramsay & Silvermanl (2005)).

Papers on functional time series have come into the focus more recently and constitute now an active area
of research. Hormann & Kokoszka) (2010) introduced a general weak dependence concept for stationary func-
tional time series, while |van Delft & Eichler| (2016) provided a framework for locally stationary functional
time series. |Antoniadis & Sapatinas| (2003), Aue et al.[(2015)) and |Besse et al.| (2000) constructed prediction
methodology that may find application across many areas of science, economics and finance. With the excep-
tion of ivan Delft & Eichler| (2016)), the above contributions are concerned with procedures in the time domain.
Complementing methodology in the frequency domain has been developed in parallel. One should mention
Panaretos & Tavakoli (2013)), who provided results concerning the Fourier analysis of time series in function
spaces, and [Hormann et al.| (2015), who addressed the problem of dimension reduction for functional time
series using dynamic principal components.

The methodology proposed in this paper provides a new frequency domain inference procedure for func-
tional time series. More precisely, tests for second-order stationarity are developed. In the univariate case,
such tests have a long history, going back at least to the seminal paper Priestley & Subba Rao| (1969), who
based their method on the evaluation of evolutionary spectra of a given time series. Other contributions build-
ing on this work include ivon Sachs & Neumann| (2000), who used local periodograms and wavelet analysis,
and |Paparoditis| (2009), whose test is based on comparing a local estimate of the spectral density to a global
estimate. Dette et al.| (2011) and |Preul3 et al.| (2013) developed methods to derive both a measure of and a
test for stationarity in locally stationary time series, the latter authors basing their method on empirical pro-
cess theory. In all papers, interest is in smoothly varying alternatives. The same tests, however, also have
power against non-smooth alternatives such as structural breaks or change-points. A recent review discussing
methodology for structural breaks in time series is|/Aue & Horvath| (2013)), while |Aue et al.[(2017) is a recent
contribution to structural breaks in functional time series.

The proposed test for second-order stationarity of functional time series uses the Discrete Fourier Trans-
form (DFT). Its construction seeks to exploit that the DFTs of a functional time series evaluated at distinct
Fourier frequencies are asymptotically uncorrelated if and only if the series is second-order stationary. The
proposed method is therefore related to the initial work of[Dwivedi & Subba Rao| (201 1)), who put forth similar
tests in a univariate framework. Their method has since been generalized to multivariate time series inJentsch
& Subba Rao| (2015)) as well as to spatial and spatio-temporal data by Bandyopadhyay & Subba Rao| (2017)
and Bandyopadhyay et al.| (2017)), respectively. A different version of functional stationarity tests, based on
time domain methodology involving cumulative sum statistics (Aue & Horvath, 2013)), was given in Horvéth
et al.| (2014).

Building on the research summarized in the previous paragraph, the tests introduced here are the first
of their kind in the frequency domain analysis of functional time series. A delicate understanding of the

functional DFT is needed in order to derive the asymptotic theory given here. In particular, results on the large-



sample behavior of a quadratic form test statistic are provided both under the null hypothesis of a stationary
functional time series and the alternative of a locally stationary functional time series. For this, a weak
convergence result is established that might be of interest in its own right as it is verified using a simplified
tightness criterion going back to work of |[Cremers & Kadelka| (1986)). The main results are derived under the
assumption that the curves are observed in their entirety, corresponding to a setting in which functions are
sampled on a dense grid rather than a sparse grid. Differences for these two cases have been worked out in L1
& Hsing| (2010).

The remainder of the paper is organized as follows. Section[2]provides the background, gives the requisite
notations and introduces the functional version of the DFT. The exact form of the hypothesis test, model
assumptions and the test statistics are introduced in Section [3] The large-sample behavior under the null
hypothesis of second-order stationarity and the alternative of local stationarity is established in Sections [4]
Empirical aspects are highlighted in Section [5] The proofs are technical and relegated to the Appendix.
Several further auxiliary results are proved in the supplementary document|/Aue & van Delft|(2017)), henceforth

referred to simply as the Online Supplement.

2 Notation and setup
2.1 The function space

A functional time series (X;: t € Z) will be viewed in this paper as a sequence of random elements on a prob-
ability space (€2, A, P) taking values in the separable Hilbert space of real-valued, square integrable functions
on the unit interval [0, 1]. This Hilbert space will be denoted by Hg = L?([0, 1], R). The functional DFT of
(X;: t € Z), to be introduced in Section can then be viewed as an element of Hc = L%([0, 1], C), the
complex counterpart of Hg. While the interval [0, 1] provides a convenient parametrization of the functions,
the results of this paper continue to hold for any separable Hilbert space.

The complex conjugate of z € C is denoted by Z and the imaginary number by i. The inner product and

the induced norm on H¢ are given by

1
{f.g) = fo f(rg(mydr  and | fla = /{F P, 2.1)

respectively, for f,g € Hc. Two elements of Hc are tacitly understood to be equal if their difference has

vanishing Ly-norm. More generally, for functions g: [0, 1] — C, the supremum norm is denoted by

HgHoo = sup \9(717~--,Tk)\

T1,...,Tk€[0,1]

mp=<f
[0,1]%

)

and the LP-norm by
1/p
g(Tl)"'aTk)’pdTl'”di) .

In all of the above, the obvious modifications apply to Hp, the canonical Hilbert space in the functional data

analysis setting.



Let H stand more generally for Hc, unless otherwise stated. An operator A on H is said to be compact if

its pre-image is compact. A compact operator admits a singular value decomposition

A= Zl Sn(A) Pn @ ¢y, 2.2)

where (s,(A): n € N), are the singular values of A, (¢,,: n € N) and (¢,,: n € N) orthonormal bases of
H and ® denoting the tensor product. The singular values are ordered to form a monotonically decreasing
sequence of non-negative numbers. Based on the convergence rate to zero, operators on H can be classified
into particular Schatten p-classes. That is, for p > 1, the Schatten p-class S,(H) is the subspace of all
compact operators A on H such that the sequence s(A) = (s,(A): n € N) of singular values of A belongs to

the sequence space /P, that is,

1
Ae S,(H) if and only if IlAll, = < i sﬁ(A)) ’ < 0,

n=1
where || A[|, is referred to as the Schatten p-norm. The space S,(H) together with the norm || A||, forms
a Banach space and a Hilbert space in case p = 2. By convention, the space S, (H) indicates the space of
bounded linear operators equipped with the standard operator norm. For 1 < p < g, the inclusion S,(H) <
Sq(H) is valid. Two important classes are the Trace-class and the Hilbert-Schmidt operators on H, which are
given by S;(H) and Sy (H ), respectively. More properties of Schatten-class operators, in particular of Hilbert—
Schmidt operators, are provided in|van Delft & Eichler| (2016). Finally, the identity operator is denoted by Iy

and the zero operator by Op.

2.2 Dependence structure on the function space

A functional time series X = (X;: t € Z) is called strictly stationary if, for all finite sets of indices J < Z, the
joint distribution of (X ;: j € J) does not depend on ¢t € Z. Similarly, X is weakly stationary if its first- and
second-order moments exist and are invariant under translation in time. The L?-setup provides a point-wise
interpretation to these moments; that is, the mean function m of X can be defined using the parametrization

m(7) = E[X¢(7)], 7 € [0, 1], and the autocovariance kernel ¢;, at lag h € Z by

en(r,7') = Cov(Xpn(r), Xi(r'), 7.7 [0.1]. 2.3)
Both m and ¢y, are well defined in the L?-sense if E[| Xo||3] < oo. Each kernel ¢;, induces a corresponding
autocovariance operator Cp on Hy by

1
€, g(r) = fo en(r,7) g(r') dr’ = E[{g, Xo) Xu(7)]. 2.4)

for all ¢ € Hg. In analogy to weakly stationary multivariate time series, where the covariance matrix and
spectral density matrix form a Fourier pair, the spectral density operator F,, is given by the Fourier transform

of Cp,

1 —iwh
o= o Doeyeih 2.5)
heZ
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A sufficient condition for the existence of F,, in S,(Hc) i8 X };c7 [|Chllp < 0.

As in|Panaretos & Tavakoli| (2013)), higher-order dependence among the functional observations is defined
through cumulant mixing conditions (Brillinger, 1981 Brillinger & Rosenblatt, |1967)). For this, the notion
of higher-order cumulant tensors is required; see Appendix [ST| for their definition and a discussion on their
properties for nonstationary functional time series. Point-wise, after setting ¢, = 0 because of stationarity, the

k-th order cumulant function of the process X can be defined by

Chitror (T1e ) = > (=1)P (p—1)! HE[ [Tx (Tj)], (2.6)

v=(v1,....,Vp) =1 JjeEy
where the summation is over all unordered partitions of {1,...,k}. The quantity in will be referred to
as the k-th order cumulant kernel if it is properly defined in the L2-sense. A sufficient condition for this to
be satisfied is E[|| Xo|5] < oo. The cumulant kernel ¢, 4,, (71, - ., Tok) induces a 2k-th order cumulant
operator Cy, . 1, , through right integration:
etl,...,tzk_lg(Tla (R3] Tk) = Jl\: ]k Ct1,...,t2k_1 (Tl7 e 7T2k)g(Tk+l7 ey TQk) di+1 T dTQk;
0,1

which maps from L2([0, 1]%,R) to L?([0, 1]¥, R). Similar to the case k = 2, this operator will form a Fourier
pair with a 2k-th order cumulant spectral operator given summability with respect to || -||, is satisfied. The

2k-th order cumulant spectral operator is specified as

2k—1
gjwlr--vWQk—l = (27")17% Z Gt17---7t2k—1 exXp < —1 Z ] tj)? 2.7

t1,.5tok—1€2 Jj=1
where the convergence is in ||-||,. Under suitable regularity conditions, the corresponding kernels also form
a Fourier pair. Note that a similar reasoning can be applied to 2(k + 1)-th order cumulant operators and their

associated cumulant spectral operators, using more complex notation.

2.3 The functional discrete Fourier transform

The starting point of this paper is the following proposition that characterizes second-order stationary behavior

of a functional time series in terms of a spectral representation.

Proposition 2.1. A zero-mean, Hgr-valued stochastic process (Xy: t € Z) admits the representation
Q .
X, = J e&vdz,  as. ae., (2.8)
—T
where (Z,,: w € (—m,7|) is a right-continuous functional orthogonal-increment process, if and only if it is

weakly stationary.

If the process is not weakly stationary, then a representation in the frequency domain is not necessarily
well-defined and certainly not with respect to complex exponential basis functions. It can be shown that a time-

dependent functional Cramér representation holds true if the time-dependent characteristics of the process are



captured by a Bochner measurable mapping that is an evolutionary operator-valued mapping in time direction.
More details can be found in van Delft & Eichler (2016)). In the following the above proposition is utilized to
motivate the proposed test procedure.

In practice, the stretch X, ..., X7_1 is observed. If the process is weakly stationary, the functional
Discrete Fourier Transform (fDFT) DU(JT) can be seen as an estimate of the increment process Z,,. This is in
accordance with the spatial and spatio-temporal arguments put forward in |[Jentsch & Subba Rao| (2015)) and

Bandyopadhyay et al.| (2017), respectively. At frequency w, the fDFT is given by

D(T —1wt (29)

while the functional time series itself can be represented through the inverse fDFT as

27T T 1ou
thq/TjZODU it (2.10)

Under weak dependence conditions expressed through higher-order cumulants, the fDFTs evaluated at distinct
frequencies yield asymptotically independent Gaussian random elements in H¢ (Panaretos & Tavakolil [2013]).
The fDFT sequence of a Hilbert space stationary process is in particular asymptotically uncorrelated at the
canonical frequencies w; = 2mj/T. For weakly stationary processes, it will turn out specifically that, for
j # jorj # T — j', the covariance of the fDFT satisfies <C0V(D£J:§),Dg,))gl,gg> = O(1/7T) for all
g1, g2 € H. This fundamental result will be extended to locally stationary functional time series in this paper
by providing a representation of the cumulant kernel of the fDFT sequence in terms of the (time-varying)
spectral density kernel. Similar to the above, the reverse argument (uncorrelatedness of the functional DFT
sequence implies weak stationarity) can be shown by means of the inverse fDFT. Using expression (2.9)), the

covariance operator of X; and X in terms of the fDFT sequence can be written as

et’t/ == ]E[Xt ® th]

E[DSJT) ® _D[E)T)]eitwj_it,wj,
J i

== Y E[D]e s 1) 2.11)

where the equality in (2.11)) holds in an L?-sense when <]E[ " ® DU(J 191, 92> = 0 for all g1, g2 € H with
j # j orj # T — j and where I, (T) D(E,j, ® Dfuj,) is the perlodogram tensor. This demonstrates that
the autocovariance kernel of a second—order stationary functional time series is obtained and, hence, that an
uncorrelated DFT sequence implies second-order stationarity up to lag T'. Below, the behavior of the fDFT
under the smooth alternative of locally stationary functional time series is derived. These properties will then

be exploited to set up a testing framework for functional stationarity. Although this work is therefore related



to Dwivedi & Subba Rao| (2011])) — who similarly exploited analogous properties of the DFT of a stationary

time series — it should be emphasized that the functional setting is a nontrivial extension.

3 The functional stationarity testing framework

This section gives precise formulations of the hypotheses of interest, states the main assumptions of the paper

and introduces the test statistics. Throughout, interest is in testing the null hypothesis
Hy: (X;: t € Z) is a stationary functional time series

versus the alternative
Hy: (X;: teZ)isalocally stationary functional time series,

where locally stationary functional time series are defined as follows.
Definition 3.1. A stochastic process (X, : t € Z) taking values in Hy, is said to be locally stationary if

(1) thXt(T)fortz 1,...,TandT € N; and

(2) for any rescaled time u € [0, 1], there is a strictly stationary process (Xt(u) : t € Z) such that
||Xt(T) —x™ |, < (‘% _ u’ + %)Pt(? as.,

where Pt(q%) is a positive, real-valued triangular array of random variables such that, for some p > (

and C < o, E[\Pt(})\p] < oo for all t and T, uniformly in u € [0, 1].

Note that, under H 4, the process constitutes a triangular array of functions. Inference methods are then
based on in-fill asymptotics as popularized in [Dahlhaus| (1997) for univariate time series. The process is
therefore observed on a finer grid as 7' increases and more observations are available at a local level. A
rigorous statistical framework for locally stationary functional time series was recently provided in|van Delft
& Eichler (2016)). These authors established in particular that linear functional time series can be defined by
means of a functional time-varying Cramér representation and provided sufficient conditions in the frequency
domain for the above definition to be satisfied.

Based on the observations in Section a test for weak stationarity can be set up exploiting the uncor-

(T)

relatedness of the elements in the sequence (D,,;”). Standardizing these quantities is a delicate issue as the

) are not only unknown but generally not globally invertible. Here, a statistic

spectral density operators Sﬂg
based on projections is considered. Let (1);: [ € N) be an orthonormal basis of Hc. Then, (¥, ®y: ,1" € N)
is an orthonormal basis of L2([0, 1], C) and, by definition of the Hilbert-Schmidt inner product on the alge-
braic tensor product space H ® H,

E[DD @ DI, 1 @ bwyugn = ELDE), iy DI )] = Cov (<DL, ), (DL, ).

J1



This motivates to set up test statistics based on the quantities

h=1,....,T —1. 3.1)

i UJ] ’¢l><Dw]+h’¢ll>
F=RyA w]wl) XLy o (), )

A particularly interesting (random) projection choice is provided by the eigenfunctions q’)fj and <bfj * corre-

sponding to the [-th largest eigenvalues of the spectral density operators F,,; and

w;,p» Tespectively. In this

case, based on orthogonality relations the statistic can be simplified to

T D(S)T) Dw w]+h
(T)(l):lz< 37¢ "X e @ > h=1,.

f)/h ’
o= AN N

(T)

and thus depends on [ only. In the following the notation ;" ” is used to refer both to a fixed projection basis

T —1, (3.2)

used for dimension reduction at both frequencies w; and w; .y, as in (3.1)) as well as for the random projection
based method in (3.2) using two separate Karhunen—Loeve decompositions at the two frequencies of &, and
T,

w;+1,» Tespectively. The write-up will generally present theorems for both tests if the formulation allows, but

will focus on the latter case if certain aspects have to be treated differently. The counterparts for the former
case are then collected in the appendix for completeness.

In practice, the unknown spectral density operators F,,; and F,,_,
T)

estimators f;"g) and fAﬂ(Jj he

are to be replaced with consistent
Similarly the population eigenvalues and eigenfunctions need to be replaced by
the respective sample eigenvalues and eigenfunctions. The estimated quantity corresponding to and
will be denoted by ¥, 4T) Note that the large-sample distributional properties of tests based on and (3.2)
are similar. Some additional complexity enters for the statistic in (3.2)) because the unknown eigenfunctions
can only be identified up to rotation on the unit circle and it has to be ensured that the proposed test statistic is

invariant to this rotation; see Section for the details. As an estimator of S’U(JT), take
or I
5 =5 Z (w—w;)([DID]@ [DEI), (3.3)

where K;,(-) = $K(;) is a window function satisfying the following conditions.

Assumption 3.1. Let K: [—1,1] — R be a positive, symmetric window function with § K (z)dz = 1 and

§ K (z)*dz < oo that is periodically extended, i.e., Ky(z) = 3 K (£27).

The periodic extension is to include estimates for frequencies around 7. Further conditions on the
bandwidth b are imposed below (Section |4) to determine the large-sample behavior of fAy,(lT) under both the
null and the alternative. The replacement of the unknown operators with consistent estimators requires to

derive the order of the difference

VT =40, (3.4)



It will be shown in the next section that, for appropriate choices of the bandwidth b, this term is negligible
under both null and alternative hypothesis.

To set up the test statistic, it now appears reasonable to extract information across a range of directions
I, =1,..., L and aselection of lags h = 1,. .., h, where h denotes an upper limit. Build therefore first the
L x L matrix ng) = (fAy}(LT) (1,"Y: 1, =1,..., L) and construct the vector ’y}(LT) = vec(f,(LT)) by vectorizing
féT) via stacking of its columns. Define

B — T4\ 1) (3.5)

where e is a vector of dimension L? whose elements are all equal to one and | denotes transposition. Note
that for (3.2), a somewhat simplified expression is obtained, since the off-diagonal terms [ = !’ do not have
to be accounted for. Dropping these components reduces the number of terms in the sum (3.3)) from L? to L,
even though the general form of the equation continues to hold. Choose next a collection hq, . .., hys of lags
each of which is upper bounded by A to pool information across a number of autocovariances and build the
(scaled) vectors
VIO = vT(RB",...,38"),38",...,.38\)",
where R and & denote real and imaginary part, respectively. Finally, set up the quadratic form

O = (6" T 1D, (3.6)

where 3,/ is an estimator of the asymptotic covariance matrix of the vectors bg\? which are defined by

replacing ﬁ,(lT) with %ST) in the definition of IA)E\?. The statistic Qg\? will be used to test the null of stationarity

against the alternative of local stationarity. Note that this quadratic form depends on the tuning parameters L

and M. These effects will be briefly discussed in Section [5]

4 Large-sample results
4.1 Properties under the null of stationarity

The following gives the main requirements under stationarity of the functional time series that are needed to

establish the asymptotic behavior of the test statistics under the null hypothesis.

Assumption 4.1 (Stationary functional time series). Let (X;: t € 7) be a stationary functional time series

with values in Hg such that

(i) E[|Xol5] < oo,

(i) 37 i e (LH [t ety oty 2 < 0 forall 1 < j <k —1,
for some fixed values of k, ¢ € N,

The conditions of Assumption {4.1|ensure that the k-th order cumulant spectral density kernel

1 = CiSE ot
fwl,...,wk,1(7_1> cee 77—k) = e Nk—1 Z ctl,...,tk,l(’rla cee >Tk)e l(zjzlw]t]) (41)
(271') t1,...tg—1=—00
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is well-defined in L? and is uniformly continuous in w with respect to | - |2. Additionally, the parameter ¢

controls the smoothness of f,, in the sense that, for all 7 < /,

| L] < e @2)

A proof of these facts can be found in [Panaretos & Tavakoli| (2013). Through right-integration, the function

@.1) induces a k-th order cumulant spectral density operator J, which is Hilbert—-Schmidt. The

following theorem establishes that the scaled difference between 'y,(lT) and '?,ST) is negligible in large samples.

Wk—1

Theorem 4.1. Let Assumptions and be satisfied with k = 8 and { = 2 and assume further that
inf ,(F(¥), ) > 0 for 1 € H. Then, for any fixed h,

R 1
\/ﬂ’y,(lT) — ,Y]ST)‘ =0, <ﬁbT + b2> (T — ).

The proof is given in Section S2 of the Online Supplement. For the eigen-based statistic (3.2)), the condi-
tion inf,(F (), 1) > 0 reduces to inf,, \Y > 0. In practice this means that only those eigenfunctions should
be included that belong to the I-largest eigenvalues in the quadratic form (3.6). This is discussed in more detail
in Section [5] where a criterion is proposed to choose L. Theorem shows that the distributional properties
of ’Ay}(lT) are asymptotically the same as those of ’y,(LT), or both versions (3.1) and (3.2) of the test, provided that

the following extra condition on the bandwidth holds.
Assumption 4.2. The bandwidth b satisfies b — 0 such that bT' — o0 as T — 0.

Note that these rates are in fact necessary for the estimator in (3.3) to be consistent, see [Panaretos &
Tavakoli| (2013)), and therefore do not impose an additional constraint under Hy. The next theorem derives
(T)

the second-order structure of ;" ~ for the eigenbased statistics . It shows that the asymptotic variance is

uncorrelated for all lags h and that there is no correlation between the real and imaginary parts.

Theorem 4.2. Let Assumption.1|be satisfied with k = {2,4}. Then,

TCov(?Rvi(l (1), m,g;@) - TCOV(%'yg)(Z ), w,g?(m)

W' +w) w w
5z1,zz fgw — wh’ o 05 89, ) ¢ @4 h>dwdw' ifh1 =hy = h
_ 2 v ) 1 2 ’
l

)\l_;u )\—w wh)\w +wh
O(5), if h1 # ha,
where 0; j = 1if i = j and 0 otherwise. Furthermore,

1
T COV(%%(E)(ZQ, %%g) (I2)) =0 <T>

uniformly in hy, ho € Z.
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The proof of Theorem {.2]is given in Appendix its counterpart for (3.1) is stated as Theorem [C.1]in
Appendix [C] Note that the results in the theorem use at various instances the fact that the k-th order spectral
density operator at frequency w = (wi,...,wy)T € R” is equal to the k-th order spectral density operator at
frequency —w in the manifold 25:1 wj mod 2.

With the previous results in place, the large-sample behavior of the quadratic form statistics Qg\? defined

in can be derived. This is done in the following theorem.

Theorem 4.3. Let Assumptions[3.1|and[{.2]be satisfied. Let Assumptiond.1|be satisfied with k > 1 and { = 2

and assume that inf,, \{ > 0. Then,

(a) For any collection h1, . .., hyr bounded by h,
VT B Nopr(0,5) (T — ),

where — denotes convergence in distribution and Nops(0,X0) a 2M -dimensional normal distribution

with mean 0 and diagonal covariance matrix ¥y = diag(o3, : m = 1,...,2M) whose elements are

L
aam = 71520 Z TCOV(%’}/}(ZZL)(h),%’}/}(LZ)(ZQ)), m=1,...,M,
I,lp=1

and ‘7(2),M+m = U&m. The explicit form of the limit is given by Theorem
(b) Using the result in (a), it follows that
A(T) D
where X% M isa x2-distributed random variable with 2M degrees of freedom.

The proof of Theorem is provided in Appendix Part (b) of the theorem can now be used to
construct tests with asymptotic level . Theorem [C.2] contains the result for the test based on (3.I). To
better understand the power of the test, the next section investigates the behavior under the alternative of local

stationarity.

4.2 Properties under the alternative

This section contains the counterparts of the results in Section |. 1| for locally stationary functional time series.

The following conditions are essential for the large-sample results to be established here.

Assumption 4.3. Assume (Xt(T) :t<T,TeN)and (Xt(u) :t€Z)areasin Deﬁnitionand let Kp:ey oty
be a positive sequence in L2([0, 1]¥, R) independent of 7" such that, forall j = 1,...,k — 1 and some £ € N,

2 (1+ |t]‘|€)Hﬁk;t1,m7t1@71 |2 < 0. 4.3)

t1,e.t_1€Z
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Suppose furthermore that there exist representations

t/T)

Xt(T) — Xt( = Yt(T) and Xt(u) — Xt(v) = (u— v)Yt(u’U), 4.4)

for some processes (Yt(T): t <T,T € N) and (Yt(u’”): t € Z) taking values in Hg whose k-th order joint

cumulants satisfy

@ Jeum(X7, XS0 Y ) o < Bkttt 2

(i) Jeum (X, X VR |y < ey -ttt
(i) sup, [eum(X(, o, X XN o < [kttt st 20
(iv) sup,, | Zreum (XY, X0 X o < kit~ s~ 2

Note that these assumptions are generalizations of the ones in [Lee & Subba Rao|(2016)), who investigated
the properties of quadratic forms of stochastic processes in a finite-dimensional setting. For fixed ug, the
process (Xt(w)) : t € Z) is stationary and thus the results of [van Delft & Eichler| (2016) imply that the local

k-th order cumulant spectral kernel

1 k-1
qu;"Jl:mvwkfl (7_1, e 7Tk) = W Z C'U«0§t1,-~~7tk71 (7—]_7 ey Tk)e 12[:1 wity (45)
& t1,e.,t_1€Z
exists, where wq, . ..,wi_1 € [—7, ] and
Cugitrotp g (Tl vy Th) = cum(Xt(luo)(Tl), . >Xt(:2 (Tk—1), Xt(;LO)(Tk)) (4.6)

is the corresponding local cumulant kernel of order k at time ug. The quantity f, . will be referred to as
the time-varying spectral density kernel of the stochastic process (Xt(T): t < T,T € N). Under the given
assumptions, this expression is formally justified by Lemma [ST.2]

(T)

Because of the standardization necessary in 4\*/, it is of importance to consider the properties of the

estimator (3.3)) in case the process is locally stationary. The next theorem shows that it is a consistent estimator

of the integrated time-varying spectral density operator

1
G, = f Fuwdu,
0

where the convergence is uniform in w € [—m, ] with respect to ||-||2. This therefore becomes an operator-

valued function in w that acts on H and is independent of rescaled time w.

Theorem 4.4 (Consistency and uniform convergence). Suppose (Xt(T) :t < T,T e N) satisfies Assumption
for { = 2 and consider the estimator f;"SJT) in (3.3) with bandwidth fulfilling Assumption Then,

. ~(T _
(i) E[|F — Gu |12 = O((bT) ! + bY);
(ii) SUPef_nm 1T — Gull2 B 0,

uniformly inw € [—m, 7|.
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The proof of Theorem §.4]is given in Section [S4] of the Appendix. Under the conditions of this theorem,
the sample eigenelements (AY, ¢ : | € N) of J,, are consistent for the eigenelements (X, ¢ : [ € N) of G.,;
see Mas & Menneteau (2003)).

To obtain the distributional properties of 4(T), it is necessary to replace the denominator with its deter-
ministic limit. In analogy with Theorem [4.1] the theorem below gives conditions on the bandwidth for which

this is justified under the alternative.

Theorem 4.5. Let Assumption H.3| be satisfied with k = 8 and { = 2 and assume that inf,(G.,(¢),¢) > 0
forall iy € He. Then,

VT — 4 +b%+ ) (T — o).

T)| _0 < 1
"\VbT T
The proof of Theorem [.5]is given in Section S2 of the Online Supplement. The theorem shows that for
&}(LT) to have the same asymptotic sampling properties as %(lT), additional requirements on the bandwidth b are

needed. These are stated next.
Assumption 4.4. The bandwidth b satisfies b — 0 such that b\/T — o0 as T — oo.

The conditions imply that the bandwidth should tend to zero at a slower rate than in the stationary case.
The conditions on the bandwidth imposed in this paper are in particular weaker than the ones required by
Dwivedi & Subba Rao|(2011)) in the finite-dimensional context.

The dependence structure of vf(lT) under the alternative is more involved than under the null of stationarity
because the mean is nonzero for h # 0 mod 7. Additionally, the real and imaginary components of the

covariance structure are correlated. The following theorem is for the test based on (3.2).

Theorem 4.6. Let Assumptiond.3|be satisfied with k = {2,4}. Then, forh =1,...,T — 1,

27 Twtwp  Jw\ ,—i2ruh
E[+\"(1)] = o f ' Gt j¢l ¢ dudw + O<T> 0<h12> +0 <;> @.7)

The covariance structure satisfies

1. T Cov(®r{" (1), R (1)) =

1 (T (T
i[z,(”}h,z (I, 1) + S50, (ldo) + 347, (1, 1) + 837, (11, 12)] + Rr,

2. T Cov(Ryy (I, 1), Sy (I3, 1)) =
1 (T (T =(T
a[Egl?hz(ll, la) — 221?@ (l,l2) + Egl?hQ(ll’ l2) — Eél?hz(llv )] + Rr,

3. TCOV(% }(L )<l1,l2) \S’y,(l2)(l3,l4))
L) (T) (T = (T)
1[2,31 o (512) = S50, (11,1) = S50, (11, 12) + S, (1, 12)] + Ry,
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where | Ry|2 = O(T~') and where Zg),u (l1,12), E,g)hg ({1, lg)i)g)hz (I1,12), ig)hg (I1,12) are derived in the
Appendix and general expressions for (3.1) are defined in equations (S.5.1)—(S.5.4) of the Online Supplement.

The proof of Theorem [4.6]is given in Section [S4] of the Appendix. Its companion theorem is stated as
Theoremin Section The last result in this section concerns the asymptotic of QS\? in in the locally
stationary setting. Before stating this result, observe that the previous theorem shows that a noncentrality
parameter will have to enter, since the mean of ’y}(LT)(Z) is nonzero. Henceforth, the limit of shall be

denoted by
dudw

" (l J~27r <5Fu w¢w+wh’ (Z)clu>efi27ruh

/3w 3w+

PN TR
and its vectorization by ;. Following [Paparoditis| (2009) and Dwivedi & Subba Rao|(2011), there is an intu-
itive interpretation of the degree of nonstationarity that can be detected in these functions. For fixed [ and small
h, they can be seen to approximate the Fourier coefficients of the function (F, ¢ ", ¢>/ (A X F9r)1/2,
More specifically, for small & and T' — o0, they approximate

27 gju w Jwtwh  Jw N
ﬂh,] 27_[_ J f < (b (b > 127ruh71]wdudw.
)\w )\w+wh

Thus, p4(1) ~ 9p,0(1). If the process is weakly stationary, then F,, ., = JF,, and the eigenelements reduce to
AP, A;"Jrh and ¢}, gb;‘”’h, respectively, and hence the integrand of the coefficients does not depend on w. All
Fourier coefficients are zero except g ;(I). In particular, ¥9(l) = 1. Observe that, for the statistic (3.1)),
the above becomes 9y, ;(1,1") and, for h = 0, the off-diagonal elements yield coherence measures. The mean
functions can now be seen to reveal long-term non-stationary behavior. Unlike testing methods based on
segments in the time domain, the proposed method is consequently able to detect smoothly changing behavior
in the temporal dependence structure. A precise formulation of the asymptotic properties of the test statistic

in (3.2)) under H 4 is given in the next theorem.

Theorem 4.7. Let Assumptions[3.1land[{4.4| be satisfied. Let Assumption.3|be satisfied k > 1 and { = 2 and
assume that inf,, \§ > 0. Then,

(a) For any collection h1, . .., hyr bounded by h,
VT 3 Noar(p,24) (T — ),

where Nops(p, ¥ 4) denotes a 2M -dimensional normal distribution with mean vector p, whose first M
components are Rel py,, and last M components are Se® uy, , and block covariance matrix

D 502

Sa = 4
21 22
s @),

whose M x M blocks are, for m,m’ = 1,..., M, given by

L

11 . 1o (T (T (T

254 )(m,m’) = TIEI;C Z[Egl,)hz(lla la) + 221,)@01, la) + 221,)@ (I1,12) + Egl?hg(ll,b)],
lida=1
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1
T—o0 4i
1,l2=1

L
12 . T (T (T (T
S P (m,m) = im o > S[S () = S () + 50 () = S50, (14, 12)],

L

22 . 1ro(r (T (T (T

254 )<m7m/) = Th_fgc X[Eél?h(h, la) — 221?}&(11, la) — 221,)@ (I1,12) + E;(“,)hg(ll,lz)],
lida=1

where Egz),hm/ (11,12), Z/gz),hm/ (I1,12), i]ﬁ;)’hm, (I1,12), Sgn),hm/ (I1,12) are as in Theorem

(b) Using the result in (a), it follows that

A(T) D
QSW) - Xi,2M7 (T - 00)7

where Xﬁ o denotes a generalized noncentral x? random variable with noncentrality parameter |1 =

|23 and 2M degrees of freedom.

The proof of Theorem .7 can be found in Appendix [S4l Theorem [C.4]contains the result for (3.1)).

S Empirical results

This section reports the results of an illustrative simulation study designed to verify that the large-sample
theory is useful for applications to finite samples. The test is subsequently applied to annual temperature
curves data. The findings provide guidelines for a further fine-tuning of the test procedures to be investigated

further in future research.

5.1 Simulation setting

To generate functional time series, the general strategy applied, for example in the papers by |Aue et al.| (2015)
and [Hormann et al.| (2015), is utilized. For this simulation study, all processes are build on a Fourier basis
representation on the unit interval [0, 1] with basis functions 1, . . . , ¥15. Note that the [th Fourier coefficient

of a pth-order functional autoregressive, FAR(p), process (X;: t € Z) satisfies

0 p

(X)) = Y Y Xy ) Ap (), by + (er, 1)
I'=1t=1
Lmax P

e 2 Z<Xt7t’,wl><14t’(¢l)>wl’>+<5t7wl>a (5.1

I=1t=1
the quality of the approximation depending on the choice of L,,,x. The vector of the first L, Fourier coef-
ficients X; = ((X¢, Y1), ...,{X¢,%r,..>)" can thus be generated using the pth-order vector autoregressive,
VAR(p), equations

p
X = Z ApXi v + €,
=1
where the (1,1') element of Ay is given by (A (1), ¥y and &; = ({4, 91), ..., {es,¥r,..>) . The entries

/
of the matrices A are generated as N/(0, vl(i,)) random variables, with the specifications of v, ;» given below.
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To ensure stationarity or the existence of a causal solution (see Bosql, [2000; ivan Delft & Eichler, 2016 for

the stationary and locally stationary case, respectively), the norms «y of Ay are required to satisfy certain

P

conditions, for example, Zt,:l

||A¢|lc < 1. The functional white noise, FWN, process is included in (5.1))
setting p = 0.
All simulation experiments were implemented by means of the fda package in R and any result reported

in the remainder of this section is based on 1000 simulation runs.

5.2 Specification of tuning parameters

The test statistics in depends on the tuning parameters L, determining the dimension of the projection
spaces, and M, the number of lags to be included in the procedure. In the following a criterion will be set
up to choose L, while for M only two values were entertained because the selection is less critical for the
performance as long as it is not chosen too large. Note that an optimal choice for L is more cumbersome to
obtain in the frequency domain than in the time domain because a compromise over a number of frequencies
is to be made, each of which may individually lead to a different optimal L than the one globally selected.
To begin with, consider the eigenbased version of the test. The theory provided in the previous two sections
indicates that including too small eigenvalues into the procedure would cause instability. On the other hand,
the number of eigenvalues used should explain a reasonable proportion of the total variation in the data.
These two requirements can be conflicting and a compromise is sought implementing a thresholding approach
through the criterion
IR YEPYN

L:LM(Clag%é):ma‘X{E:C1< T Wi <C2 and
T Y N

. UJ]'
inf; )‘K
. WJ
inf; A

> 5} llog(M)], (52)

where w; denotes the j-th Fourier frequency and |-| integer partﬂ Extensive simulation studies have shown
that the choices (; = 0.70, (2 = 0.90 and ¢ = 0.15 work well when the eigenvalues display a moderate decay.
Then, the performance of the procedure appears robust against moderate deviations from these presets.

For processes with a very steep decay of the eigenvalues, however, this rule might pick L on the conserva-
tive side. To take this into account, the criterion is prefaced with a preliminary check for fast decay that leads

to a relaxation of the parameter values (2 and £ if satisfied. The condition to be checked is

inf; \oJ inf; e inf; 57
Cler o6 = {00 g A" g B AT } 53
(51 52 53) {infj )\lj gl infj )\1J 52 infj )\1] 53 ( )

with &, = 0.5, & = 0.25 and &3 = 0.125. Observe that provides a quantification of what is termed a
‘fast decay’ in this paper. If it is satisfied, L is chosen using the criterion (5.2)) but now with (o = 0.995 and
¢ = 0.01. Condition (5.3) is in particular useful for processes for which the relative decay of the eigenvalues
tends to be quadratic, a behavior more commonly observed for nonstationary functional time series. A further

automation of the criterion is interesting and may be considered in future research as it is beyond the scope

'The rule is max{1, L} in the exceptional cases that (5.2 returns a nonpositive value.
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of the present paper. The test statistic Qg\? in is then set up with the above choice of L and with
hm = mand M = 1 and 5. A rejection is reported if the simulated test statistic value exceeds the critical
level prescribed in part (b) of Theorem 4.3]

Correspondingly, for the fixed projection basis, the test statistic QE\? in is set up to select those
directions ¢ € {1,..., Lyax} for which (&1, 1¢) are largest and which explain at least 90 percent of total
variation (averaged over frequencies). Furthermore, h,, = mform = 1,...,M with M = 1 and 5. A
rejection is reported as above using the critical level prescribed in part (b) of Theorem|[C.2]

The performance of both tests is evaluated below in a variety of settings. To distinguish between the two
approaches, refer to the eigenbased statistic as QS\Z/P@ and to the fixed projection statistic as QE\? 2 Estimation
of the spectral density operator and its eigenelements, needed to compute the two statistics, was achieved using
(3:3) with the concave smoothing kernel K (z) = 6(0.25 — 2%) with compact support on x € [—1/2,1/2] and
bandwidth b = T—1/5.

5.3 Estimating the fourth-order spectrum

The estimation of the matrix ;s is a necessary ingredient in the application of the proposed stationarity test.
Generally, the estimation of the sample (co)variance can influence the power of tests as has been observed in a
number of previous works set in similar but nonfunctional contexts. Among these contributions are Paparoditis
(2009) and Jin et al.| (2015), who used the spectral density of the squares, |Nason| (2013)), who worked with
locally stationary wavelets, Dwivedi & Subba Rao| (2011), who focused on Gaussianity of the observations,
and Jentsch & Subba Rao| (2015), who employed a stationary bootstrap procedure. A different idea was put
forward by | Bandyopadhyay & Subba Rao|(2017)) and | Bandyopadhyay et al.|(2017)). These authors utilized the
notion of orthogonal samples to estimate the variance, falling back on a general estimation strategy developed
in[Subba Rao|(2016).

To estimate the tri-spectrum for the eigenbased statistics, the estimator proposed in|Brillinger & Rosenblatt
(1967) was adopted to the functional context in the following way. Note first that in order to utilize the results

of Theorem 4.3 the limiting covariance structure given through discretized population terms of the form

T
(27’[‘) Wi Wi W Wi 1
Z T2 <3’~""j17*""j1+h17*wi2 (¢12j2 ® ¢lzﬂ2+h1 )’ ¢l1]1 ® ¢11]1+h1> +0 ﬁ
Ji,j2=1

has to be estimated. To do this, consider the raw estimator

T TWy AW AW AW
I&l,)az,ag,cm( llJl 9 ¢l1]2 3 ¢l2J3 3 ¢l2j4)
T
1 e
= 3 Z <€t1,t2,t3,t4 ((bl;g ® ¢l;4 )7 (blljl ® ¢l112 >€ 12]:1 o :
@m)°T 4, 4y ta=mt
1,02,l3,l4=

and observe that this is the fourth-order periodogram estimator of the random variables (X4, ggfj> This
estimator is to be evaluated for a combination of frequencies ay, ..., a4 that lie on the principal manifold

but not in any proper submanifold (see below) and is an unbiased but inconsistent estimator under the null
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hypothesis. The verification of this claim is given in the Online Supplement. To construct a consistent version
from the raw estimate, smooth over frequencies. The elements of ﬁ]m can then be obtained from the more

standard second-order estimators above and from fourth-order estimators of the form

(271’)3 Wiy — Oy Wiy — Oy T
K (g, ... ap) I (I, 12) (5.4)
3 Z 4( ) ) ) k1> » Qky ) Loy, .. 1,02/,
(b4T) k1,k2,k3,ka s ba " .
where Ky (z1,...,4) is a smoothing kernel with compact support on R* and where ® (o, oo, a3, a4) = 1

if Zj‘:1 a; = 0 mod 27 such that ) ._; a; # 0 mod 27 where J is any non-empty subset of {1,2, 3,4}

j€J
and (a1, a9, a3, aq) = 0 otherwise. ]The function @ therefore controls the selection of frequencies in the
estimation, ensuring that no combinations that lie on a proper submanifold are chosen. This is important
because, for £ > 2, the expectation of k-th order periodograms at such submanifolds possibly diverges. This
was pointed out in Brillinger & Rosenblatt (1967, Page 163). The estimator in (5.4) is consistent under the
null if the bandwidth b4 satisfies by — 0 but bZST — o0 as T" — oo. As this estimator is required for various
combinations of /; and ls, it is worthwhile to mention that computational complexity increases rapidly. The
implementation was therefore partially done with the compiler language C++ and the Rcpp-package in R.
The simulations and application to follow below were conducted with K4(z1,...,24) = 1_[?:1 K(z;),
where K 1is as in Section and bandwidth by, = T-1/6, 1t should be noted that the outcomes were not

sensitive with respect to the bandwidth choices.

5.4 Finite sample performance under the null

Under the null hypothesis of stationarity the following data generating processes, DGPs, were studied:

(a) The Gaussian FWN variables ¢1, . .., ep with coefficient variances Var({e¢, ¢;)) = exp((l — 1)/10);
(b) The FAR(2) variables X7, ..., X7 with operators specified through the respective variances yﬁ,) =
exp(—I —1') and Vl(?,) =1/(l+ l’3/2) and Frobenius norms «; = 0.75 and k2 = —0.4, and innovations

€1,...,&7 asin (a);

(c) The FAR(2) variables X1, ..., X7 as in (b) but with Frobenius norms x; = 0.4 and x5 = 0.45.

The sample sizes under consideration are T' = 2" forn = 6, . .., 10, so that the smallest sample size consists
of 64 functions and the largest of 1024. The processes in (a)—(c) comprise a range of stationary scenarios.
DGP (a) is the simplest model, specifying an independent FWN process. DGPs (b) and (c¢) exhibit second-
order autoregressive dynamics of different persistence, with the process in (c) possessing the stronger temporal
dependence.

The empirical rejection levels for the processes (a)—(c) can be found in Table [5.1] It can be seen that
the empirical levels for both statistics with M = 1 are generally well adjusted with slight deviations in a few
cases. The performance of the statistics with M = 5 is similar, although the rejection levels for the eigenbased

statistics tend to be a little conservative for models B and C.
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% level % level % level % level

T 0D s 1 1D s Q) s 1 Q) 5 1
(a) 64 1.32 4.00 0.90 8.17 3.40 0.30 1.31 3.60 0.60 8.65 390 1.20
128 1.40 520 0.60 8.98 5.00 0.90 1.38 5.00 0.80 9.07 5.10 1.40
256 1.53 540 1.30 8.89 450 0.80 1.31 5.60 0.80 9.23 5.30 1.00
512 1.49 550 1.30 9.35 5.50 1.00 1.38 5.20 1.00 9.34 490 0.90
1024 1.44 570 1.10 9.17 4.00 0.70 1.36  5.00 1.20 9.51 4.60 0.70
(b) 64 1.23 2.70 0.10 7.94 2.80 0.80 1.41 290 0.60 8.59 4.80 1.60
128 1.40 520 0.80 8.80 3.60 0.70 1.41 540 0.90 891 5.10 1.20
256 141 570 1.70 8.89 290 040 1.34 4.60 0.90 9.21 520 1.00
512 1.29 6.10 1.00 9.11 5.30 0.90 1.34 540 1.10 9.36 4.30 0.50
1024 1.42 470 2.00 891 3.70 0.70 1.44 440 0.90 946 420 0.70
(©) 64 1.21 390 0.80 8.25 2.00 0.30 1.36  3.50 0.60 8.62 390 1.20
128 1.39 5.80 1.40 8.86 5.00 1.30 1.39 590 0.90 8.81 4.00 1.20
256 1.42 450 1.50 8.90 3.00 0.50 1.38 4.50 0.90 937 430 1.20
512 1.49 540 1.10 9.26 3.70 0.60 1.39 6.50 1.10 9.36 5.00 0.70
1024 1.39 4.50 0.90 9.29 390 0.50 1.34 590 1.00 9.66 5.70 0.80

Table 5.1: Median of test statistic values and rejection rates of QE\?E and Qg\?f at the 1% and 5% asymptotic
level for the processes (a)—(c) for various choices of M and T'. All table entries are generated from 1000

repetitions.

T (a) (b) (© (d) (e) ®
64 8.20 14.00 8.17 14.01 8.20 14.01 7.99 14.01 5.09 1245 7.84 14.00
0.88 093 0.88 092 0.88 092 0.88 092 093 093 0.88 093
128 9.89 14.00 9.77 14.01 9.87 14.00 8.95 14.01 594 1235 9.19 14.00
090 093 0.89 092 0.89 092 0.89 092 094 093 0.88 093
256 10.52  14.00 10.06 14.01 10.32  14.00 8.88 14.02 6.46 12.48 10.04 14.00
0.89 0.93 0.88  0.92 0.88 0.92 0.89 092 093 093 0.88 0.93
512 11.00 14.00 11.00 14.02 11.00 14.00 10.00 14.01 6.65 12.37 11.00 14.00
0.89 094 0.89 092 0.89 093 0.89 092 094 093 0.89 093
1024 11.00 14.00 11.00 14.03 11.00 14.00 11.00 14.02 6.44 12.33 11.00 14.00
0.88 094 0.89 0.92 0.88 093 0.89 092 094 094 0.88 094

Table 5.2: Average choices of L (top entries in each row specified by 7") and aTVE (bottom entries) for
M = 1, various sample sizes and processes (a)—(f). For each process, the left column is for the eigenbased
statistics, the right column for the fixed projection statistics.

For the eigenbased statistics set up with M/ = 1, Table displays the average choices of L according
to (5.2) and the corresponding average total variation explained (aTVE) 7~} ZJT:I (Zlel )\fj / ZZL/’:“‘T‘ )\;‘,)j ).

It can be seen that larger sample sizes lead to the selection of larger L, as more degrees of freedom become

available. Moreover, aTVE tends to be close to 0.90 for the models under consideration. Some evidence on

closeness between empirical and limit densities for the statistics Qéj;) and Qéj}) are provided in Figure

Naturally, the numbers for the fixed projection based statistics are more homogeneous.
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Figure 5.1: black: Empirical density of Qge) (black) and ng}) (blue) for T' = 64 (left panel) and T' = 512
(right panel) for DGPs (a)—(c) (top to bottom). Red: The corresponding chi-squared densities predicted under
the null.
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5.5 Finite sample performance under the alternative

Under the alternative, the following data generating processes are considered:

(d) The tvFAR(1) variables X1, ..., X7 with operator specified through the variances yl(j,) = exp(—1—1)
and Frobenius norm k1 = 0.8, and innovations given by (a) with added multiplicative time-varying

variance

(e) The tvFAR(2) variables X1, ..., X7 with both operators as in (d) but with time-varying Frobenius norm

4t
k1t = 1.8 cos (1.5 — cos <;>>,

constant Frobenius norm ko = —0.81, and innovations as in (a);

(f) The structural break FAR(2) variables X1, ..., X7 given in the following way.

- For t < 3T'/8, the operators are as in (b) but with Frobenius norms x; = 0.7 and k2 = 0.2, and

innovations as in (a);

- For t > 3T'/8, the operators are as in (b) but with Frobenius norms x; = 0 and ko = —0.2, and

innovations as in (a) but with variances Var({e;, 1;)) = 2exp((l — 1)/10).

All other aspects of the simulations are as in Section[5.4] The processes studied under the alternative provide
intuition for the behavior of the proposed tests under different deviations from the null hypothesis. DGP (d)
is time-varying only through the innovation structure, in the form of a slowly varying variance component.
The first-order autoregressive structure is independent of time. DGP (e) is a time-varying second-order FAR
process for which the first autoregressive operator varies with time. The final DGP in (f) models a structural
break, a different type of alternative. Here, the process is not locally stationary as prescribed under the
alternative in this paper, but piecewise stationary with the two pieces being specified as two distinct FAR(2)
processes.

The empirical power of the various test statistics for the processes in (d)—(f) are in Table[5.3] Power results
are roughly similar across the selected values of M for both statistics. For DGP (d), power is low for the small
sample sizes T' = 64 for the eigenbased statistics and even lower for the fixed projection statistics. It is at
100% for all T' larger or equal to 256. The low power is explained by the form of the time-varying variance
which takes 1024 observations to complete a full cycle of the sine and cosine components. In the situation
of the smallest sample size, this slowly varying variance appears more stationary, explaining why rejections
of the null are less common. Generally, the eigenbased statistics performs better than its fixed projection
counterpart for this process.

DGP (e) shows lower power throughout. The reason for this is that the form of local stationarity under

consideration here is more difficult to separate from stationary behavior expected under the null hypothesis.
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% level % level % level % level

T WD s 1 WD s 1 Q) s 1 Q) s 1
@ 64 639 5430 3000 1433 2940 1230 268 1720 400 1108 1320  4.80
128 6697 9990 99.80 8694 99.80 9940 1894 9880 9330 3579 9810  90.20
256 611.13 100.00 100.00 747.09 100.00 100.00 130.23 100.00 100.00 206.05 100.00 100.00
512 146297 100.00 100.00 150620 100.00 100.00 269.31 100.00 100.00 347.91 100.00 100.00
1024 1550.04 100.00 100.00 1627.24 100.00 100.00 195.85 100.00 100.00 251.64 100.00 100.00
© 64 529 4390 4630 1578 4720 4540 393 4420 3940 1474 4440 4050
128 605 5020 4630 2074 5200 4840 420 4530 4210 1547 4650 4320
256 567 4950 4580 1971 5280 47.90 404 4370 4040 1567 4610 43.10
512 635 5065 4755 2580 5696 5145 391 4440 4180 17.37 4850  44.30
1024 980 5206 50.35 4240 6583 5950 464 4680 4380 2210 5480  49.00
(H 64 2384 9700 9310 3079 8970 7960 619 5250 2350 1581 3360 14.60
128 3037 9700 9320 4066 90.70 83.10 1197 9030 69.90 2345 80.70  51.60
256 8027 100.00 100.00 8725 100.00 100.00 23.10 99.90 98.60 3849 99.80  98.10
512 28879 100.00 100.00 29820 100.00 100.00 4699 100.00 100.00 68.60 100.00 100.00
1024 781.13 100.00 100.00 824.65 100.00 100.00 94.85 100.00 100.00 127.87 100.00 100.00

Table 5.3: Median of test statistic values and rejection rates of Qg\?e and Qg\?f at the 1% and 5% asymptotic
level for the processes (d)—(f) for various choices of M and 7. All table entries are generated from 1000
repetitions.

This is corroborated in Figure[5.2] where the center of the empirical version of the non-central generalized chi-
squared limit under the alternative is more closely aligned with that of the standard chi-squared limit expected
under the null hypothesis than for the cases (d) and (f). Both test statistics behave similarly across the board.

The results for DGP (f) indicate that the proposed statistics have power against structural break alterna-
tives. This statement is supported by Figure[5.2] Here the eigenbased version picks up power quicker than the
fixed projection counterpart as the sample size 7" increases. All statistics work well once 1" reaches 256.

Going back to Table it further seen that L is under H 4 generally chosen in a similar way as under
H)j, with one notable exception being the process under (e), where L tends to be significantly smaller. Under
the alternative, aTVE tends to be marginally larger for models (d)—(f) than for the models (a)—(c) considered
under the null hypothesis.

5.6 Finite sample performance under non-Gaussian observations

In this section, the behavior of the eigenbased test under non-Gaussianity is further investigated through the

following processes:
(g) The FAR(2) variables X1, ..., X7 as in (b) but with both independent ¢;9-distributed FWN and inde-
pendent (6, 6)-distributed FWN;
(h) The tvFAR(1) variables X1, ..., X7 as in (d) but with independent ¢;y-distributed FWN and indepen-
dent (6, 6)-distributed FWN.

For direct comparison, both ¢19- and 3(6, 6)-distributions were standardized to conform to zero mean and unit

variance as the standard normal. The sample sizes considered were 7' = 64 and 1" = 128, since these are most
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Figure 5.2: Empirical density of Q5" (black) and Q}') (blue) for T = 64 (left panel) and T = 512 (right
panel) for DGPs (d)—(f) (top to bottom). Note that 2.5% outliers have been removed for Model (e). Red: The
corresponding chi-squared densities predicted under the null.
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similar to the ones observed for the temperature data discussed in Section and M =1, 3 and 5. All other
aspects are as detailed in Section[5.4] These additional simulations were designed to shed further light on the
effect of estimating the fourth-order spectrum in situations deviating from the standard Gaussian setting. Note
in particular that the ¢19-distribution serves as an example for leptokurtosis (the excess kurtosis is 0.4) and the
B(6,6) distribution for platykurtosis (the excess kurtosis is —0.4). Process (g) showcases the behavior under
the null, while process (h) highlights the performance under the alternative. The corresponding results are

given in Table [5.4] and can be readily compared with corresponding outcomes for the Gaussian processes (b)

and (d) in Tables5.1}-5.3]
% level % level
T L atvE QY s 1 A’ 5 1

(g0 t 64 8.13 0.88 1.33 3.30 0.30 824 240 0.70

128 9.73  0.89 1.22 4.90 1.40 880 390 1.00

B 64 8.18 0.88 1.16 2.90 0.60 7.61 240 040

128 9.80 0.89 1.34 4.60 0.90 897 4.00 0.60

(h) t 64 432 098 744  59.70  40.10 16.55 42.80 26.80

128 457 098 85.85 100.00 100.00 98.84 99.80 99.50

8 64 442 098 7.07 58.60 37.80 16.14 39.30 22.50

128 4.65 0098 88.78  100.00 100.00 98.57 99.90 99.80

Table 5.4: Median of test statistic values and rejection rates of QAS\:;L at the 1% and 5% asymptotic level for
the processes (g) and (h), where ¢ and (3 indicate t19- and (3(6, 6)-distributed innovations, respectively. The
values for L and aTVE correspond to M = 1. All table entries are generated from 1000 repetitions.

It can be seen from the results in Table [5.4] that the proposed procedures perform roughly as expected.
First, under the null hypothesis for process (g) and for 7' = 64, levels tend to be conservative for all M. For
T = 128, levels are well adjusted for M/ = 1 and still decent for M = 5. Both t19 and 3(6, 6) variables tend
to be produce levels that differ only little from their Gaussian counterparts in Table Second, under the
alternative for process (h), powers align roughly as for the Gaussian case in Table[5.3] Comparing to Table[5.2]
it can be seen that for process (h), the chosen L are lower than in the Gaussian case. Overall, the simulation

results reveal that the estimation of the fourth-order spectrum does not lead to a marked decay in performance.

5.7 Application to annual temperature curves

To give an instructive data example, the proposed method was applied to annual temperature curves recorded
at several measuring stations across Australia over the last century and a half. The exact locations and lengths
of the functional time series are reported in Table [5.5] and the annual temperature profiles recorded at the
Gayndah station are displayed for illustration in the left panel of Figure To test whether these annual tem-
perature profiles constitute stationary functional time series or not, the proposed testing method was utilized,

using specifications similar to those in the simulation study. Focusing here on the eigenbased version, the test
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statistic Qg\?e in (3.6) was applied with L chosen according to (5.2) and h,,, = m form = 1,..., M, where
M =1and5.

The testing results are summarized in Table [5.5] It can be seen that stationarity is rejected in favor of the
alternative at the 1% significance level at all measuring stations for Qéj;) and for all but two measuring stations
for Qg?;), the exceptions being Melbourne and Sydney, where the test is rejected at the 5% level with a p-value
of 0.014, and Sydney, where the p-value is approximately 0.072. The clearest rejection of the null hypothesis
was found for the measuring station at Gunnedah Pool for both choices of M. The values of L chosen with
(5.2) range from 4 to 8 and are similar to the values observed in the simulation study. The right-hand side
of Figure [5.3]shows the decay of eigenvalues associated with the different measuring stations. Moreover, for
M =1 (M = 5) aTVE ranges from 0.762 (0.705) in Hobart to 0.882 (0.847) in Melbourne.

A(T) 3(T)

Station T L aTVE 1e L aTVE 56
Boulia 120 7 0.864 11.623 6 0.823 65.463
Robe 129 8 0.876 13.262 7 0.837 39.339
Cape Otway 149 5 0.844 35.382 4 0.798 75.876
Gayndah 117 6 0.840 14.638 5 0.792 55.967
Gunnedah 133 4 0.825 41.494 3 0.760 76.805
Hobart 121 5 0.762 20.405 4 0.705 38.288
Melbourne 158 8 0.882 5.274 7 0.847 54.879
Sydney 154 8 0.873 8.591 7 0.837 28.359

Table 5.5: Summary of results for eight Australian measuring stations. The column labeled T reports the
sample size, L gives the value chosen by (5.2), aTVE is the average total variation explained as used in this
criterion.
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TIQOWZIW
c o
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0.2
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Figure 5.3: Plot of annual temperature curves at Gayndah station (left) and of eigenvalue decay across different
measuring stations (right).
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6 Conclusions and future work

In this paper methodology for testing the stationarity of a functional time series is put forward. The tests are
based on frequency domain analysis and exploit that fDFTs at different canonical frequencies are uncorrelated
if and only if the underlying functional time series are stationary. The limit distribution of the quadratic form-
type test statistics has been determined under the null hypothesis as well as under the alternative of local
stationarity. Finite sample properties were highlighted in simulation experiments with various data generating
processes and an application to annual temperature profiles, where deviations from stationarity were detected.

The empirical results show promise for further applications to real data, but future research has to be
devoted to a further fine-tuning of the proposed method; for example, an automated selection of frequencies
hy, outside of the standard choice h,, = m for all m = 1,..., M. This can be approached through a more
refined analysis of the size of the various B;j;) in (3.3) whose real and imaginary part make up the vector BS\?
in the test statistics Qg\?

Another promising route of research is as follows. Figure[6.T|provides contour plots of squared modulus of
’y}T) for model (b) under the null and for models (d)—(f) under the alternative. The contours are obtained from
averaging (over the simulation runs) the aggregated contributions %T) and projecting these onto a Fourier
basis of dimension 15. It can be seen that the magnitude of the contours provides another indicator for how
easy or hard it may be to reject the null hypothesis. The top row in the figure is for the stationary DGP (b). For
any of the sample sizes considered, the magnitude across [0, 1]? remains small, as expected under the null. The
behavior under the alternative is markedly different, but the specifics depend on the type of alternative. For
the time-varying noise process (d), the contribution of non-stationarity is at the diagonal, with the magnitude
along this ridge depending on the sample size. For DGP (e), the form of non-stationarity creates very different
contours. The structural break process (f) induces non-stationarity in the contours in a similar way as DGP

(d), with most concentration occurring at the diagonal for all sample sizes. Any future refinement of the tests

will have to take these features into account.
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Figure 6.1: Contour plots of ’y%T) for L* for various sample sizes 1" and DGPs (b) and (d)—(f) (top to bottom).
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A A functional Cramér representation

Proof of Proposition[2.1] Let (X;: t € Z) be a zero-mean, Hg-valued stochastic process that is weakly
stationary. It has been shown (Panaretos & Tavakoli, 2013) that for processes with >, , [[Cp[[1 < oo,
there exists an isomorphic mapping between the subspaces s5p(X;: t € Z) of H and sp(el": t € Z) of
L3([~m, 7], B, ||Fwul|1dw). As a consequence, X admits the representation
us
X = f et 7 a.s. a.e., (A.1)
—T
where (Zx: A € (—m,7]) is a right-continuous, functional orthogonal-increment process. Conversely, for
any process with the above representation, orthogonality of the increments and Theorem S2.2 of van Delft &

Eichler| (2016) imply

vy

Cov(Xy, X.) — EU

—T

™M dZy, ®J eiS)‘QdZ)Q}
= f AT d\ = C,

showing that a process that admits representation (A.T])) must be weakly stationary. O

B Properties of functional cumulants

For random elements X1, ..., X in a Hilbert space H, the moment tensor of order k can be defined as

k
E[X1® - ®X;] = Z E[H<Xt,wzt>](1/}ll®”'®1/flk)7

ly,...lpeN t=1
where the elementary tensors (¢, ®---®y, : U1, ..., € N) form an orthonormal basis in the tensor product
space @?:1 H. The latter follows since (¢;: [ € N) is an orthornormal basis of the separable Hilbert space

H. Similarly, define the k-th order cumulant tensor by

k
cum (X, X)) = D cum( [ [CXw)) (0, @+ @), (B.1)

Iy,..15eN t=1

where the cumulants on the right hand side are as usual given by

cum (X1, ¢, ), - (X)) = ) (P 1)! HE[ H<Xt,¢zt>],

v=(V1,...,Vp) tevy
the summation extending over all unordered partitions v of {1,...,k}. The following is a generalization of

the product theorem for cumulants (Brillinger, (1981, Theorem 2.3.2).

Theorem B.1. Consider the tensor X; = ®3]’;1th for random elements X;; in H with j = 1,...,J; and
t=1,...,k Letv = {v1,...vp} be a partition of {1, .. ., k}. The joint cumulant tensor cam(X1, ..., Xy)
is given by

p
cum(Xy, ..., Xg) = Z Z chm(<th7thj>|(t>j) Eljn) Vry, ®"'®7/)7"th’

T11500TkJy v=(V1,...,vp) N=1
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where the summation extends over all indecomposable partitions v = (11, . .., V,) of the table

(17 1) U (17 Jl)
(k1) - (y J).-
Formally, abbreviate this by
cum(Xy, ..., Xk) = Z Sl,<®ﬁzl cum (X4 (¢, §) eun)),

V=(V17"'7VP)
where S, is the permutation that maps the components of the tensor back into the original order, that is,
S (@1 O jyer, Xtj) = X11® - ® Xp,.

Next, results for cumulants of the fDFT are stated under both stationarity and local stationarity regimes.

Lemma B.1 (Cumulants of the fDFT under stationarity). Ler (X;: t € Z) be a k-th order stationary
sequence taking values in Hy that satisfies Assumption The cumulant operator of the fDFT then satisfies

k/2—1 ,
cum(D‘(dT) o D(T)) — MA(Z&%)?

i Wiy Tk2 °T Wi gy

+ RT,k, (B.2)

where the function Ag,fj e for w = 0 mod 2, AE;J ) for k #£ 0 mod T and the remainder satisfies
| Rkl = O(TH/2).

The proof of this lemma can be found in |Panaretos & Tavakolil (2013)). To give the analog of Lemma
B.1|in the locally stationary case, a number of auxiliary statements must be derived first. Because of space
constraints, these statements and their proofs are relegated to the Online supplement. Lemma[ST.TJand Lemma
[ST.2] allow to derive the that the cumulant tensors of the local fDFT can be expressed in terms of the time-
varying spectral operator. At the Fourier frequencies, the time-varying spectral operator can in turn be shown
to possess a well-defined Fourier transform. The properties of the resulting Fourier coefficients make apparent
that the dependence structure of the local fDFT behaves in a very specific manner that is based on the distance
of the frequencies. The coefficients additionally provide an upper bound on the norm of the cumulant operator.

This is summarized in the next lemma, which is the locally stationary version of Lemma [B.1]

Lemma B.2 (Cumulants of the fDFT under local stationarity). Let (X, r:t < T,T € N) be a k-th order
locally stationary process in H satisfying Assumption The cumulant operator of the local fDFT satisfies

(T) )y (2m)FA! - Y b,
cum(D{),.... D)) = e > T/ iy, € =110+ Ry (B.3)
t=0

(271_)145/2—1~
= Tk/2—1 f7|~J'1+...+j11€;wj1 ..... ij71+Rk,T7

where |Ry.r|2 = O(T~*/2) and the operator

1
T o —i27su
Sts;wh ..... wjk71 - L Stu;wjl ..... wjk71 € du (B4)

denotes the s-th Fourier coefficient of I, and is Hilbert—Schmidt. for some constant C' > Q.

Wi Wik 1
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In case the process does not depend on u, we have F., e Wiy

maps any ¢ € L%([0,1]¥,C) to the origin for s # 0. The corollary below is a direct

= Op for s # 0. That is, the oper-

ator Fsu; ,.owin,_,

consequence of Lemma

Corollary B.1. If Assumption[d.3| holds with { = 2, then
C 1
i (T) (1) .
) Mewm(Ds- > Doy Me < iy © O(TW)’

(ii) sup Z ]H&"

SEZL

C Companion results for the test defined through (3.1)
Theorem C.1. Let Assumptiond.1|be satisfied with k = {2,4}. Then,
T Cov (R (b, 1), R (1, 1)

= T Cov (S’yg) (I1,1Y), %7](1T) (2, 1/2))

o

ll 12)9*(1 l )

)g’(l Jl2)

—W—Wh

(1/17l/
—w Wh w+wh
PICLRCYY

J )
(11,01) l l2)
\/g‘ 1, l 272

Sr(l’ 1) J\/gzl,zl A 1’2

dw
(l’l,l’l) gliz.l2)

—w—wh wW+whp

B ff T dwdw’), if hi = ha = h.
/\/?(ll 7l1 UJ wh ?(127l2)§'(4(0l2‘;’lw)h
if h1 # ha.
wr (112 1ot}
where T3 = (T (), 00, FOEED = (T pon (Y1) s Wiy ) and Yy = 1Py @ Yy Furthermore,

1
T Cov(Ry (11, 1), S (I, 1)) = 0<T>

uniformly in hy, ho € Z.

Theorem C.2. If the condition inf,, \{ > 0 is replaced with inf,,(F(¢)),1) > 0 for all 1) € Hc, then parts
(a) and (b) of Theorem{.3| are retained using

L

2 T
00 m = lim E
T—0
1,1 2 1 =1

TCov (R (1, 1), R (1o, 1)), m=1,..., M,

where the explicit form of the limit is given by Theorem|C.1|

Theorem C.3. Let Assumptiond.3|be satisfied with k = {2,4}. Then, forh =1, ...

=5l L

The covariance structure satisfies

T —1,

oeo(3)-of2) (3.

” ) 7127Tuh

E[\" (1

l/ l/ ) (C'l)
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1. T Cov(Ry" (11, 12), R (I3, lu)) =

1 S (T (T
1[221},12 (14) + Eﬁu?,m (14) + Eﬁll?hz(u) + Egl?hQ (L1)] + Rr,

2. T Cov(Ryy (I, 12), SYe- (I, la)) =

1 T (T =(T
4*1[221,)@ (L4) — Zgl?hQ (L4) + Egl?hg (La) — Eél?hQ(h)] + Rr,

3. T Cov(3y }(L N(l,12), S (Z)(l?nlzl)) =
1

(T (T (T
2 [Bhh 1) = 505, () = 40, (1) + B0, ()] + R,

where Eél)}m (1), Eg)hg (1), E,(E)hg (1), i,(i)hQ (l4) are defined in equations (S.5.1)—(S.5.4) of the Online
Supplement. and |Ry|2 = O(T71).

Theorem C.4. If the condition inf,, XY > 0 is replaced with inf,,(F(¢)), 1) > 0 for all 1) € Hc, then parts
(a) and (b) of Theorem|C.4|are retained using ¥ 4 defined through

L

11 . 1. (T (T (T =(T
20y = dim Y [0 @)+ S a0+ BT a2l ),
l1,l2,l3,l4=1
(12) S L ra(1) (T) (T) (1)
2y (mym') = lim > f[zhm,hm, (L) =%, p, Q) + 25 0 () =% 0 ()],
Llodada=1 =1
L
22 ) 1. (T (T (T =(T
S mm) = im0 S @) =S, @) =B @)+ 5, @),
L lodala=1

where Eg—:},h L (14), Egjh (L), Egn) n, (L), ig?}h (l4) are as in Theorem

D First and second order dependence structure
D.1 Under the null hypothesis of stationarity

Proof of Theoremd.2] Using Lemma[B.1] forh =1,...,7 — 1, and
@ y)(z,w) ={(z@2)w,y) =x®2,yQ@w)ns  x,y,z,we H,

where (-, -) 7 denotes the Hilbert-Schmidt inner product, the expectation of (3.2) is given by

E[VT (1 Z [ <?w”%h> s +O<T>} - O<\1FT>' D.1)

Additionally, Theorem implies that the covariance structure of the fDFT’s is given by

Cov(DN @D D@D | ) =com(dD, D) D) DI )

Wiy +hy’ ""12 Wig+ho Wip 7T Wik 7T Wi ) T Wiat+ho

+ S1324 (Cum(Dgl)7 D(,IBjQ) ® cum(D') D) )

Wi 4hy T Wig+hy
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T T
+ S1zs (cum(D), D) Y@ eum(DE) DY) ), (D2)

917 Wig+ho

where S;j; denotes the permutation operator on ®}_; LZ([0,1]) that permutes the components of a tensor
according to the permutation (1,2,3,4) — (4,7, k l) that is, Sz]kl(ﬂfl ® -®xy) = 2; ® - - ® ;. Denote
then the elementary tensor vy = ;@Y. Write D = (Dy (1) s 3’" = (F,(Yy), ;) and F ljf,fujj,&m =

(F, Wiy Wiy (Yrmr), Yim - Under the conditions of Theorem Lemma implies for the denominator in
(3.1) that

1 d gl a3 14) ( ) 1
(l1l2,l314 Who —Wh
Z < “’Jl’ w11+h1’_“’j2AT ’ 1 +O<T2)
i1,
+ 3_~(l1,l3)lA(wj1_wj2) +0 l gj(lQ,lzl) 7A(w11+h1_wj2+h2) +0 l
wio 7T T “Wirth 7T T
1

1 (wj; +w; ) Io.l 1 (—wj; +hy —Wjs) 1
(11,l4) j jo+h (l2,13) 3 j
+ [’fwjll VAT +O< ﬂ {S’_whm AVTRE +O( >D

For the statistic (3.2)) this structure becomes

T
1 w; w wj (Who —Why) 1
T Z <(T2) <i}""]177""ﬂ1+h17 Wiz (qb " ® ¢ ]2+h2) QS " ® gbl P >A e O(TQ)

Ji,g2=1

wj (wj; —wj 1
+ |:<3~wj1 ¢12J2’¢l1]1> A J1 J2) + 0(7

—W; —W, 1 wi —Wi 1
T):| |:<3~_‘”j1+h1 ¢l2 2t ) ¢l1 i >7A;“ it J2+h2) + 0 ():|

T
_ 1 . _
[<9_~w71¢ w12+h2’¢l1]1> A (Wjy +Wjn+hs) + O( )] [<(3_y~_wjl+h1 ¢ZJ27¢llel+hl> A —Wj1 +hy —Wjy) + O(T):|>
Using that the spectral density operator is self-adjoint and the projection basis are its eigenfunctions, it follows

(Faoy, (072), 8,700 = (B2, Ty, (67)) = N7y 2 670 ).

The covariance strucure of the numerator of (3.2)) then reduces to

T
1 2 wj wj Wy ( —Why) 1
Z < ( )< W]17 Wj1+hy— Wi (¢ - ® ¢wj2+h2) d) . ® ¢lljl+h1 >A;h2 " + O(ﬁ)

T T2
Ji,J2=1
4 [ wh ZJZ,¢11]1> A wjl w]2) + O( ):| |:)\lle1+h1 <¢l*2wj2+h27¢lzwj1+h1>%A;‘:’j1+h1 *wj2+h2) + 0(11_1):|
w —w, w Wi, Fw; 1 —w; w; —Ww, 1 —w; —w; 1
. [ J1<¢ J2+}L2’¢ ]1> A;JI+ ]2+h2) + O(T)] [All J1+hl<¢l;2’¢l1 Jl+h1>TA§’ j1+h1 J2) + O(T)}

In case h1 # ho, the first line is of order O(Tﬁl). In the second and third line, it can be seen that the cross
terms will be of order O(7~!) uniformly in w;. The first product term in the second line will only be of order
O(1) if j3 = jo and j; + h1 = j2 + hg, while in the third line this requires j; = —js — he and jo = —j1 — hq.

It can then be derived that TCov(’y,(g) (11), fy,(l? (I3)) = O(T1) for hy # T — hy. Since

26O W) + 4D )

3?7;(5) () =5
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and

1
S (1) = o (7 (1) = e (),
it follows therefore
TCov () (11,3750 (12)) = O(T)

uniformly in hq, hs. All together, the above derivation yields
T Cov(Rry (1), Ry (I2)) = T Cov Sy (1), S50 (12))
T T T
= 5 Cov (v (1), 7, (12),

and thus Lipschitz-continuity and orthogonality of the eigenfunctions imply that the limiting covariance struc-
ture of (3.2) is given by
T Cov (R (1), Ry (12)) = T Cov (947 (1), S (12) )
w' 4w +
6[1,12 ff<?w —w— wh,—w ( ®¢) h) w ®¢?i Wh>dwdw/

— w'+wh
w/\l2w )\ W= wh)\l2 h

This completes the proof. O

D.2 Under the alternative hypothesis of local stationarity

Proof of Theorem{d.4} (i) In order to prove the first assertion of the theorem, introduce the bias-variance

|

decomposition

7O — E[50] + B[5] - Gul2] (D-3)
- E[ 5" — EfG 1] + [T - Gl

The cross terms cancel because E[<§LT) — E[@LT)],IE[Q"&T)] — Gw>H®H] and E[G’SJT) — E[Fy’]] = Og.
Now, by Lemma

T—1
1
Cum(Do(JT)yDg)) =7 Z Fiyrw + Bra = GD) + Ry,
=0

where | Rrall2 = O(T~!). Convolution of the cumulant tensor with the smoothing kernel and a subsequent
Taylor expansion give

T
[E[f}“(T)] = — Z Kp(w — wj)cum(Db(uT),D(_Tw)) =Gy + e,

where |, 7|2 = O(b? + (bT))~!. The interchange of summations is justified by Fubini’s Theorem, since

wl % fuwl2 < o0. Here, the error term (bT')~! follows from discretization of

the window function (see, for example, Lemma P5.1 of Brillinger, |1981). Note that the integral approximation
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in time direction does not change the error term because of Lipschitz continuity in u. Thus, the second term

in@satisﬁes
A(T) 1\?
E|EF — Gy, 21l=0(v*+ =) .

To bound the first term of the right-hand side in (D.3)), observe that, for w # w’,

1 T

27T
tt'=1

1 T
= 5 r et/T;t’—t(Ta T/)e

2rT Pt

_ Z Z cum t(f])l) —i(hw’)—it(w+w’) +RT,2
t 1|h|<T—t

cum(Xt(T) X(T)) —i(tw+t'w’)

cum (D) D( )) = p

3 !/ _ /3 /
it —t)w 1t(w+w)+€t7t/7T

T
Z Z Stt/T’hefi(hw/)fit(w+w/) +RT,27 (D4)
t=1 |n|<T—t

where Lemma [ST.1| was applied to obtain the second equality sign in combination with

T
1 1+ |t1 — t2| 1
lerllz = 5= > T I62it1~t2]2 = O 7
t1=1

by (@.3). Decompose the corresponding local autocovariance operator of as

1 /TAT=h o / —1 T—[hl o )
= ( Z Z et/T;he_l(hw )—it(w+w’) + Z Z et/T;he_l(hw )—it(w+w )> + RT,2- (D.5)
h=0 t=1 h=—T+1 t=1
Under Assumption[d.3]
1 T—-1T-h 1 T—1 _
i(hw')—it(w+w’) —it(w+w’)
o XX Gy e |3
h=0 t=1 h=0 ! t=1
T-1
< 5 2 IAE5| 1
Z Cyrlly < T
2nT h=0 heZ T
for some constant C. A similar derivation shows the same bound holds for the second term of (D.5). It

(T)

can therefore be concluded that ||cum(D,, T))|H2 = O(T1) uniformly in w # .0 < w,w’ < 7.

;+o(r)
<T2> :O@)'

The last equality follows since sup,, ., [|Fy/7w,—wwrll2 < 2y hy hgez 163:01,h0.05 12 = O(1) by Assumption

Furthermore, Lemma [B.T| and Minkowski’s Inequality yield

1 1T71
, S TmT ;}E%»w "

—w?

|eum(D(", D9, DY, D))

ks o K

(@3] Therefore the product theorem for cumulant tensors (Theorem [B.T)) implies that

D(_T) D(T) )

w/ ) (A)/

COV(IU(JT), I(, )) = cum(DU(JT), D(_j;),

w
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+ S1394 (cum(DU(JT), D( ) ) ® cum(D(_j;), Di?))

+ Si403 <cum(D(T), DfJ )) ® cum(D(_T) D(T),)>, (D.6)

w? —W

where S;ji,; denotes the permutation operator on ®§:1L(2C([0, 1]) that permutes the components of a tensor
according to the permutation (1 2,3,4) — (4,7, k, 1), thatis, Sjju (21 ® - @x4) = ;@ - - - @ 2. It is clear
from that H\COV(LS, ) 1T I, )|||2 O(T71) forw' # w,0 < w,w’ < 7, while for w’ = w it follows that

|Cov (157, 151) ), H'S1324<0um(D(T) pT ))®cum T) , DT )H‘

+ || 112 (crm(DS, D) @ cm(DE), D) )| + Rz = 0(1). @)

Furthermore,
X . or\2 T
COV(?L(UT)’?L(UT)) — <T> Z Kb(w_w_])Kb(w_(/Jj/)
.jv.j/::l
AS o
X T2< Z Fo/Tw, ®9t/T7_wje*1(t*t)(wj*wj/)
tt'=0
T-1 o
+ ) ?t/T,wj®3"t/T7_wjel<tt><wﬂ'+wﬂ>) + Ry, (D.8)
t.t/=0
Hence,
~ ~ |A(w.7'_wj’)|2
Jeova®. 3], < sl (7 ) 2 Koo — t0) Koo — o) 2T
o I | (“’J’+°’j’)|2 1
sl 13 (F ) > Kife - it ) S o (1)
j»j’zl
-0(5; (D.9)
bT .

Together with the equivalence of the Hilbert—Schmidt norm of the operator and the Lo—norm of its kernel, the

above implies then that the second term of (D.3) satisfies

BIG - ESDI) = [ Var(F0 (i’ - 0<1)
[0,1]2 bT

uniformly in w € [—, 7]. This establishes (i).

(i1) The second part of the proof proceeds along similar lines as Paparoditis| (2009). An application of

.

Minkowski’s inequality yields

-Gl < | 2

2w 1
Z Kb i — w]) {cum(D( ) (_73]) T Z ?t/T,Wj:|

7j=1 t=1
2

T
q
ijl

2 1
" Z Ky(wjr — wj)f Z [ fi/7; = Feyr]
m =1
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|G £ s -e0-1)g o
t=1 2

Markov’s inequality together with (i), which is not affected by the discretization of the integral, imply the first

term tends to zero. Since the spectral operator is Lipschitz continuous in w, the second term is bounded by
4 1
‘1 — J Kp(wy — w’)dw"]b[ = (1 + >O(b) = O(b).
— br
Finally, the third term is seen to be of order O((bT)~1). O

Proof of Theorem By Lemma the expectation of 7;(LT) (1,1") satisfies

T T—1 F(l)
gy Ly t/T.w; —itwp N (L !
E[’Yh (lvl)] B TZ {T Z (l/l’))l/Qe +O<T =0 h2+T )

L0 (0,
j=1L* =0 (GSJJ- )ij+h

forall h = 1,...,T — 1. Using then Lipschitz continuity of the spectral operators taking as basis the eigen-

functions of spectral density operator, expression (C.I) becomes

27 Jwtwh Jw\ ,—i2ruh
(T) (Fuwd; P )e 1y 1 1
E[’Yh 27T f f )\w)\‘ld+wh)1/2 dudw + O<T = O ﬁ + O T .

Note once more that

R 1) = 5 (0@ + 40 @) and 3900 = o (D)~ D)

Under the alternative, these are in fact correlated and four separate cases will have to be considered:
. T T 1 T T T T
() Cov(Rfy (), Rt (12) = 7| Cov (3 (1) ks (12)) + Cov (3 (1), 24 (12))

+ Cov (o (1), s (12)) + Cov (15 (1), 752 (12) .

(i) Cov(mﬁ?al),sﬁ?(h))— - Cov (3 (). 745 (1)) = Cov (3, (1), 73 (12)

+ Cov(of (1), s (12)) = Cov (95 (1), 3i2 (1) .

(iii) COV(%’Y}(:)(ll)ng’Yf(Z)(ZQ)) = [COV(’Y;(Z (1), )(12)) + Cov('n(f)(ll) ’Y;(L?(h))

= Cov (3, (1), 5, (1) = Cov (34 (). 5, (1) .

. 1 NON
(iv) Cov(S7y (1), 3953 (12)) = 7| Cov (24 (), 747 (12) = Cov (5 (1), 14y (1)

— Cov (3 11),7{ 12)) + Cov (5D (12),217 (1)) |

The expressions for the covariance structure of +/ TV,ST) and its conjugate can now be derived using Lemma

For example,

COV(<DWJ ’¢11]1 ><Dw31+h1 ’ ¢llj1+h1> <ij2’¢l;2 ><ij2+h2’¢l J2+h2>)
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T wj Wj 1 ~ —w; W 1
B [<gjj1_j2;wj1 ¢Z2J2 ’ ¢lljl> +0 <)] [<3~_j1_h1+j2+h2?_“’11+h1 ¢l2 e ) ¢l1 ]1+h1> O <T)]

—w ~ Wi —ws 1
[<EFJ1 +j2+ha;wj, ¢l2 stz ) ¢l J1> +0 ( >] |:<9:’7j17h17j2;7w‘7‘1+h1 ¢l2]2 ) ¢l1 “+h1> +0 (T)]

2w w; w w;
+ f@_hﬁhwp gy emy gy (B @ B7TT), 0 ® ¢ “*’”>+o< )

and therefore

Cov(\/f’yg)(ll) \/7’71(1?(52))

. 1 i 2 <3~—h1+h2,w]1 y—Wjy +hy Wiy (¢wj2 ® ¢W32+h2) ¢
N T ()\%1)\ ‘*’Jﬁhl)\ Wig )\“’12+h2)1/2

Wiy ® ¢;‘iﬂ'1+h1 >

J1,J2=1
~ ws —Wj5+h —Wji+h
<3rjrj2;wj1 ¢l;2v¢lljl><rf—31 h1+J2+h27_w31+h1¢l2 2 2’¢ll T

Wi1 y ~Witthy y TWig yWia+ha\1/2
(AT AL A ALY

~Wig+h wj it wj —Wji +h
<9j]1 +]2+h2ijl ¢l2 e ) ¢l1]1 ><5F_jl_h1 _j2§_wj1 +hy ¢l2j2 ) ¢l1 S >

()\‘l*’n /\_“’J1+h1 )\_wm /\"J12+h2 )1/2
1

~ w —Wjo+h —Wj, +h
L0 l <3:j1 jz;wj1¢l2]27¢lljl> <5t_jl_hl+j2+h2§_wj1+hl¢l2 2 27¢ll T
T ()\wﬂl )\ “’72)1/2 ()‘l Wi +hy )\"J12+h2)1/2
1

Wiothy W ~ w Wit +h
i <?J1+]2+h2,w31¢12 2 2a¢ ]1> " <?*j1*h1*j2;*wj1+h1¢l;27¢ll " 1>:| n 1 >}

()\Zn )\‘l*;:whz )1/2 ()\ll%ﬁhl A\, 2 )1/2 T2
The more general expressions are provided in the Online Supplement. O

E Weak convergence

The proof of the distributional properties of A(T) as stated in Theorem and are established in this
section. The proof consists of a few steps. First, we derive the properties of v(T), i.e., in which the spectral
density operators and the corresponding eigenelements are known. For this, we investigate the distributional

properties of the operator

T
Z D@D h=1,..T-1 (E.1)

Wi+h

Given appropriate rates of the bandwidths, replacing the denominator of (3.1) with, respectively, consistent
estimates of the spectral density operators and its eigenvalues will follow from theorems 4.1 and 4.5] The
proofs of these theorems can be found in the Online Supplement. For the empirical counterpart of (3.2), it
then remains to show that we can replace the projection basis with the sample versions of the eigenfunctions.

In particular, we shall below that

T

Z D(T SJYJZM(Z);U]T w;+h>HS Z <D T) ®D 7¢ w]+h>HS



E.1 Weak convergence on the function space

To demonstrate weak convergence of (E.TJ), we shall make use of a result (Cremers & Kadelkal [1986)), which
considerably simplifies the verification of the usual tightness condition often invoked in weak convergence
proofs. In particular, the following lemma indicates that weak convergence of the functional process will
almost directly follow from the weak convergence of the finite dimensional distributions once it is weakly

tight in the following sense.

Lemma E.1. Let (7, A, 1) be a measure space, let (B, | - |) be a Banach space, and let X = (X, : n € N)

be a sequence of random elements in L, (.7, 1) such that
(i) the finite-dimensional distributions of X converge weakly to those of a random element X in L',( T, p);
(i) lim sup E[| X, 7] < E[| Xo|[Z]-
n—a0
Then, X converges weakly to Xo in L', (T, ).

To apply it in the present context, consider the sequence (E}(LT) : T € N) of random elements in L?([0,1]2, C),
forh =1,...,T — 1 defined through

B =T (0~ B[0}"]).

For 1y = 1; ® 1] an orthonormal basis of L%([0, 1]2,C), we can represent the process as

o0
E;(LT) = Z <E}(LT)a¢ll’>¢ll’
=1

from which it is easily seen the finite-dimensional distributions of the basis coefficients provide a complete
characterization of the distributional properties of E’}(IT). Thus, weak convergence of (<E,ST), Py y: L1 € N)
in the sequence space E%: will imply weak convergence of the process (E}lT) : T € N). To formalize this, we

put the functional E}(LT) in duality with (E,(LT))* e L*([0,1]?,C)" through the pairing

B (g) = (B 6

for all € L%([0,1]2,C)*. The conditions of Lemma can now be verified. For the first, the following
theorem establishes that the finite-dimensional distributions converge weakly to a Gaussian process both under

the null and the alternative.

Theorem E.1. Under Assumptionor Assumption foralll;lie N, h; =1,.... T —1i=1,...,k
and k = 3,

cum (B (W,1,), - By () =o(1) (T = o).
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Its proof can be found in Section [S3]of the Online Supplement. The second condition of Lemma [E.T| will
be satisfied if

0

H 2 ’E T) (Yw) ] - Z E[|En(vuw)

—1 LI'=1

N=E[|E]}] (T—o), (€2

with Ej, denoting the limiting process. Using Theorem (E.I)) and (E.2) weak convergence of the functional

process can now be determined, distinguishing between the real and imaginary parts.

Theorem E.2 (Weak convergence under the null). Let (X;: t € Z) be a stochastic process taking values in
Hy, satisfying Assumptiond. I\with ¢ = 2. Then,

(%E(T)voE(T) =1, k) B R T i =1, k), (E.3)

where Ry, , I, h1, he € {1,...,T—1}, are jointly Gaussian elements in L*([0, 1], C) with means E[Ry,, ()] =

E[Jp, (Yyr)] = 0 and covariances

Cov (Rny (P1,11) Ry (111 ) (E4)
=Cov (Tn, (Yu,11)s Ins (V111)
1 21
= Z <970J<wl2)7 ¢11><?—w—wh (¢l§)7¢ll>dw (ES)
T Jo

1 21
+E <9:w(wl’2)7wl1><?—w—wh(wlz)7wl’1>dw
0

1 2m 2w

* E 0 <SFW:_W—wh,—w'(wlzl/2>ﬂ 77/1111'1> dwdw/

forall hy = he and 11,1}, 12,1}, and 0 otherwise. In addition,

Cov(Rn, (Y1y17), Iny (Y11)) = 0

uniformly in hy, ha and 14,1}, 12, 1.

Proof. The covariance structure is the more general version of Theorem[4.2]as derived in Appendix [D.T|while
the convergence of the finite—dimensional distributions from Theorem [E.1] It then remains to verify that the

condition (ii) of Lemma is satisfied. This follows from the covariance structure since

E[

A(T) |2 (T T
B3] = J[O - Var(E\7 (7, 7)) drdr’ < T||Var(w") |3 = 2| Var(Ry) 3.
This completes the proof. 0

Under the alternative, a similar result is obtained.

Theorem E.3 (Weak convergence under the alternative). Ler (X;: t € Z) be a stochastic process taking
values in Hy satisfying Assumptiond.3|with { = 2. Then,

RED,SE i =1, k) S (Rug Tt i = 1, k), (E.6)
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where Ry, , I, h1, ha € {1,...,T—1}, are jointly Gaussian elements in L*([0, 1], C) with means E[Ry,, ()] =

E[In, (Yur)] = 0 and covariance structure

1. Cov(Ry, (wlll’l)aIha (7/1121’2)) =

1 , N _
Z[Thl,hz (D, 101) + Tho o D1y 151) + Ty (V1 1011) + Ty (g2 111)]

2. COV(.r.Rhl (1/}[1[’1 )7 jhz (¢12l§)> =

1

E[Thlyhz (Dt 1) = Ty s Vit 101) + Ty (D12 100) = T s (V1 150

3. COV(jhl (wlllll)’ th (djlzl/z)) =

1 . N _

Z[Thhhz (Dt 151) = T o Vi, 10) = T s (V1 1011) + T s V307 1001 ]
forall hy, hy and 11,119, 15, and where Yy, hyy Yy hos Thyong and Ty, p, are given in (S&3)—(S4.7).
Proof. The covariance structure is fully derived in the Online Supplement while the convergence of the finite—
dimensional distributions follows again from Theorem[E.I] Condition (ii) of Lemma [E.T]is satisfied since

B[|E)] - |

o Var(E,(IT)(T, T’))deT' < THVar(w}(LT))Hg = HVar(th)H% + HVar(Jh)H%,

which completes the proof. O

E.2 Replace projection basis with estimates

We now focus on replacing the projection basis with estimates of the eigenfunctions of the spectral density
operators. It can be shown (Mas & Menneteau, [2003)) that for appropriate rates of the bandwidth b for which
the estimated spectral density operator is a consistent estimator of the true spectral density operator, the cor-
responding estimated eigenprojectors [ = gfglw ® gfglw are consistent for the eigenprojectors II}’.. However,
the estimated eigenfunctions are not unique and are only identified up to rotation on the unit circle. In order
to show that replacing the eigenfunctions with estimates does not affect the limiting distribution, we therefore
first have to consider the issue of rotation. More specifically, when we estimate gb;uj , a version 2;@?)7‘7 where
%, € C with modulus |%;| = 1 is obtained. We can therefore not guarantee that an estimated version é'l(%fJT is
close to the true eigenfunction qgfj It is therefore essential that our test statistic is invariant to this rotation.

To show this, write
. AR T—A
\Ijh(l7 j) = <‘Dc(ujj—‘)7 ¢7J ><D"("J-3-h7 ¢7J]+h>
and let W(h, L) = vec(¥(l, j)) for the stacked vector of dimension L(T — h) x 1, then (3.5)) can be written

as
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Let us then construct the matrix

Zi =
4
and the block diagonal matrix ZfT = diag(Z% : 7 =1,...,T) and additionally the kronecker product
Z(h,L)=z;" "o z1".

This object is then of dimension L(7 —h) x L(T' — h) and is diagonal with elements 2{§{+h, l=1,...,L;j =

1,...,T — h. If we rotate the eigenfunctions on the unit circle, we obtain a version
5T
B = T Z(h, L)®(h, L),

in which case we can write

VT2p by =vVT(RBD ... 380,380, ... 36)

har?

where the block diagonal matrix is given by
21, = diag(RZ(hy, L), ..., RZ(hpns, L), SZ(h1,L),...SZ(hy, L))"
However this rotation then also implies that )y M becomes Z, Mﬁ] MZI’ s and therefore
A(T)

. X . )
T(bg\;))T(ZL,M)T[ZLMEMZ,L’MT] ZL,Mbﬁ\?z @

showing our statistic does not depend on rotation of the estimated eigenfunctions. In the rest of the proof, we

. Tw; W, . . . . ~j —Jj+h
can therefore focus on estimates ¢, éﬁ“h and ¢, %Th and ignore their respective unknown rotations zlJ and z?

Given the estimates of the spectral density operators are consistent, note that the consistency of the esti-

mated eigenprojectors together with continuity of the tensor product imply that
= P
sup |17, — )13 0 T — oo, (E.7)
w

where the projectors are given by I}, := qﬁfj ® qbfj *"_In the previous section, we moreover showed

Using Portmanteau’s Theorem, this means there exists a large Mj s.t.

: RS (T)
timsup P (| - %0000, . > Ms) <B(|Jwg" ||, > Ms) <5.6>0.
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The Cauchy-Schwarz inequality and the definition of the Hilbert-Schmidt inner product yield

T
limsupP(‘\/lT Z <ng) wﬁh,ﬁb ®¢wg+h o)’ ®¢1J+h>Hs’ > e)
j=1

T—o0

T
<1imsupﬂ”(f f | Z )DL (b (Db () = 6 ()67 (7)) |drdr’ > )

T—o0 j=1
and using (E.7)

. n Tw w,

<timsupP(sup |97 © 7% — oF © 67" ol| = f Z ® D), [|, > )
T

<lim sup P(sup || 377 ® 3% — ¢ ® 6|2 > /My ) + lim supp(mi >, DD @ DD ||, = M;)

T—o0 w ) s T— o0 \/szl ] i+hlll2 =
<0+6

for every 6 > 0. Given the bandwidth condition (Assumption is satisfied, we therefore finally obtain

T T
1 " Twj p 1 T) Wy +h wj
mr Z ’¢ e ® ¢, J>HS - = Z <Do(u ’¢ TR, J>HS (E-8)
VT = VT o
as T — oo.
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Abstract

This supplement contains additional technical material necessary to complete the proofs of theorems
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Keywords: Frequency domain methods, Functional data analysis, Locally stationary processes, Spectral
analysis

MSC 2010: Primary: 62G99, 62H99, Secondary: 62M10, 62M15, 91B84

S1 Properties of functional cumulants under local stationarity

Lemma S1.1. Let Assumption[d.3|be satisfied and cyt, .. 1, _, as given in (@.6). Then,

k—

chm(Xt(lT)v o X(T) X(T)) T Cty Tty —tgest—1—tg

)

k-1
k tj —tg
< <T + J; ’ ’ T D bttt s =t 2

Proof of Lemma A.2. By linearity of the cumulant operation, consecutively taking differences leads, by equa-

2

tion (4.4) of the main paper and the triangle inequality, to

k
chm(Xt(lT)j . X(T)) — Cum(Xt(ltl/T)’ . X(tk/T)) H2 < KTH’%k;tl*tk:-wtkflftk HQ,

R ik Raiat 72
using part (i) of Assumption 4.3. By (4.4),

t;)T /) (5 — th) (b /Tt T
Xt(jj/ )_Xt(Jk/ ): JT Y;igj/ K/ )
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3Ruhr-Universitit Bochum, Fakultit fiir Mathematik, 44780 Bochum, Germany, email: Anne . vanDelft@rub.de

(S1.1)

45



Similarly,

t1/T t/T
chm(Xt(ll/ )7---7Xt( & )) = Cty /Tt —th st 1—t )
tk]
Z H’%k =gy slp—1— tkH27
which follows from part (iii) of Assumption 4.3 Minkowski’s inequality then implies the lemma. O

Lemma S1.2. Consider a sequence of functional processes (Xt(T) 1t < T,T € N) satisfying Assumption
with k = 2 and ¢ = 2. Then, this triangular array uniquely characterizes the time-varying local spectral

density operator

— Z Cune (S1.2)
heZ

which belongs to Sa(H). Its kernel satisfies

(i) sup,,, H%fu,w”Z < wfori=1,2,

(ii) sup,,,, |2
02
(”l) Supu,w Hm.fu,WHQ < .

Proof of Lemma A.3. Using Lemma A .2, it is straightforward to show that (X/: ¢t < T,T € N) uniquely

determines the time-varying spectral density operator, that is,
f |78 = Fuwlddw = o(1) (T — ). (S1.3)

Existence of the derivatives follow from the dominated convergence theorem and the product rule for differ-

entiation in Banach spaces (Nelson, [1969). ]

X(T))

123

Proof of Lemma A.4. The first line of (A.4) follows on replacing the cumulants cum(Xt(lT), cy Xt(xi)ﬂ
with ¢, 7ty 4y, tp_,—t, and Lemma A.2. The second line because the discretization of the integral is an
operation of order O(T~2).

By Assumption 4.3 (iv), the kernel of u +— %9’ satisfies

U e sWp g

The dominated convergence theorem therefore yields

f
Sup UsWT yee ey Wk —1
u 5” B

- 1
2 = (27_(_)14:—1

Z [ Fsts —tstioma —ti 2 < 0.
Lyt

Ly
U] 5eeeyWho—
au 1 k—1 2

sup < 0. (S1.4)

U,W1,...,WE—1

46



Finally, integration by parts for a periodic function in L?([0, 1]*) with existing n-th directional derivative in

u, yields
Hfs;w]‘l 7---7wjk_1 H2
0"~
= e B
52

TSR Ujw w; du| d
(—127‘(‘8)” 1 0 ( 127[.5) é’u“f 510 Wi 1( ) u T
1 i2rs(u—v) ° drdud
= [0,1]k+2 (27[-5)2716 au2fu Wiip oee Wi 1( )aUZfU?wj17“'ijk—1 (T) Tauav

0

02 02

(911,2 fu Wi e Wi g (T)ﬁfU;le,...,ij71 (7') dTdudv

82

<! f

< —

(271'8)2" [0,1]k+2
0?2
@u2f“‘*’11’ i1 aUwa“, Wik—1

S T Su ) s
(27-‘-8)271 ou 2 Wiy s Wiip )

where the Cauchy—Schwarz inequality was applied in the second-to-last equality. The interchange of integrals

dudv

is justified by Fubini’s theorem. Thus,

- 1 n Y
5 Moo € G 90 G| o619
and (A.6) follows from Assumption 4.3 (iv). ]

Proof of Corollary A.1. For completeness, we elaborate on part (ii) of the corollary. Note that

IFowllz < Sup 1Fuwllz <D
h

The p-harmonic series for p = 2 then yields

1 x?
SupZ 1 Fs; 2 (1 + 27r)43> < o0, (S1.6)
SEL
where the constant (27)~* follows from (S1.3)). O

S2 Error bound for the denominator of the test statistic

A bound needs to be obtained on the error resulting from the replacement of the unknown spectral operators

with consistent estimators. It will be sufficient to consider a bound on
VT (1) — A7 (1, 1)

for all 11,15 € N, where v(7) is defined in equation (3.1) of the main paper. Consider the function g(z) =

x_1/2, x > 0, and notice that

!

T
( )(lh lp) — ( (I1,13) = Z _w o [g(&"ﬂ;»h)&"fjﬁlﬁ)) — g(&’“(ljl,ll)ffffj’?g)]
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Given the assumption inf,(F,(v),1) > 0 for all ¢ € H is satisfied, continuity of the inner product implies

that for fixed [1, [ the mean value theorem may be applied to find
W, 1) — *”(zl, l2)

T
dg(z)
DU Iyl la,l Iyl lg,l
Z 1) _w]+h[ oz ’x_fr"(ll’“)é”(l?’li)(?&; 1)3'“(2 2) 3'“(1 1)3FL(UJ2+5)) 7

11,01) (U, 11,01) 4l 1,01) el .
where "f( b 1)3”5,]2;5) lies in between "f( b 1)3"5,]2;,3) and T 1)9505’;5). Because of uniform convergence of

’J"wj € So(H ) with respect to w, it follows that

T ngl)D(b)

(1) ~(T) _ 1 —Wj+h 1,0 (2,1 1,1 lo,l
VT, (k) =4, (1, 12)] = op<1>\T Z (?(h,h)?@j;)g 5 (FETE =G TE)).
J= Wji+h

(82.1)

With these preliminary results at hand, the first main theorems can be verified.

Proof of Theorems 4.1 and 4.5. In order to prove both theorems, partition (S2.1)) as follows

1(1,12) T i (ll)D@;;;;;zjg;%:i%)ﬁh]ﬁfgjl,ll)((%gffz) _ gﬂfﬁz))’ (S2.2)
5 (1, 12) - i D(ll)Dgallgzl;?ﬂégziji;iga)j+h]9S;ili)(g5gj},l1) B 90(};,11))7 (52.3)
0t =77 2 [D(>:<)()>>3 (B0t —RIFLTE), (s24)
() = i E[l]i ;S;Z?ZJ)S;L (E[FUFED] — gl glal), (S2.5)

The proof of both theorems are based on Corollary [S2.T|and Lemmas [S2.T{S2.4]below. These results together

with an application of the Cauchy—Schwarz inequality yield

1
i) |h|=0 <\/ﬁ+62>

1 b?
Op| — + — under Assumption 4.1,
. P (xf bT ﬁ) P
(i) |J2| = <
O ( + b2> under Assumption 4.3,
(@) ( > under Assumption 4.1,
(i) |J3] = 1
O, — under Assumption 4.3,
(VbT> d
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1
(0] <b2 + bT> under Assumption 4.1.

(iv) [J4] = 1
O VThH + > under Assumption 4.3.
< T P
Minkowski’s Inequality then gives the result. O

Corollary S2.1. Under Assumption 4.1

E[)FD - 3,)3] =0 <blT + b4> (T — ), (S2.6)
while, under Assumption 4.3,

B[S - o) - 0y +01) (T ) s27)
Proof. See|Panaretos & Tavakoli| (2013} Theorem 3.6) and Theorem 4.4, respectively. O

Lemma S2.1. Let (g; (L2, : J € Z) be a bounded sequence in C for all 11,1l € N such that inf; g(ll’m > 0.

Under Assumption 4.1 and under Assumption 4.3,

] - oq).

—th R EN S VA

T

Proof. Observe that

wj T Wjtn —wj+nl) > w;

T 2
Eﬂl Zg(ll,lQ)(D(ll)D(l2) _E[DL(UZJ)D(IQ) ])fr(ll,h) ]

T T
S g (p@pts) - p[pipt) 2 3 K(“J”>D<h> D)

wj T —With wj *”ﬁh])bT b Wi—g! Wi —j

2]
=1 J'=1

1 /27> d (I1,l2) d Wyt Wi, ) p (12) (1) ()
:T T Z 9jr.52 2 K b K b E[{(th 7“’]1+h_]E[DwJ1D7wj1+h])

Ji,j2=1 J1.h=1

xD(h) 11) . }{(D(ll) D(lz) [D(ll) D( 2) ])D(ll) D(ll) }]

“i1 -] wji*n —Wip T Wigth Wiz T Wig+h ih—ia “ia—ih

Expanding the expectation in terms of cumulants, one obtains the structure
E[(X —EX)Y][(W — EW)Z]
= E[XYWZ]| - EW|E[XYZ] - E[YWZ|E[X] + E|W]E|X]E[Y Z]
=cum(X,Y, W, Z) + cum(X,Y, W)cum(Z) + cum(X, W, Z)cum(Y)
+ cum(X, Y)cum(W, Z) + cum(X, W)cum(Y, Z) + cum(X, Z)cum(Y, W),

where X, Y, W, Z are products of random elements of H. Hence, by the product theorem for cumulants, only

those products of cumulants have to be considered that lead to indecomposable partitions of the matrix below
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or of any sub-matrix (with the same column structure) with the exception that (Y') or (Z) is allowed to be

decomposable but not within the same partition.

(x) o) p®

v) ol Dl
J1—J J1—J

(W) D(lll) 1 (E}l2l)+: (828)
—Wwj J2

(Z) Dgl) (ll)
Jb—3d2 J2—Jg

That is, the order of the error belonging to those partitions has to be investigated for which the cumulant terms
that contain an element of the sets {Dful jll), D ., }andof {D(ll) D(l2 .+ } also contain at least one element
from another set. Because the process has zero-mean, it suffices consider partitions for which m; > 2. By
Lemma A.1 of the main paper, a cumulant of order &k upscaled by order T" will be of order O(T' —k/ 2+1) under
Hyand O(T —k/ 2+2) under the alternative. This directly implies that only terms of the following form have to

be investigated:

> cumyCcumscumso, (S2.9)

()
9 T T § )
;(2;) Z Z K(‘*’;l)K(Wgz>cumgcum3cum2, (S2.10)
()

> cumsyCumsCUMyCUIMy. (S2.11)

110

from which it is also clear that (S2.9) and (S2.10) are at most going to be of order O(1) under the alternative

and of lower order under Hy. The term (S2.11)) could possibly of order O(T). Further analysis can therefore

be restricted to partitions of this form. As mentioned above, partitions in which a term contains an element

of the sets {th , D,w o } and of {D ﬁfj,j .} must contain at least one element from another set. It
follows that partitions in which m; = 2 for all 1 € {1,..., M}, without any restrictions on the summations,

are decomposable. We find the term of highest order is thus of the type
Lo mw(20) 5 “it J (12) (L2) (L) pi)
1,02 2 l 1 l
T Z gjmz (bT) 2 K<[)1>K( b2>cum(th+h, Dwfﬁh)cum(D,w].z,Dw;l)
Ji,j2=1 J1h=1
X cum(D(ll) D , Jeum (D by p) ) = sup g; (ll’ZZ)O(TTfl) =0(1)
Yir—i T Y4} Wib—ia Yig—il j ’

under the null of stationarity and under the alternative, where the error is uniform in w. The bound in case

of the alternative follows from Corollary A.1 of the main paper. The result follows since, by the positive

l17

definiteness of the spectral density operators, sup; | gj(- 12)| < oo forallly,ly € N. g
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Lemma S2.2. Let (g, (I,l2), : Jj € ) be a bounded sequence in C for all 1,13 € N such that inf;, ;, g

Then,

2
11,l2) ! :
Hf Z . ll D(—i) i+ _E[D‘Ejf'l)D(_i)jJ’h])‘ ] -

Proof. Notice that

T
EHl g (D p) g

T 4 Wi T T With wj
j=1
_ 1 () p( ) ) CORING 1) ry(2) )
(‘9117]2 w;l) 7wj1+hD72uj2 D£JJ22)+}7,:| - E[ng‘ll)wa]'1+h]E[D7(%Uj2 DCEJ]QQ)Jrh
Jm =1
_ 1 (Il h) ) ) p
(9]11]22 Cum D( 1) D_WJ +h’ D_sz D£J322)+h)+
J17 jo=1

cum(D 51 ), pt 1)j )cum(Dgf}] s

Under the null, this is therefore of the order O(T /T2 + 1/T)

T
0(1)

0.

(I2)

D)) +cum(DL, DB Jeum(D') D

alternative, by Corrolary A.1 of the main paper, the last term can be estimated by

1 d (11,l2) 1G(l1127l112)
T Z 91,52 T Wiy Wi +hs—

J1,J2=1

+ EF(ll’lz) (l2,l1)

Jitjethiws ¥ —ji—j2—

el w1
SUP|9]1’2|T Z <TG

Ji1,g2=1

35(11712) (I2,l1)

g:(lhll) 35(12712)

Wiy Ji—j2;wj; ¥ —Jj1+72;— Wiy +h

1
o)

(I3 12,11 12)
Wi1 Wi +hr Wiy

+ Sr(ll,ll) 9(124712)4

J1—J2;wWji1 T —J1+J2;— Wi +h

1
+ J1+je+hiws; ‘rf—jl—jz—h;—wjﬁh + O(T))

1,
< suplg® 2>|2( S ekt s o[ 1319053 +02m2¢u2) _ o),
J t

t1,t2,t3

for some constant C.

Lemma S2.3. Let (g(l1 12), : Jj € ) be a bounded sequence in C for all l1, 13 € N such that infy, ;,

Then,

(i)

()

j+h] (?c(f;’ll)?(b’b) — E[&"(ll,h)g‘(dlﬁli)]) H

under Assumption 4.1.

under Assumption 4.3.
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O< ! > under H.

under Hi.

= O(1/T), where is uniform over w. Under the

d

> 0.



Proof. Observe first that by the Cauchy—Schwarz inequality,

E[|J5(11,12)] < sup]g (11:02) ]E[Dgl)D(ZQ) 1l

i T TWith

D"

which follows because the term over which the supremum is taken is deterministic. In particular, it is of order

!

l ) l2,l l1,l l2,l
(8] X st - syt

O(T~1) under the null and O(h~2) under the alternative. To find a bound on

T
H Z ll l1)3I~ l2,l2) [gﬂ;h)gﬂﬁ%)])

we proceed similarly as in the proof of Lemma Observe that,

]

T
E['lT S (GG ale) _ gF )

J ]+

j=1

1/92:\2 Z T 4 wiy
() 33 TE(F)
Ju,g2=131,5%,55,5,=11=1

() I1) (I2) (l2) (1) (1) (l2) l2)

% E|:(ij1—j’1 ijﬁ—h ij1+iz JQD jb—i1—h E[D J1— ]1D i =d1 ijl-%—h—j’QDwJé 1= h])
l) () l2) (l2) (1) (1) (I2) (l2)

% (ijé*jz ijQ*jé Dw]’ﬁ;*jthD “ig+h—3} E[D J3*92D J2—i% ijflethJ'erhjﬁl])].

Write
E[(X —EX)][(Y — EY)] = cum(X,Y) — cum(X )cum(Y)

for products X, W of random elements of H. When expanding this in terms of cumulants, we only have to

consider those products of cumulants that lead to indecomposable partitions of the rows of the matrix below

) ni R s2.12)
Wik—jo T Yig—jh T Wil—ja—h T “is+h—j}

In order to satisfy this, in every partition there must be at least one term that contains both an element of X
and of Y. A similar reasoning as in the proof of [S2.T|indicates we will only have to consider partitions where
2<m; <4fori =1,..., M. In case of stationarity we only have to consider those with m; = 2 for all
i = 1,..., M. In both cases at least one restriction in terms of the summation must occur in order for the
partition to be decomposable. In particular, it can be verified that the partition of highest order is of the form

SORCIPINIES

]17]27]3»]4 1i=1

Wil —ja—h" Yis+h—j} Yith—gh Yib—j1—h

>Cum(ng> DI Jeum(D®) D)

) . . . .
1-34 7 Yik—io =i’ Yia—i}

x cum(D (l_l) DM )Cum(D(h) ,D(ll) )
J



_Tj1j2:1 o L ghadhdh=11=1 g =i T Ow“ itk \T

~(11,1h) l (11,01) l
X |::Tj1_j2_ji+jé;wj1—j, + O T>:| |::Tj2 —J1 .73+.717 ] —i + O(T>:|

1
T
1 2(l2,l2) 1 A(l1,h) 1 (l,0) 1 1
< 2,02 Lot _ ’ - f— -
< Cppsu sup | G2 |Tﬁ§1 T iase,_y O\ T F i, YO Ol 37 )
since |F R e 2 < Cljr —ja—ji + 75172 and | K (z/b) |« = O(1), where the bandwidth leads to

only b7 nonzero terms in the summation over j;. The same bound can be shown to hold under stationarity. As

before, the error is uniform with respect to w which follows again from Corollary A.1 of the main paper. [

Lemma S2.4. Let ( (1,l2), : j € Z) be a bounded sequence in C for all 11,15 € N such that inf;, ;, g(.ll’lz)

i > 0.

Then,

Wi+ Jj Wji+h

< Sl eI D ) o)

1
O <b + bT> under Assumption 4.1.

<\Fb2 + M) under Assumption 4.3.

Proof. First note that

) under Assumption 4.1.

(l2)p (12) —
‘ \f 2 D*wﬂh]
O(T) under Assumption 4.3.

Observe next that

E[é“(h,h)é’“(lz,h)] — gllh) g(la,l2)
Wi+h Wi

wj With

_ <27T>2 i K<%>K<%>E[D<m D) pl)  pla ] glhglal)
vT Pt b b Wi—j1 = Wir—i " With—ja T Wig—j—h wj Wj+h

= <27r>2 i K<("}31>K<WJ2> (cum(D(ll) D" Yeum(DW) D) )
0T) 5m \ P b o s 13 Doy

1
+ cum(fojlz. D(l?)ijih)cum(ngl) D) )) + O(b2 + )

g1’ Wig -3’ wj+h 2 bT

Here, it was used that E[|§"gj,1’ll) — H’g?’h)ﬂ < IE[|H§"% — Fu; 2o, I2llhr, |2 = O(b* + 1/bT) under Hy.

J

The same bound holds under the alternative, where J, is replaced with the integrated spectrum G,,. Under

the alternative, write
2r\? < wj wj (I1,12) (I1,12) (I1,12) (I1,12)
J1 J2 T\l1,l2 T (l1,l2 7(l1,l2 A(l1,l2
<bT> . Z K<b>K<b) (S:jQ_jl_h§wj—j1 g:j1+h—j2;wj1—j + Srh—jl—j2;wj—j1 g:j1+j2_h§wj1—j
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1 | , 1
+O<T>+O<b +bT> O(b +bT>

where Corollary A.1 of the main paper was applied and where we used that the bandwidth leads to only b7
nonzero terms in the summation. Under Hy, a similar argument shows that the term is of order O(b? + 1/bT).

The result now follows. O

S3 Convergence of finite-dimensional distributions

Theorem S3.1. Let Lemma A.1 be satisfied for some finite k > 3. Then, for all l;,1;' € N and h; € 7 with
i=1,...,k

1 T T
Wcum(w,gl)(whll/), e ,w;(%)(?/)zklk/)) =o(l) (T'—> ), (S3.1)
where wh (1/1”/) = <w,(LT), Yy and (Yyr 1,1 € N) an orthonormal basis of L*([0, 1], C)

Proof. The proof is given in three parts, the first of which provides the outset, the second gives the arguments
for the stationary case, while the third deals with the locally stationary situation.

(1) Preliminaries. Fix 71,79 € [0,1] and h = 1,...,T — 1. It will be shown that the finite-dimensional
distributions of (w,(LT) (11, 72): T € N) converge to a Gaussian distribution by proving that the higher order
cumulants of the terms /T’ w,(LT) (Yw) = VT <w,(lT),ww> vanish asymptotically. To formulate this, consider

an array of the form

(1,1) (1,2)
: : (S3.2)
(k,1) (k,2)
and let the value s = ¢4’ correspond to entry (i, 4’). For a partition P = { P}, ..., Py}, the elements of a set P,
will be denoted by s41, . .., S¢m, Where |P;| = my is the corresponding number of elements in P,. Associate
with entry s the frequency index j, = i = (—1)" ' (j; + hﬁ 1), Fourier frequency ), 27}]5 and the basis
function index v, = v = l?*i/l’-i/*1 fori = 1,...,kand i = 1,2. An application of the product theorem
for cumulants yields
Cum( Z pWph) . Z DD _wmhk)
s=1 Je=1
Z Zcum(ngz): seP)--- cum(DE\Zi) s € Pg),
J15edke B-p.
where the summation extends over all indecomposable partitions P = {Pi,..., Pg} of (§3.2). Because

X has zero-mean, the number of elements within each set must satisfy m, > 2. To ease notation, write

o) (1)
ijk <ijk , ¥y and

(?,57})9\].5 15 € Py) = {fyr,

Jq1o qu

Mq
:1’1/)’113(12./ >7
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noting that the latter quantity is well-defined. An application of Lemma A.1 of the main paper yields

Q
S [eum(DS?: s e py) (S3.3)

i.p. q=1

(2m) ™/ Vs Y 1
_ZH[ T2 (E?t/T)\“e 2s Js;SGPq)-l-O(quﬂ)}

i.p. q=1

where under the null 5

YTy, = 3"5\1;5). In the following, the proof is separated into the cases where the true

process is stationary and where it is locally stationary.

(2) Proof under stationarity. Recall that sup,, ||F. |2 < oo for all ¥ < k, and thus, by the

910 Wiy

Cauchy-Schwarz inequality, sup,, |3'~ /\js | <ooforse Pyand g =1,...,Q. Therefore,

Q
2 H cum(Dgf;z) 1 sePy)

i.p.q=1
(2m)mal2= 1K 1
ST o (305
i.p.q=1 sEP,
for some constants K7, ..., K¢ independent of T'. Due to the functions AT there are Q constraints if Q < k

or if Q = k and there exists h;, and h;, such that h;, # h;, forii,ia € {1,...,k}. On the other hand, if the
size of the partition is equal to k and h;, = h;, for all i1,i5 € {1,...,k}, there are () — 1 constraints. This

implies that

1
T’n/?cum< Z Dwn 7"-’j1+h re Z ijk w]k+hk>

]1 1 ]n—l
_ O(T—n/QTn—(Q—I)T—Qn/ZTQ)

_ O(T_n/2+1).

The cumulants of order £ > 3 will therefore tend to 0 as 7' — 0.

(3) Proof under local stationarity. Write (S3.3)) in terms of the Fourier coefficients as

1 S ! (vs)
T2 Z chum(D)\:s:squ)

Jiyenjk=11i.p. q=1
1 (2m)ma/2=l 1
- Tn/2 Z Z H [ Tmq/2—1 ?Zsjﬁ)\js PS5 € P) + O<qu/2>:|
J1yenje=1ip. q=1

Note that, by Corollary A.1 and the Cauchy—Schwarz inequality,

T
215 < sup X 195
j=1

JEZ =1

2 < o0, se Py,
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forallg =1,...,Q. If Q < korif Q = k and there are h;, and h;, such that h;, # h;, foriy,is € {1,...,k}
within the same set, then there is dependence on @ of the k& sums ji, . .., j,. On the other hand, if the size of
the partition is equal to k and h;, = h;, foralli1,i2 = 1, ..., k, then there are () — 1 constraints on ji, . . ., jn.

Thus, similar to the stationary case, it follows that the order is
O(T—k/QTk:—Q—i-lT—Qk‘/Q-i-Q) _ O(T_k/2+1),

hence giving the result. O

S4 Proofs under the alternative hypothesis of local stationarity

Completion of the proof of Theorem 4.6. To find the expressions for the covariance structure of \/Tv}(LT) and

its complex conjugate, use Theorem A.1 and Lemma A.2 of the main paper to write
(I2) I3) ry(la)
COV( D} )D*‘*’Jﬁrh ’D‘E’J'sz)D*“’szrhz)
_ 2T 2l bl 1) 1
o 73‘( hi+hoiwj) ,—wjy +hy ,—Wjs) +0 T2
(. la) H12,04) 1
fT|~J1 —j2;wj; ) O( )] [EF —j1—h1+j2+h2;—w;j; yry) T O(T)]

ll,l4) 127l3 1
- [?(]1+]2+h27w]1 < >:|[ —j1—h1—j2,~Wj; +hy) +O<T>]

Cov (VT (1, 1), VT (13, 1))

+

Thus,

T 9~(l1 l2,l3l4) g~(l1,l3) A(l2,l4)
_ l Z {27T (=hi+heiwj; , Wiy +hys—Wjs) + (J1—J2;w51)" (=j1—hi+ja+ha;—wj +hy)
B (l1,11) ((l2,d2)  ~(Us,ls) ~(lasla) (l1,01) (s ,13) (12,0 (la,la)
T Gma W (Goaiy ) GUs Y Gult) V2 (GGGl gl yie
(11,14) A(l2,13)

(J1+j2+hesws )Y (—j1—h1—j2,—wWj; +hy)

(G‘(Ul;l,ll)G(l4,l4) G(l2’12) G(ls,l3))1/2

Wigthy ¥ —Wji thy T~ Wiy

A(l1,13) 3?(12,14)
+ O(l[ (J1—3d25w;y ) + (=j1—h1+j2+ha2;—wj +ny)
T1,01) (s s Il Ia)l
Tlalalyye @, alyi))ve
g(l1,14) F(12,13)
(J1+J2+haw;;) SU( —j1—h1—j2, —W]1+h1)] 1)}
11,01) (sl 12,0 3,1 2 ) (
@el e @y, ate T
By Corollary A.1 (ii), this equals
T T T
= () = TCOV(%(L (1, 1), (13, 1)) (S4.1)

(l1,l2,l3,l4) (11,0 (12,1
Z 9 1,l2,03,l4 ( (I1,13) 35(2:‘4)

J1.J2 (J1—g25wjy )7 (=j1—hi+je+ho;—wj; +hy)
J17]2 1

F(11,14) F(12,13) 2£ A (11 12,13 14) )
* ‘rf(j1+j2+h2;wj1):}r(—j1—h1—j2,—wj1+h1) + T ?(_h1+h2§wj17_wjl+h17_wj2)
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o)

where {211 _ (gl glldo) allsds) Gllila) y=172 gimiary,

71,72 Wiy Wii+hy ' Wjg Wio+ho
;(n)hz (L) = TCOV(%S?)(h,lz) m) (S4.2)
I G AN
+ ?811{43')2—’12;%1)géljflhﬁjz;—wjﬁhl) + %ggl—lfiiisff;;le,—wj1+h1,w]-2))

1

+o<T>,
S (L) = T Cov ({7 (11, 1), 11 (1,1 43
Shihg (la) = OV(Wh (l1,12), 74, (I3, 14)) (S4.3)

Z 9 (I1,l2,13,l4) ( (I1,13) g_«(l2,l4)

! J1,J2 (=j1+i2;—wj; )™ (F1+hi—j2—hoswj +hy)
]1;]2

+ 35(11714) gr(lmls) + Zigr(h l2,l314) )

(=j1—j2—ha;—wj; ) (Githitioswi+ny) T 7 (hi—hoj—wj Wi +hq Wiy)

+0(7):

and
T T
S ) = T Cov (v (11, 1), 5 (13, 14)) (S4.4)
T
_ 1 (In,d205,00) 4-(11 ls) (12,14
T Z <9j17j2 g(*jl*j%*wjl)g:(jl+h1+j2+h2§wj1+h1)
Ji,g2=1
(l1,la) 7(l2,13) 2T 21y 12,03 1) )
+3d( ]1+]2+h27 le)?(]l+hl ]27w]1+h1) T:}d(hl+h2;7wj17wj1+h197wj2)
1
+0<T>.
This completes the proof. O

Similarly, we find for the covariance structure of Theorem [E.3}

T

1 - -
Thl,hQ (¢l1l/1 121/2) = jll_r,%o T Z (<ffj1 —J2;wiq ('(/}12), 1/}l1><gj—j1—h1 +j2+h2;—wj; +ny (¢lé)a wl/1>
J1,je=1

+ <§Fj1 +j2+h2iws, (wlé)v ¢l1><§*j1*h1 —J2,=Wj; +hy (%)7 wl’1>

2m ,~
+ ?<§(—h1+h2;wj1,—wjl+h1 ,—Wijs) (%Q l’2)7 ¢11,z'1 >> ; (845)
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T

. 1 8 -
Th17h2(1/}l1l’1 lzl’2) = lim T Z (<5Fj1+j2;wj1 (¢12)7/l/)ll><?7j17h17j27h2;7wj1+h1 (¢l§)a¢l’1>

T—00 .=
.]1»]2:1

+ <§tj1 —J2—haswj; (wlé)a wl1><9~7—j1—h1 +J2;—Wj; +hy (wzz), zﬁl’1>

2r -~
+ ?<5t(—h1—h2;wj1 =Wy iy Wis) (Tz[}lg l’Q)’ 1/111 A >) ) (846)
_ 1 & s -
Ty b (11 151) = Jm = Z (<g:_j1+j2§_wj1 (V12)s Y )T a4k — o —haswy, o, (D)5 1)
J1,J2=1

+ (T gy ooy, (W) V1 ) T thy ooy, o, (V) W)

2r ~
+ ?<3’~(h17h2;7w‘7‘1 ,wj1+hl ,UJj2) (¢l2 l/2 )7 wll lll >) (S47)
and
1 & - -
Ty ho (Vi1 11) = Yll—r}cl;o T Z (<3~*j17j2;7w]~1 (Y15, Y1 )T js kot haseog, o, (P1)5 V1)
J1,J2=1

+ (T jy st arhaimay, () Vi X F iy, o, (V1) P )
2~
+ ?<5F(h1 +ho;—wjq Wiy +ny —Wijsy) (wlg l’2)7 wll A >> (848)

S5 Results for the fourth-order spectrum

Using a basis expansion, the expectation of the fourth-order periodogram operator can be expressed in terms

the cumulants of the upscaled fDFTs. We have

1

(T) - 2 (1) (T) (T) (T)
E[[wh Wig »Wj3,wj4] - (27‘(’)3T (27TT) D“’h ® ijQ ® D""js ® D"-’j4
T
- (T) (T) (1) p(T) (T) p(T)
) (cum (ijl ey ij4) + cum (th , ijQ) & cum (ij3 ) ij4)
+ S1324(cum (Dgl), DO(JQ) ® cum (DO(Q, D&?ﬁ))
+ Stazs(eum (D), D)) @ cum (D), D)), (S5.1)

where Theorem has been applied to reach the second equality. Note that, due to the inclusion of the
function P, only those terms are to be considered for which the frequencies satisfy j4 = —j1 — j2 — j3 in such

a way that j; # j2 j1 # j3 and j2 # j3 and j; # j4. For such values not contained in a proper submanifold,
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the products of second-order cumulant tensors are at most of order O(7~2) in an L? sense under the null

hypothesis. Using Lemma[B.1] it follows that, under Hy,
T 1
—ol=)=0(=
(7)-°(z)

and hence asymptotically unbiased. Using a standard smoothing kernel argument and a subsequent Taylor

T 27

Wijp Wig Wiz Wiy (27T) T2 Wj1,WigHWis 9

B 0] -

expansion, the estimator (5.4) is readily shown to satisfy

1
ME[ ""J17"JJ27W137WJ4] N 9‘“]’1 Wi Wiz ”’2 - O<b4T * bi)

and hence

1
H‘E ff w,—w+wp,—w’ ,w’+w§ldew/ B JJEF‘U’w*‘*’h»wl"*’/*wadwdw/nb =0 <b4T + b‘21> :

Under the alternative, (S5.1) continues to hold. Again only those combinations of j,. .., j4 have to be
considered that are on the principal manifold but not on a proper submanifold. By Lemma B.2, the first term
of the decomposition in (S3.1) now yields the time-integrated fourth order spectral density operator plus an

error term
T-1
T (27(') —i k .
2 SFt/T;w- ewis o € Loty + R4,T )
(27T) T J1 Ja—1
t=0

where Ry = O(T~2) and hence multiplied by 7T leads to an error of O(T~1). Additionally, there are three

terms of the form

T /1 =2 |
(271’) (TQ Z gjt/T wj, & Hjt/T 0y, € e~ 1(t(wjy o)+t (Wiz+44))
t,t/ =

T 1 T 1
+ RQTT Z t/ijl —1t(w71+72) + RZTT Z t/TwJI —1t(w]3+14) + R2 TR2 T)

Note that ® only selects those terms for which the frequencies satisfy j4 = —j1 — j2 — j3 such that j; # jo
J1 # js and ja # j3. Let Z be a remainder element of Sy(H ). The second-order terms can be written as
T-1
o ! =t (w2 K74 2
(e 3 e, @O+ 22

Therefore, consider bounding their smoothed versions

3
Wi, + Qi1 Ok,
Z K( 1 ooy 4 %1_1 kl)@(akl,...,am)
khkz,ks 4

1 — 1 2%
F F., —i(t=t") (ary k)
((%)T tt’Z—O t/Tan, @It/ T, € Sy (27) |y + k|2 )
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Consider the leading term first. The double sum and nonnegativity of the smoothing kernels allows to derive

the upper bound
(2m)? Wir — Ok Wiy + 23:1 Ok 1w —i(t—t/
K4< s 7 ’)@(ak)i ?t/T, ® ?t/T, e i( )(ak1+k2)
(b4T)? kl% ks by by (2m)T téo o s 2
(27)? Wi — oy wi, + 23: Qg =1 (i
< 3 4 Z K4< = b ! P I b =1 )(I)(ak) Z € (=) Oék1+k2 |”3~t/T Ay ® 5'“t/Tyofkg |||2’
b4(T) k1,k2,k3 4 4 t,t'=0

but since submanifolds, i.e., k1 = ko, are not allowed via ®, the above can be bounded by

2w Wi, —« wi, + 33 Q. ! 2
sup m ” w|||2 (3 ) . Z K4 J1 ; k1 e J4 %1—1 z)q)(ak)’AgilkH—kz)
uw bi(T)" 1, ks 4 4

1 1
< <sup s"u,w|||%O<b4T)> = 0<b4Tz>‘

Now consider the two error terms. A change of variables gives

Wk Wi R
K( S 4)<I>(w'—ak) . .
( ol k1%7k3 ba ! |71 — k1 + j2 — ko|?

and by the p-harmonic series this is of order

wy wk4 L z
4( b4 )q)(wﬂ ak)|l|2

k2 ks,l

1
-o(s%)
9 by T
Therefore, a similar argument as under the null yields

1 2
H [JJ Wy, —w W+ dwdw'] — JJGW,—W'FWh,—w/,w/"FW;Ldew, , = O(M + b >

where Gy, 40, o o, is the time-integrated fourth-order spectral density operator acting on So(Hc).
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