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Abstract

Bayesian analysis is considered the optimal way of processing information. However, it
often leads to problems for decision-makers with constrained cognitive capacity. Modelling
such constrained capacity by finite automata, we answer two questions in the context of
Wald’s (1947) sequential analysis, namely in what environments is optimal Bayesian analysis
possible even with constraints; also, when it is not possible what simplifications in the
analysis enable us to obtain a satisfactory outcome. We identify two features of the simplified
analysis: information stickiness (ignoring information) and rule stickiness (ignoring small

differences in the environment).
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1 Introduction

Bayesian inference is generally considered as the optimal way to process information in
economic models. Even Tversky and Kahneman (1974), who examine systematic devia-
tions from Bayesian conclusions, consider such deviations as biases or “mistakes.” However,
Bayesian analysis can be too complicated to pursue successfully due to cognitive limitations.
For example, a court in England ruled out its use because it would introduce complications
of a computational nature and prevent proper consideration of important factors.! Indeed,
Simon (1956) suggests that “a great deal can be learned about rational decision making by
taking into account, at the outset, the limitations upon the capacities and complexity of the
organism, and by taking account of the fact that the environments to which it must adapt
possess properties that permit further simplification of its choice mechanisms.”

Following Simon’s suggestion, we examine Bayesian inference by imposing limitations on
the decision-maker’s capacity for information processing. We ask two questions. First, in
what environments can Bayesian learning be implemented by a boundedly-rational decision-
maker with a finite capacity to process information? Second, what are the characteristics of
the second-best procedures when Bayesian learning is infeasible? The aim of the first ques-
tion is to identify “simple” environments where Bayesian inference is appropriate for both
normative use and descriptive modelling. The goal of the second question is to distinguish
biases arising from constrained optimality against genuine “mistakes.” To match the finite
ability we impose on the decision-maker, we consider a classical model of Bayesian inference
that features an (essentially) finite stopping time.

Specifically, we study the Wald (1947) sequential sampling problem of hypothesis testing.
The decision-maker aims at matching her action with the unknown state of nature, either
High (H) or Low (L), based on a sequence of informative signals. The decision-maker has
to decide either to acquire more information, which is costly due to discounting, or to take
a terminal decision. For an unconstrained decision-maker, it is optimal to follow Bayes rule
to update beliefs and to take the terminal action only when she is sufficiently convinced of
the true state of nature. A positive cost of information acquisition implies that the learning
stops within finite time almost surely under the optimal rule.

We model imperfect information processing by restricting the decision-maker to use

strategies that can be implemented by a finite automaton.? This consists of finitely many

!The judge in R v Adams [1996], Royal Court of Justice, summarised that, “Quite apart from these
general objections, as the present case graphically demonstrates, to introduce Bayes theorem, or any similar
method, into a criminal trial plunges the jury into inappropriate and unnecessary realms of theory and
complexity deflecting them from their proper task.”

2This modelling approach has been recently carefully evaluated by Oprea (2020), and is supported by
Banovetz and Oprea (2020) with experimental evidence.



mental states, and a transition rule taking the process from a given state to another depend-
ing on the signal received in that period. The mental states are partitioned into updating
states and action states. The process unfolds as the decision-maker starts with an initial
state based on her prior belief, and, after observing a signal, decides which mental state
to go to (a decision that might involve randomized transition to several states). An action
state corresponds to a terminal action, and reaching one ends the process. This restriction
induces two properties. First, it limits the decision-maker’s capacity to store information.
Second, it limits her computational ability to update complicated posterior beliefs, as the

finiteness of the set of mental states implies a limited capacity to distinguish close numbers.

Main results

Most of our results can be illustrated with two signals, A and ¢, that move the posterior
toward states of nature H and L, respectively. We first identify two classes of “simple”
information structures (environments in Simon’s terminology) where Bayesian learning can
be implemented by (deterministic) finite automata. The first class consists of “models of
breakthroughs,” where one of the signals, say ¢, fully reveals state of nature L. The second
class consists of information structures where the log likelihood-ratios of the signals are
rational proportions of one another. Outside these two classes, however, we show that
Bayesian learning is generically infeasible, despite the finite nature of the Wald problem.

Our main results characterize the constrained optimal rule for a given memory constraint,
where the decision-maker is constrained to finite automata with no more than K updating
states. Our results highlight two behavioural biases under constrained optimality. The
first bias features lack of response to new information. In our framework this means that
informative signals do not trigger transition in mental states, or information stickiness. The
second implication is lack of flexibility to adopt new rules to changes in the information
structures, or rule stickiness. This second implication reveals the heuristic nature of the
constrained optimal rule induced by bounded rationality—a simple rule is optimal for a
range of complex environments.

Our first main result shows that information stickiness is a prominent feature in the
models of breakthroughs whenever the memory constraint binds. In this class of models,
since an (-signal fully reveals L, it leads to immediate action; in contrast, receiving an h
would gradually increase the posterior on H until it reaches the threshold for the other action.
A finite automaton can implement this rule if equipped with enough memory capacity, with
updating states ranked according to the corresponding posterior on H and an h-signal leading
to the next updating state until it is optimal to take the terminal action. However, for a

given number of updating states, K, the constraint becomes binding if the discount factor



is above a threshold. When it is binding, we fully characterize the constrained optimal rule,
which involves randomization in every period in which an h-signal is observed.

This result implies that constrained optimal rules feature information stickiness. Indeed,
randomization implies that all updating states are sticky: an informative signal (h) may not
trigger a transition, which results in inaccurate inferences and observable deviations from
standard Bayesian learning. Intuitively, the limited number of updating states prevents
the decision-maker from optimal learning, but randomization substitutes additional mental
states by delaying transition. In fact, randomization can be a very efficient substitute for
memory when the discount factor is high, and we show that a small automaton (with one
updating state only) using optimal randomization can guarantee a payoff arbitrarily close
to the first-best for sufficiently high discount factors. Moreover, this small randomized
automaton does better than a deterministic automaton with several more states. The key
insight here is that randomization is an effective substitute for complexity when limited
information storage capacity is pronounced.

Our second main result features optimal heuristics that process information by simple
cancellation rules, implying rule stickiness. In a symmetric situation, an h-signal moves the
posterior on H higher and an ¢ moves it lower but they are of similar strength. When the
strengths are exactly the same, a deterministic finite automaton can implement the uncon-
strained optimal rule: with updating states ranked according their corresponding posterior
on H, an h-signal pushes the updating state to the higher one while an f-signal pushes to
the lower one. Now, if the strengths of the two signals are not exactly the same but close,
the updating process becomes very complicated and no finite automaton can implement the
unconstrained optimal rule. Our main finding here is that when the relative strength of the
two signals is similar but is complex, the optimal finite automaton is deterministic and treats
the strengths of the two signals as exactly the same. In fact, we show that it is optimal to
stick to this simple cancellation rule even when larger automata are available.

We extend this rule-stickiness result to other simple cancellation rules. If the log likelihood-
ratio of one signal is a rational multiple of the other, then a similar cancellation idea still
works. For example, one high signal may cancel two low signals. If the cancellation is not
exact, we can use “approximate” probabilities to cancel out likelihood ratios that are close to
each other in a specific sense, and we extend the above rule-stickiness result to environments
near any signal structures that feature rational ratios. What constitutes a simple rule de-
pends on the underlying constraint, but a common key feature is that given the constraint,
the same heuristic rule is optimal for a range of complex environments. We also provide a
numerical example to illustrate that the range can be fairly wide.

The identified heuristic rule is reminiscent of Benjamin Franklin’s “decisional balance



sheet,”where he suggests listing pros and cons for a given choice and cancelling a pro with a
con if they are approximately of the same importance, or a pro with two cons if the weights
match.> With multiple signals, one with a low enough likelihood ratio (a small signal) is
ignored in the approximation, even though Bayesian analysis would take it into account,
and hence information stickiness also occurs. These results then demonstrate the optimality
of using imprecise or qualitative probabilities as heuristics to guide the behaviour, as our
decision-maker behaves as if she faces a simple environment where signals can be cancelled
with one another according to a simple rule, but in fact the precise inference in the true
environment requires complex computations.

Finally, our results speak to the less-is-more effect in psychology. Parpart, Jones and
Love (2018) note, for example, that we often “ignore a great deal of information in the
input data. One puzzle is why (such) heuristics can outperform full-information models,
such as linear regression, which make full use of the available information. These ‘less-is-
more’ effects, in which a relatively simpler model outperforms a more complex model, are
prevalent throughout cognitive science.”In the model of breakthroughs, a small stochastic
finite automaton out-performs large deterministic ones; in the more symmetric case, simple
cancellation rules outperform more complicated rules. Both results show the optimality of
simple rules implementable with small finite automata. However, constrained optimal rules
also feature biased beliefs in a formal sense. To describe such biases, we need to put our

model in the context of some previous literature, to which we turn next.

Methodological contributions and related literature

Piccione and Rubinstein (1997) pioneered the concept of modified multi-self consistency to
describe (biased) beliefs for games with imperfect recall, or imperfect memory. We extend
that concept in our context, which states that optimal transitions in a finite automaton of a
given size satisfies a form of “sequential rationality,” and characterize the corresponding “be-
liefs” associated with each updating state. This approach is also shared by Wilson (2014),*
who studies bounded memory in a model where the time horizon is exogenously determined
(albeit stochastically). Hence, the learning problem in Wilson (2014) is infinite in nature
and the unconstrained optimum is never implementable by finite automata. Wilson (2014)
also obtains information stickiness as a prominent feature of the constrained optimal rule,
and the beliefs are always biased.

In contrast, there are two classes of environments where unconstrained optimal rules can

3 A copy of Franklin’s letter to Joseph Priestley is at https://founders.archives.gov/documents/Franklin /01-
19-02-0200
4See also Kocer (2010).



be implemented by (deterministic) finite automata in our framework. In these benchmark
cases, the beliefs with respect to the modified multi-self consistency in fact coincide with the
ones obtained by Bayes’ rule. Once we deviate from these simple environments, however,
constrained optimal rules feature biased beliefs. In the model of breakthroughs, the bias
comes from randomization. In the class where the decisional balance sheet is optimal, the
constrained optimal rule is deterministic, but beliefs are biased because the heuristic rule
applies wrong cancellation rules, despite its constrained optimality.

However, these beliefs, together with modified multiself consistency, allow for a novel
technique to obtain our results. For the model of breakthroughs, it allows us to fully char-
acterize the constrained optimal rule for any given number of updating states. To our
knowledge, this is the first result with a closed-form solution for any constraint in a class of
information structures. For the rule-stickiness result, we need to demonstrate the optimality
of a deterministic rule, and the difficulty is to rule out any deviation by randomization. The
modified multiself consistency provides a necessary condition to rule them out: randomiza-
tion is optimal only if the decision-maker is indifferent (according to the associated beliefs)
between two updating states. Thus, to demonstrate that randomization plays no role when
the relative strengths of the signals are close to a rational proportion, we show that the
optimal finite automaton always features strict preference for transition in the benchmark
simple environment and remains so in nearby environments. To our knowledge, ours is the
first to show this heuristic feature of the constrained optimal rule, and this can only happen
when the constrained optimal rule is deterministic.

This paper is also related to a growing literature that introduces frictions in information
processing to explain behavioural biases. Salant (2011) rationalizes another well-known
heuristic rule, the satisficing criterion, with state-complexity in a model with finite automata.
Compte and Postlewaite (2012) explore heuristics and how these lead to numerical beliefs,
focusing on an explanation of beliefs that takes into account only extreme evidence, much
like the example in Wilson (2014)’s framework with high discount factors. In contrast, our
heuristics are based on qualitative probabilities. Another friction in the literature is bounded
recall, a special case of a finite state automaton.® In this strand of work, Jehiel and Steiner
(2019) consider an inference problem with endogenous termination, but focus mainly on
the case with memory of one where the decision-maker takes an observation and decides

to act or to discard the observation and take another one. The main result is a necessary

SKuhn (1953) already discusses memory in extensive form games with the notion of (im)perfect recall,
and Piccione and Rubinstein (1997) point out the benefit of randomization under imperfect recall. More
recently, people have studied bounded recall in repeated games, e.g., Barlo, Carmona and Sabourian (2009)
on folk theorems with a memory of one and later more general bounded recall. There are also models that
use finite automata in repeated games where randomization occurs in equilibrium, e.g., Ben Porath (1993).



condition for optimal randomization called “second-thought freeness,” which is similar to the
indifference condition implied by multi-self consistency. In contrast, we tackle the optimality
of randomization under a general complexity constraint, and the relationship of the optimal

complexity of an automaton to the discount factor.

2 The model

The model is based on the classical sequential hypothesis testing problem of Wald (1947).
Consider a decision-maker (DM) who faces a decision problem as follows. There are two
states of nature, # € © = {H, L}, and the prior probability over § = H is Po(H) = 7y and
over § = L is Po(L) = 1 — my. The DM has to choose from two actions, a € A = {a®,a"},

to match the state of nature, with the utility function

u(a®, H) = u(>0), u(a®,L)=0, (1)
0. (2)

The state of nature, however, is not observable to the DM. Instead, the DM can observe a
sequence of signals, and the sequence is i.i.d. conditional on the state. The set of possible
realizations at each date is denoted by signal x from a finite set X, which are i.i.d., conditional
on 6, across time. Conditional on state of nature 6, * € X occurs with probability /.
Learning, however, is costly, and the DM discounts the future with discount factor § € (0, 1).
Thus, if the DM takes an action in period 0 without seeing any signals, then her payoft is
not discounted. Otherwise, she can choose to see one signal at period 1 (continue), and if
she makes a decision in the end at period 1, her payoff is discounted by §. Of course, she
can choose to continue in period 2 as well, and so on. For learning to have some value, we
assume

p k> 1> pf/uk for some z, 7" € X. (3)

Let X* = (J;2, X" denote the set of all partial histories of signal realizations, and let ()
denote the empty history. A typical non-empty partial history is denoted by x = (z1, ..., 7),
where x, € X, s = 1,..,t. We use x C y to denote the fact that x is an initial segment
of y (strict inequality means the two are not equal). A decision rule is then a function
f:X* = {a¥,al, c}, where ¢ denotes continue. With no loss of generality, we assume that
if f(x) # ¢, then f(x) = f(y) for all y C x such that f(y) # ¢ and f(x) = f(z) for all

z such that x C z. Given a decision rule and a prior Py, the associated expected payoff is



given by

U(f) =Y _Po(0) > {

0cO xeXt,t=0,1,2,..

H,ufcs] sl f(x) =da f(y) =cforally C x} . (4)

Note that if f(0)) # ¢, then the DM’s payoff is not discounted. The following proposition
characterizes the optimal decision rules when there is no memory constraint. We use 7 to

denote a generic posterior after some observations of signals.

Proposition 2.1. Assume (3). There are two thresholds, @ and m such that the optimal
decision rule is to take af! for posteriors m > ®, take a® for m < m, and take ¢ for w €
(w, 7). Moreover, the threshold T strictly increases with § while m strictly decreases, with

lims 1 7(0) = 1 and lims_,; w(9) = 0.

To calculate the posterior, it is in fact more convenient to work with log likelihood-ratios.

For any posterior, 7 € (0,1), as probability over H, define
re =In[r/(1 — 7).

Then, for any given interim posterior 7, the log likelihood-ratio of the posterior, denoted by

7', after the partial history of signal realizations, x = (z1, ..., z;) is then

t

T'nt =Tx + Z T:BS =Tr + Tx, (5)

s=1

where 7, = 3.0, 7,., and r, = In(p/uL) for each x € X. Thus, 7y is the sum of the log

likelihood-ratios of signals from the partial history x.

3 Finite automata and multi-self consistency

To model bounded rationality, we focus on decision rules that can be implemented with fi-
nite automata. We consider two classes of finite automata: deterministic ones and stochastic
ones. Note that since the unconstrained optimal rule identified in Proposition 2.1 involves
no randomization, we only need to consider the first class to determine whether the uncon-
strained optimal rule can be implemented by a finite automaton. The second class, however,
is relevant when Bayesian learning is infeasible.

Given the set of signals, X, a deterministic finite-state automaton, abbreviated as DFSA |

M = (Q,,q°), consists of the following objects: a finite set of updating states @, a transition



function 7 : Q@ x X — QU {qu, qr}, where gy ¢ Q is an action state, corresponding to taking
action a’, § = H,L (and the game is terminated whenever an action state is reached),
and an initial state ¢° € Q U {qu,qr}. Given M, we can extend the transition function
7 to all partial histories (z1,...,2;) € X* by introducing another function Ay, that maps
partial histories in X* to @ U {qy,qr}, with the obvious restriction that once it maps to
an action state the function stops there, defined by induction as follows: Ay (0) = ¢°; given
A (o1, @1) = @1 € Q,

A (21, o) = T(qeo1, ) (6)

We say that a decision rule f can be implemented with the DFSA M if for all x € X*,

Av(x) € @ whenever f(x) = ¢; (7)

Mr(x) = gp whenever f(x) = a’ and this is the first time along x for this to happen.

We focus on the DM with a constraint on the number of updating states in the finite
automaton. In particular, we assume that only finite automata with fewer than K updating
states are feasible. When the constraint, K, is binding, the insight from the literature is
that randomization can be optimal (e.g., Hellman and Cover (1971) and Wilson (2014), in a
different context). Accordingly, we introduce stochastic finite-state automata (SFSA), and
allow for randomization in the finite automata used to implement the decision rules. We use
7(q, x; ¢') to denote the transition probability, from updating state ¢ € Q to ¢’ € QU{qnu, qr},
after receiving signal x.% Note that DFSA is also a SFSA.

We first characterize the optimal SFSA for a given K by some necessary conditions. The
key state variable in the unconstrained optimal rule in Proposition 2.1 is the posterior belief
that is updated according to the signals received. Following the methodology in Wilson
(2014), our necessary conditions also characterize a “belief” for each updating state in the
optimal SFSA, based on modified multi-self consistency according to Piccione and Rubinstein
(1997).

Consider an optimal SFSA, M, under the constraint |Q] < K. We begin with implications
of optimality for action states. Given a state of nature 6 and the action state gy, the expected

payoff accumulated from gy conditional on 6 (adding together discounted payoffs for all paths

6Tt is without loss of generality to assume that no randomization occurs when taking the final action, a
result noted in Kalai and Solan (2003).



from the initial state to gg) is then given by P(gg|0)u’, where for any ¢ € Q U {qs, q.},

P(glf) = Lgmge +6 > pl7(¢% 250) +0° > pl (0% w0 )l 7(qn, 725 q)

z1€X z1,72€X,q1€Q

+0° Z 18 7(q%, @y @), (g1, w23 @) 11, (g2, 233 G) + -

z1,72,73€X,91,92€Q

(8)

and where for any ¢ € @, 1po—, = 1 if ¢ = ¢° and = 0 otherwise. When ¢ = gy, the
quantity P(gg|f) has a natural interpretation: if § were equal to one, then it would be the
total probability that the SFSA M reaches ¢y; but since § < 1, the time when M reaches
qo and takes action a’ matters for the expected payoffs and in P(gg|6) they are discounted
accordingly. If M is optimal and if P(gg|@) > 0, then it follows that, for 6" # 0,

Py (0)P(qol0)u’ > Po(0')P(gol6)u”, (9)

for otherwise one can use action a’

" at gy to obtain higher expected payoffs. Now, (9) is
a form of “sequential rationality,” which states that conditional upon reaching the action
state ¢y, the action chosen must be optimal according to some beliefs. In this case the log

likelihood-ratio of such belief at gy would be given by

_ o [Po(H)P(ge|H)] P(qs|H)
r(ge) = In [ Py ()P (6| L) } =75 +1n {—P(CML)] ) (10)

Our concept of modified multi-self consistency then extends this form of “sequential ra-
tionality” to updating states. For those states, the sequential rationality is about transitions,
which happen after receiving new signals and hence we need to extend the formulation of

“beliefs” to include signals. In particular, for each ¢ € @), define

P(q|H)
P(q|L)

P(q|H)
P(q|L)

r(q) = Tr + In [ } and r(q,z) = 5, + In [ 1 + 7. (11)
Hence, in r(q) we use the analogous formula to Bayes’ rule to include the information con-
tained by signal x. For later purposes, we also use m, to denote the “belief” of H at up-
dating state ¢, that is, 7(¢) = In[mr,/(1 — 7,)], and similarly w,, is such that r(¢,z) =
In[m, /(1 — m,,)]. To formulate the analogous notion of “sequential rationality” for transi-
tions from updating states, we also need to calculate the continuation value for each updating

state. These continuation values are determined by the simultaneous equations:

Vo(0) =6 (g, ;¢ ulVy (0), (12)

10



while for action state gg, it is V,,(8) = u’ and V,,(0') = 0 for 6’ # 6.

Now we are ready to define modified multi-self consistency.

Definition 3.1. A SFSA M satisfies modified multi-self consistency under Py if

1. for each updating state ¢ € @ with Y ,Po(6)P(¢l¢) > 0, each signal z, and any
q¢ € QU{qm,qr} such that 7(q,z;¢") > 0,

TgaVy (H) + (1 — 7 0) Vg (L) > 702V (H) + (1 — 742) Vg (L) for all ¢" € Q; (13)
2. for action states,

Tanu't > (1 — m,, )Ju” and (1 — m,, )Ju" > 7, ul. (14)

Clearly, (14) follows immediately from (9) and (10), and (13) extends (14) to updating
states but takes signals into account according to (11). Now we are ready to give a full
characterization of optimal SFSA. We say that two updating states ¢ and ¢’ are equivalent if
V,(8) = V,(0) for both # = H, L. Then, we can keep the same ex ante payoff by eliminating

one of them.

Theorem 3.1. Any optimal SFSA under the constraint |Q| < K satisfies modified multi-self
consistency. Moreover, suppose that M is an optimal SFSA without equivalent states among
those with |Q| < K. We rank the updating states in M according to

r(q) <r(g) < - <7r(gk),

with the convention that if v(g;) = 7(qiy1), then Vo (H) < Vo (H). Let AV, = V. (0) —
Ve, (0), with the convention that Vi (0) = Vg, (0) and Vg, (0) = Vg, (0), and let 7; =
In (AX/;LHl/AVlf“) Then, for any q € Q,

T(Q7x,Q7,) >0 OTZZy ’Lf’l"(q,l’) € [fi—lafiL (15)

where 7F_y = —o0 and T4 = 00, and 7(q,x;q;) = 1 if r(q, z) € (Fi_1, 7).

Theorem 3.1 gives a structural characterization of the optimal SFSA similar to Proposi-
tion 2.1 in the following sense. If we let 7y = 741 and let r; = 7y, then Theorem 3.1 states
that 7(q, z;qy) > 0 only if r(¢,z) > 7y and 7(q, x; qr) = 1 if the inequality is strict, that is,

it is optimal to take action a” whenever the “posterior” log likelihood-ratio 7(q, x) is above a

11



threshold. Similarly, taking action a®

is optimal whenever such posterior is below r;. How-
ever, different from Proposition 2.1, the posteriors are not necessarily updated according to
Bayes’ rule. In fact, from the proof we know that r(g;) € [F;_1,7;] for all updating states ¢;
in an optimal SFSA M, and the thresholds 7;’s are constructed from the optimality condi-
tion (13) and (14). An important implication is that, if 7(¢,z;¢;) > 0 and 7(q,x;q;) > 0
for ¢ < j in the optimal M, then it must be the case that r(¢,z) = 7, = 7,_1, that is,
randomization in transition can occur only if there is indifference according to the beliefs.
Wilson (2014) also has a similar characterization result. However, a crucial difference is that
in our framework there exist “simple” environments where the unconstrained optimal rule is
implementable and the beliefs given by (11) in fact coincide with Bayesian learning, but in
Wilson (2014)’s framework the unconstrained optimal rule is never implementable by SFSA

and beliefs are always biased.” The following proposition gives sufficient conditions for this

to happen. Recall the function Ay given by (6) for a given DFSA M.

Proposition 3.1. Suppose that the DFSA M satisfies the following conditions:

(01) If \u(x) = Au(y) = q € Q, then

T'ro +ryx = T'ro + Ty. (16)

(02) If (a) 1y +7x = 17 07 (b) 7oy + Tx < 1 and this does not hold for any y C x, then
A (X) = qg in case (a) holds or qp in case (b) holds.

Then, M implements the unconstrained optimum. Moreover, for each q € Q, r(q) is com-

puted according to (16) using any partial history x such that Ay (x) = q, that is,
r(q) = Tmy + Tx- (17)

Moreover, if the optimal DFSA is unique, 7;_1 < r(q;) < 7; for all updating states g;.

The sufficient conditions (O1) and (O2) in Proposition 3.1 ensure that M implements the
unconstrained optimal rule; indeed, it follows immediately that under M, an action is taken if
and only if the posterior has crossed the upper bound 7 or the lower bound 7 for the first time.

Equation (17), however, is less obvious. The key observation leading to this result is the fol-

lowing. The likelihood ratio, m,/(1 —m,), is equal to the ratio [Po(H)P(q|H)]/[Po(L)P(q|L)]

"Indeed, beliefs in Wilson (2014) are also given by expressions to similar to P(g|#). However, a crucial
difference is that the sum quQ P(g|0) is endogenously determined by the transition to the action states in
our model, while the analogous sum in Wilson (2014) is equal to a constant for any SFSA—reflecting the
fact that the stopping time is exogenously determined there. The endogenous stopping time is almost surely
finite in our model, which allows for such simple environments and unbiased beliefs to exist.

12



by (11). But by (8), the term P(g|f) is the discounted sum over the probabilities that ¢ is
reached. More precisely, for each partial history x such that Ay (x) = ¢, let P(x|6) denote
its probability under state of nature 6. If x has length n, then it enters the sum P(¢q|0) by
d"P(x]0). Now, (O1) implies that the ratio [Po(H)P(x|H)]/[Po(L)P(x|L)] is constant for all
x such that \y;(x) = ¢, which coincides with the ratio according to Bayes’ rule. As a result,
we can cancel 0"’s and obtain the desired result.

When X = {h,¢} with r, > 0 > ry, there are two classes of information structures
under which we have a DFSA M that satisfies the sufficient conditions, (O1) and (02), in

Proposition 3.1. The two classes are
(I1) r, = —o0;
(12) |rp|/|re| is a rational number.

We give detailed analyses of how to achieve the unconstrained optimal rule by DFSA in
the next two sections, but here we give two impossibility results stating that that these
two classes of information structures are essentially the only ones where finite automata can

implement Bayesian learning.
Theorem 3.2. Suppose that X = {h,l} and r, > 0 > ry with r, < +00.

1. Given a prior m € (0,1) and given K, for d sufficiently high, the unconstrained optimal
decision rule cannot be implemented by a DFSA with |Q| < K.

2. Suppose that
T'r < T'mo + Tey, Ty + 2Th < Tz. (18)

Then, generically in pi! the optimal decision rule cannot be implemented by a DFSA.

Theorem 3.2 (1) states that in any non-trivial information structure, the constraint K
will eventually be binding as § converges to one. This is because the threshold 7 converges
to one as 0 converges to one. For any prior my < 1, it requires arbitrarily many h’s to
reach 7, and this would then require many updating states. This demonstrates that the
unconstrained optimal rule is complex as it requires large information-storage capacity. As
we will see in Section 4 below, this result will be particularly pronounced in class (I1) and
constrained optimal rule will feature information stickiness.

Theorem 3.2 (2), in contrast, shows that any generic information structure is complex in
that no finite automaton can implement Bayesian learning, as long as d is above a minimum
threshold according to (18) to avoid trivial cases. Genericity is needed to exclude information

structures in class (I2). Specifically, we show that whenever the ratio |r,|/|r¢| is a normal
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number, i.e., for any finite patterns of the form t¢t5---¢,, where n € N and ty,....t, €
{0,1,..,9}, we can find a segment that coincides with that pattern in its decimal expansion,
no DFSA can implement the unconstrained optimum. Since normality is a generic property,®
almost all information structures are too complex to implement Bayesian learning by finite
automata. While the proof is technical in nature, the intuition for Theorem 3.2 (2) is the
following. When the relative likelihood ratio of the two signals is a complicated number,
the computation of posteriors exactly according to Bayes rule requires many updating states
to place many different sequences of signals into different categories. When the ratio is a
normal number, these computations that are relevant for final actions turn out to require an
unbounded number of categories.

As we will see in Section 5 below, we use information structures in class (I12) as benchmark
cases to study constrained optimal rules when this computational aspect of complexity is
pronounced as in Theorem 3.2 (2). We show there when the underlying environment is too
complex in this sense, the constrained DM optimally simplifies the environment to act as if

it is one that can be implemented by a DFSA, a rule-stickiness result.

4 Model of breakthroughs and information stickiness

Here we consider information structures in class (I1), which also have been used in the
literature to model “breakthroughs.”® In this model, one signal is much more informative
than the other. In particular, one signal, say the signal ¢, is fully revealing, and hence

represents the “breakthrough.” Accordingly, here we assume that for some p € (0, 1),

pr =1, py = p. (19)

This implies that r, > 0 and r, = —o0o, and the h-signal increases the posterior on H.
We first consider the unconstrained optimal rule. One convenient feature of this model
is that it is optimal to take a” whenever the signal ¢ is received, as the posterior on L

immediately jumps to one. Hence, the threshold 7 can be determined in closed-form:
Tu! = §[7u + (1 — 7)pu™]. (20)

To understand (20), note that when 7 is slightly below the threshold 7, the optimal rule

dictates the DM to take a'! if signal h is received next period and to take a® if £ is, and these

8The notion of genericity here is that the set of real numbers that are not normal has Lebesgue measure
zero, a fact proved by Borel (1909).
9See, for example, the one used by Che and Mierendorff (2019).
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are the payoffs on the right-side of (20). At the threshold 7 the DM is indifferent between
this and taking a” immediately, whose payoffs are on the left-side of (20). The lower bound,
7, is determined by comparing the optional value by accumulating h-signals against that by
taking a” immediately.

Of course, the thresholds are meaningful only if it is optimal to wait for at least one more
period, which requires ¢ to be sufficiently high. We use 6} to denote such a threshold for
the discount factor. For § < &3, the optimal choice is to take the action immediately: a® if

o > m° and a” if Ty < w°, where
7 = u®/(u" +ub). (21)

We focus on the case where my > 7°, and the unconstrained optimum is characterized by the
number of h-signals before taking a? (of course, whenever an ¢ is received a” is taken). The
other case is similar but the optimum also requires comparison against taking a” immediately.
That case adds no significant insight but makes the analysis more complicated, and we
discuss it at the end. The following lemma characterizes the optimal decision rule for the

unconstrained optimum under my > 7°.

Lemma 4.1. Let my € [7°,1) be given. There exists a sequence 6 < &% < ... < &% < ...
(which depends on wy) such that for any N > 1 and any § € (6%_,,0%), the unconstrained
optimum s achievable by a DFSA with N updating states but not by one with fewer. For

§ < 68, it is optimal to take a® immediately.

The sequence is constructed as follows, using the result from Proposition 2.1 that 7
strictly increases with § and converges to one with 4. Since my > 7°, 8% is the lowest § > §°
such that 7y > 7(8). Similarly, 6% is the lowest & such that 7., + Nry = rz @ for N > 1. For
§ < 85, it is optimal to take aff immediately. For 6 € Ab = (6% _,,0%), the unconstrained
optimum is implementable with the following DFSA, denoted by M®"  where b stands for
breakthrough and N > 1 stands for the number of updating states:

Q={q,q - qv} and ¢’ = q; (22)
7(qj,h) = gj1 for j =1,..., N =1, and 7(qn, h) = qu; (23)
7(q;,¢) = qr for all j =1,...,N. (24)

According to (22), M>Y has N updating states that start from ¢;. According to (24), the
transition is such that it goes to the terminal state ¢ that takes action a” upon receiving
the signal ¢. Finally, according to (23), upon receiving h, the state goes up by one until the

highest one, gy, which goes to gy if another A comes. A graphical representation of MV
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Figure 1: M*" with N =3

with NV = 3 can be found in Figure 1.

Constrained optimal rule

Now we turn to constrained optimality. Let my be a given prior and let K be a given constraint
on the number of updating states. Lemma 4.1 implies that if § < 8%, then the unconstrained
optimum is implementable. For § > &%, however, the constraint K is binding. As in the
unconstrained case, it is optimal to take a” whenever ¢ is received. Indeed, r, = —oo implies
that r(g,¢) = —oc as well for any updating state ¢ by (11). Since V (L) < v =V, (L)
for any ¢ # qr due to discounting, Theorem 3.1 implies that it is optimal to transit to
qr, whenever ¢ is received. One can show that in this case the optimal deterministic finite
automaton with |Q| < K is M»X. But can randomization deliver a better payoff? Since it
is optimal to transit to q; whenever ¢ is received, randomization can only occur when h is
received. For this to happen at some updating state ¢, Theorem 3.1 implies there must be
two updating states, ¢’ and ¢”, which have the same expected continuation values according
to the belief (g, h) given by (11).

Now, Proposition 3.1 allows us to verify this necessary condition when ¢ is close to
the boundary, 6%. Indeed, since M*X satisfies the sufficient conditions (O1) and (02),
Proposition 3.1 implies that we can use Bayes’ rule to compute the beliefs when ¢ is close to
6%, at least as an approximation. At the boundary ¢ = &%, indifference occurs at qx, where
Tex,h = 7, and the expected continuation value according to this belief from gx coincides
with that from qg. This follows from the fact that at 7, the DM is indifferent between waiting
for exactly one more period, a strategy corresponding to qx, and taking a’’, corresponding
to qu. For 6 < 8%, r(qx,h) > Fx and hence taking a” is strictly preferred; for higher §’s we
have the opposite inequality and hence waiting is strictly better but constrained by K. An
induction argument then shows that we have the same indifference at ¢; forall=1,..., K — 1

as well—r(q;, h) = 7; at 6%. This suggests that randomizing between ¢; and ¢;,; at ¢; when
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Figure 2: M%3(ay, ag, a3) with K = 3
receiving h can be optimal, as in the following SFSA, denoted by M>X(ay, ..., ak):

Q={q,q,..,qx} and ¢° = q;

7(q;,h;qj) = oy =1 —7(qj, h; ¢j1) forj =1, K — 1,
T(qr, b qr) = ax =1 — 7(qx, b; qu);

7(q;, b;qr) =1forall j=1,..., K.

Compared to (22)-(24), there is randomization when «; € (0,1) for some i € {1, ..., K}, and
MYE = M>E(0, ..., 0). See Figure 2 for a graphical representation.
The following theorem shows that it is in fact optimal to have «; > 0 for all i in

MY%(q, ..., ar) whenever the constraint is binding.

Theorem 4.1. Let my € [1°,1) and let memory constraint K > 1 be given.

1. If 6 < &%, the unconstrained optimum is implementable.

2. If § > 8%, then the optimal SFSA takes the form M®%(ay, ..., ax) with optimal oy =

ay=..=ag=ac (0,1).

Theorem 4.1 (1) follows immediately from Lemma 4.1. To prove Theorem 4.1 (2), we
need two steps: first we show that any optimal SFSA takes the form M®% (a4, ..., ak), and
then we prove that optimal ay = .... = ax = « for some o > 0. The main insight to
achieve the first step is to observe that we can use backward induction to solve for the
optimal SFSA in this model: once g; is reached, the values of g; with j < ¢ do not matter for
optimality of transitions among higher updating states. Then we use Theorem 3.1 to show
that randomization can only occur between adjacent updating states and show by induction
that optimal transition always takes the form as in M®%(ay,...,ak). For the second step,
we show that optimal « is strictly positive whenever § > 0% by considering the first-order

condition at &« = 0. We also show that the ex ante payoff is symmetric in (ay, ..., ax) and
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the optimal (v, ..., ax) is symmetric as well. When oy = ... = ax = «, we also use M>%(a)
to denote M*X(ay,...,ar). Theorem 4.1 then shows that randomization is necessary for
optimality whenever the memory constraint is binding in the model of breakthroughs. To
our knowledge this is the first result that fully characterizes constrained optimal rule for any
K for a class of information structures, as well as when randomization is optimal.

This result illustrates information stickiness. Indeed, in M*¥(«), each updating state is
sticky, as with probability « there will be no transition when receiving h-signal. This also
shows that randomization is an efficient substitute for memory capacity. Indeed, whenever
§ > 6%, the unconstrained DM prefers to keep learning after K high signals, but the con-
strained DM cannot do that without being stuck with perpetual waiting under the high state
of nature. Randomization allows for a stochastic horizon for indecision, and we have demon-
strated the value of randomization to relax the memory constraint.'® Finally, whenever the
DM is constrained, the posterior according to (11) coincides with the one obtained by Bayes’
rule only when breakthrough occurs. When the DM takes action a!?, then randomization is
used in all updating states up to the current one, and beliefs given by (11) are biased.

We conclude this section with some comments about the case where 7y < 7°. When ¢
is low and hence 7 is either below or only slightly above m, the expected payoff from the
unconstrained optimum is not too different from the expected payoff by taking a” imme-
diately. If the memory constraint is binding (i.e., K < (rz — 7x,)/71), the payoff from the
best SFSA with no more than K updating states is bounded away from the payoff from the
unconstrained optimum. As a result, for such cases no SFSA with no more than K states can
do better than taking a* immediately. However, as § gets larger, it becomes more efficient to
use randomization, and we can show that the optimal SFSA requires strict randomization.
This last result, in fact, is proved with a very small SFSA, which demonstrates the efficiency

of using randomization in this context, a result we turn to next.

Efficiency of randomization

Theorem 4.1 shows that randomization is always useful whenever the DM is constrained,
and this happens especially when the cost of information acquisition vanishes or when § goes
to one and when pff = 1. The following result shows a more radical result for large §’s and

high p’s: a small SFSA can be very efficient.

Theorem 4.2. Let ) € (0,1) be given. For any given ¢, there exists 6 < 1 such that for
all § > & and all pf! > 6§, the expected payoff from M®'(a*) with optimal o* is within ¢

compared against the unconstrained optimum.

10See also the example in Hellman and Cover (1971), which is in the context of their (different) problem.
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The payoff under the constrained optimum as § goes to one approaches mou!l + (1 —
mo)ul, the payoff under full information. As a corollary, Theorem 4.2 implies that, for
any given K, for sufficiently high &, M"!(a*) delivers a strictly better payoff than any
DFSA with no greater than K updating states, including M®*¥. Among SFSA, however,
since M%'(a*) only uses one updating state, one can do better with more states and with
randomization. Nevertheless, Theorem 4.2 shows that with randomization the value of the
additional updating states diminishes as ¢ goes to one. Note that the result generalizes to

more than two signals in a straightforward manner.

5 Rule stickiness and qualitative probabilities

Now we turn to information structures where no single signal fully reveals the state of
nature. In this case, the optimal rule would depend on the relative strength of the signals.
We begin with the conceptually simplest case with two signals that are of similar strengths,
and then move to the general case. Our main results demonstrate the heuristic nature of
the constrained optimal rule in these environments, where the decision-maker employs the

same simple rule for a range of log likelihood ratios of the underlying signals.

5.1 Nearly symmetric case

Theorem 3.2 implies that generically the unconstrained optimum cannot be implemented by
any DFSA. To approach the constrained optimal decision rule for a given upper bound of
updating states, K, we begin with X = {h, ¢} and the extreme case where the signals are

completely symmetric: for some p € (0, 1),
== py. (25)

As we will see below, this knife-edge case will help us study the constrained optimal rule for

the more general case where pf and uf can be different but close.

The unconstrained case

For any given m;, we can derive the DFSA that implements the unconstrained optimal
rule from Proposition 2.1, which states that the threshold 7 strictly increases with §. By
symmetry, we may only consider the case where my > 7°, where 7° is given by (21). To derive
the memory size needed to implement the unconstrained optimum, we derive thresholds on

the discount factors. First, consider the threshold below which taking immediate action is
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Figure 3: M*>W=1 with N =5

optimal: the threshold ¢y is the unique solution to my = 7(9). If 6 < dg, My > 7 and taking

a immediately is optimal, and the optimal DFSA only needs one action state, qg.

For 4 higher, the optimal DFSA is determined by the number, N(§), given by

N — ’VTT_"((S) B TWO—‘ ‘I‘ ’77,7"(5) B TWO—‘ ’ (26)
Th Ty

that is, N(0) is the sum of the number of h-signals needed to cross 7 from 7y (the first term)
and the number of ¢ -signals needed to cross & from 7 (the second term). To implement the

unconstrained optimum, from the initial state ¢° corresponding to my, we need [%W -1

other updating states before reaching ¢y, and {W—‘ — 1 before reaching ¢;,. This leads
to N — 1 updating states in total. The corresponding DFSA, denoted by M*WN=1  with
¢° =qr and k = {—Tﬂéiﬂl—%‘w, is given by:

Q=Aq, - an}; 7(q1,0) = qr, 7(gn-1,h) = qm;
T(¢i, h) = qyq foralli=1,.., N — 2; 7(qi11,0) = ¢; foralli =2, .., N — 1.

(N=1) yefers to “symmetric,” or “similar”, whose meaning will become

The superscript s in M*
clear later. The N — 1 updating states are ranked: when receiving a high signal, the states
transit up until a” is taken; when receiving a low signal, the states transit down until a”
is taken. A graphical description of the situation in terms of prior and the thresholds for
N =5 and k = 2 and the corresponding optimal DFSA, M*(N-1 with N =5 and ¢° = ¢o,
can be found in Figure 3. The following lemma fully characterizes the optimal DFSA that

implements the unconstrained optimal rule.

Lemma 5.1. Let my be given. There exists a threshold dy(m) below which the optimal rule
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is to take one of the actions immediately. For any § > 0y, there exists a number N > 2 such

that the unconstrained optimal rule is implementable by M>N~1 with ¢° = q, and k solving
e —kre < vy <17 — (N — k), (27)

but it s not implementable by any DFSA with fewer than N — 1 updating states. Moreover,

N(9) weakly increases with § and goes to infinity as & goes to one.

The number N in Lemma 5.1 is given by (26), and since 7(9) strictly increases and m(9)

strictly decreases with 0, N(J) weakly increases with 0. For each N > 2, define
=it ({0 € (dp,1) : N(0) = N}), (28)

the interior of the set of d’s such that N(§) = N. Note that A% takes the form (3%, d%) if

non-empty, and A%, may be empty for some N’s. Since symmetry implies that
T7(5) + Tn(s) = 2rqo for all 6 < 1,

with 7° given by (21), when § increases slightly from dy, it may require more than one /(-
signals to cross m, depending on how far my is from 7°. This implies that A%, = 0 for all
N < Ny = limgj5, N(6). As § increases, both % and W increase in (26), but
the increase leads to an increase in N if one of them, or both, has an increment of exactly
one. If rpy # 10 + Mry/2 for any M € N, then N increases by one once at a time after
Ny and hence A%, is nonempty and 63, = 8% 4 for any N > Ny. Otherwise, N increases by
two each time 0 hits the boundary, and A% is nonempty if and only if N — IVj is even, and
6% = 8o when A%, # 0. Finally, since pZ = ul and hence ry, + ry = 0, the DFSA M*N-1
with ¢° = g according to (27) satisfies the conditions (O1) and (O2) for § € A%, and hence
it implements the unconstrained optimum by Proposition 3.1. Lemma 5.1 shows that one
cannot use a smaller DFSA to implement the unconstrained optimum. Its proof requires a
characterization of decision rules implementable by a DFSA of a given size, a well known
result called Myhill-Nerode Theorem (see Theorem 6.1 in the Appendix).

Constrained optimal rule

Now we study the constrained case. We analyse this by perturbing two parameters, puff and
§, for a given my > 7° and § € A%. First consider perturbation in x under the memory
constraint K > N — 1. Since § € A%, when uf is exactly equal to p, the constraint is not
binding. However, Theorem 3.2 implies that, if N >4 and 2 < k < N — 1, then generically
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the unconstrained optimum cannot be implemented by any DFSA if we disturb uf’ even
slightly. As we shall see later, in fact, for any N > 2, the number of updating states required
for the unconstrained optimum is of the order of 1/|uff —u|. Thus, when uf! deviates from y,
the constraint K becomes binding in the sense that the unconstrained optimum is no longer
implementable with K updating states.

What would the optimal SFSA constrained by K updating states be like? To answer this
question, we appeal to Theorem 3.1 and look for potential indifference. When ! is close to
i, we only need to consider local deviations from M*¥~! for possible optimal randomization.
However, different from the model of breakthroughs, there is no indifference at the limit case
where pf = p, which suggests that no randomization is needed for optimality for small
perturbation over pff. To see this, Proposition 3.1 implies that r(g;) coincides with the

posterior at ¢; according to Bayes’ rule when uf’ = u. Hence, 7, = 7y as ¢° = g, and
Ta Vai () + (1 — mq )V, (L) > g, Vo, (H) + (1 — mq,) Vg, (L) for all j 7 4. (29)

This follows immediately from the fact that 7, V,,(H)+ (1 —m,,)V,, (L) is the expected payoff
of the unconstrained optimum when the prior is 7,,, and M*V~! with ¢° = ¢; implements
that optimal value but not M*"~! with ¢° = ¢; for any j # i. Since for each i < N — 1,
Tgh = Tgp1» (29) implies that it is strictly optimal to transit to g;41 from ¢; when receiving
signal h according to (13). A symmetric argument holds for receiving signal /.

Now we consider the extreme state, gy_;. Upon receiving signal h, M*"~! dictates a

transition to qgy. This transition is also strictly optimal, since for all j =1,..., N — 1,
,/TQN—lyhuH > ﬂ_QN—lyh‘/;]j(H) + (1 - WQN—l,h)‘/éj (L) (30)

We note that (30) holds even at the boundary case when § = 0%. Indeed, by (02),
r(gn_1,h) > rz, and hence the left-side of (30) gives the optimal value under the uncon-
strained optimum for prior equal to 7, , 5, while the right-side is the expected payoff from
M*N=! with ¢° = g; under that prior, which is suboptimal. In particular, at the boundary
§ = 0% and hence 7(qn_1,h) = 7z, a DM with belief equal to 7, _,, = 7 is indifferent be-
tween taking « immediately and waiting. However, the crucial observation is that waiting
here can be implemented only by M*" with ¢° = gy but not by M*V¥~1 as it takes N
(-signals to cross m instead of N — 1, as in M*"~! with ¢° = qy_i. A symmetric argument

also holds if at the boundary we have (¢, () = 5.

Theorem 5.1. Let mg be given and let N > Ny. Suppose that |Q] is constrained by K >
N — 1. Let k satisfy (27).
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Figure 4: Optimal SFSA as |ry|/|r,| increases

(1) Suppose that § € Ay, There exist pn < pu < i such that for all p;! € [p, 1), M*N=1 is
the optimal SFSA with ¢° = qy.

(2) Suppose that K = N — 1 and ul! = p. Then, there exists ¢ > 0 such that for all
§ € (8%, 0% +e€), M>N=1 s the optimal SFSA with ¢° = qy.

According to Theorem 5.1 (1), even when K is large compared to N — 1, MV~ is still
optimal whenever p# lies within a range around pu for a given § € A%. Theorem 5.1 (2)
extends this result to higher ¢’s, but in this case K = N — 1. Clearly, for higher §’s a
bigger automaton will be useful. Thus, when the two signals have similar strengths, neither
randomization nor bigger automata (up to a given size) are useful. Instead, it is optimal for
the DM to simply cancel one h-signal by one ¢ and consider only the difference. However,
how different p can be from pu for the same rule to remain optimal depends on K and 4.

To illustrate the range in Theorem 5.1 (1), consider the following numerical example:
7o = 0.56, pu* = 0.7, uf = u* =1, and § = 0.914 € A§ = (0.890,0.937). Theorem 5.1
(1) implies that M*? is optimal with ¢° = ¢o, when holding 7, constant, for a range of
ry’s that are close to |ry|. Now, holding r, fixed, we change |ry|/|r¢| from one to two. It
turns out that there is only one transition where randomization can occur in the optimal
SFSA, 7(q1, h; qi ), whose optimal value is depicted in Figure 4, and other optimal transitions
remain deterministic and are the same as those in M*2. The range for M*? to be optimal
is fairly large, including all information structures with |ry,|/|r| € [1,1.65]. Randomization
only occurs for a small range, from |ry|/|r,] = 1.65 to 1.85, and the DM is treating one
h-signal as cancelling out one /-signal for lower ratios and treating one h-signal as cancelling
out two (-signals for higher ratios. Even for the range where randomization is optimal, it is
randomizing between the two approximations.

Theorem 5.1 then shows that the same simple rule, M*¥~1 is optimal for a range of

parameters, and hence proves rule stickiness. It also demonstrates the optimality of approx-
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imate probabilities: when puf’ # u but not too far from it, the optimal SFSA behaves as if
pil and pl are equal. This result provides a foundation for the use of qualitative probabili-
ties, and the optimal rule corresponds to the decisional balance sheet attributed to Benjamin
Franklin, according to which the decision maker should list “pros” and “cons” of different
options and balance them with certain weights. This method is simple and optimal given the
constraint, but it is biased: the corresponding beliefs 7,,’s are biased in M*"~! whenever
pil = 1. However, unlike the model of breakthroughs, here the bias comes from the fact
that one h-signal does not cancel one ¢ under Bayes rule, that is, M*"~! employs a wrong
cancellation rule whenever pff # . Moreover, Theorem 5.1 also illustrates the “less-is-more”
effect, as M*N~1 performs better than any other SFSA with states no more than a given
size for a range of information structures.

The main difficulty to prove Theorem 5.1 is to demonstrate that any deviations, especially
those involving randomizations, from M*"~! cannot improve ex ante payoff. Even for modest
N, this potentially requires going through a long list by checking 2"V possible configurations
(the set of updating states for which randomization can be optimal), each involving multi-
dimensional optimization. We overcome this difficulty by appealing to Theorem 3.1, using the
inequalities (29) and (30). Indeed, condition (13) requires the DM to be indifferent between
the updating states that have positive probabilities to transit to. The strict inequalities
in (29) and (30) ensure that the indifference condition (13) cannot be satisfied by local
deviations. Finally, we also need to show that there are no other global deviations, which
we do in the proof with an argument appealing to continuity and the uniqueness of the
unconstrained optimal rule when pff = p. This technique is also applicable to more general

settings where the relative strengths other than one-for-one, a topic we turn to next.

5.2 General relative strengths

Here we generalize Theorem 5.1 to the case where |ry|/|r¢| is a general rational number, for
example, two. The idea is that when the DM has a sufficiently large number of updating
states, she can implement decision rules that are more complicated than cancelling one high
signal by one low, but by using cancellations that are closer to the true relative strengths
of the two signals. However, how close it can be will depend on the constraint, and will be
approximated by the closest rational number that the DM can afford. First we characterize
the unconstrained optimal rule when |ry,|/|r¢| is a general rational number.

Consider an information structure where |ry,|/|r¢| = My/M,, where M, and M, are two

mutually prime natural numbers, and, with no loss of generality, we assume that M, < M,.
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For expositional purposes we only consider §’s such that
T% —Tg > Th — e (31)

This assumption avoids tedious discussions of different cases. Nevertheless, the main results
still hold for lower values of 4.

As in the symmetric case, we compute the number of updating states needed in the
optimal DFSA by tracing all possible posteriors generated by realizations of signals before
reaching a decision. For any partial history x, ry = mry, + nry, where m is the number of

h-signals and n is the number of /-signals in x. Now, if we take

rnl el
= — = —, 32
© M, M, (32)
then, by Bezout’s identity, ry is always a multiple of r., and we may think of an imaginary
signal with log likelihood ratio equal to r. as a signal that serves as the “common divisor,”
so that one h-signal is worth of M), “common” signals while one ¢-signal is worth of —M,

“common” signals. Now, let
Ky = [—T’* - ”ﬂ and K, = [—”0 — ﬂ . (33)
Te Te

Hence, from g it takes K} “common” signals to cross 7 and it takes K, “common” signals
to cross w. Thus, from the initial state ¢° corresponding to my, we need K; — 1 updating
states to the right to cover all possible posteriors before gy, and K, — 1 updating states to
the left. Then, the optimal DFSA requires N — 1 updating states, where N = K}, + K;: one
initial state, Kj — 1 updating states to the right, and K, — 1 updating states to the left. The
corresponding DFSA, denoted by M MrMo:N=1"ig aiven by:

Q = {q17’”7qN—1};
7(qi, h) = Givns,, fori=1,.... N —1— My; 7(q;,h) = qu, for i = N — My, ... N — 1; (34)
7(¢i, 0) = qi—n,, fori=M,+1,...N —1; 7(¢;,0) = qr, fori=1,..., M,.

The initial state is ¢° = qk,. The following lemma generalizes Lemma 5.1.

Lemma 5.2. Suppose that |rp|/|re| = My /My, My and M, mutually prime. For any § satis-
fying (31), there exists N = N(J) such that the unconstrained optimum can be implemented
by the DFESA MMnMON=1 byt not with any SFSA with fewer than N — 1 updating states.

Moreover, N(0) weakly increases with 0 and goes to infinity as § goes to one.
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As in the symmetric case, for each N > 2, define
AQMO —ing ({6 € (89,1) : N(6) = N}), (35)

the interior of the set of ¢’s such that N(§) = N, where Jy is the threshold above which
(31) holds. We only consider N > Ny = limg 5, N(6). Note that AE%’M” takes the form
(§§34’“M‘), SJ(VM’“M‘Z)), and, generically in g, A%wh’M‘) # () for all N > Ny.

Now, for 6 € AE\J,\/[}“M‘Z), MMM, N=1 gatisfies (O1) and (O2) in Proposition 3.1, and hence
the beliefs 7, are pinned down by Bayes’ rule. This also implies that analogous conditions
to (29) and (30) hold as well, following similar reasoning. Note that for M MrMe)N=1"the
extreme states include the rightmost M, updating states and leftmost M, updating states.
Nevertheless, a similar argument for (30) also holds for those extreme states. As a result,
when we perturb pff so that |r|/|re| is not exactly Mj/M, but close and hence N — 1
updating states cannot implement the unconstrained optimum, we expect M MnMe):N=1 ¢4
still be the optimal SFSA whenever the constraint K > N — 1 is binding. The following
theorem generalizes Theorem 5.1. Here, we perturb the parameter pf’ from its benchmark

value p°, under which |ry|/|re| = My/M,.

Theorem 5.2. Let o and pil = p°, pk be given such that |ry|/|re] = My /My, My, My
mutually prime, and let N > Ny. Suppose that |Q| is constrained by K > N — 1. Let K,
satisfy (33).

(1) Suppose that § € A(NM}“MZ). There exist p < p°® < @ such that the optimal SFSA is
MMeMON= with ¢° = qy, for all pl! € [u, 7).

(2) Suppose that K = N — 1 and pf! = p°. Then, there erists € > 0 such that for all
)€ (Q(NA/[}“M’“’), 5](VMh’M£) + €), the optimal SFESA MMnMON=1 qith ¢° = qp, .

According to (33), the size of the optimal SFSA depends on two features: first, the size
of the grid determined by the product of M, and M,, and the number of steps required
from the prior to reach the thresholds for decision. Theorem 5.2 implies that the following
heuristic is optimal: for a relatively simple rational number, M;,/M,, that is close to the
ratio |ry|/|re| according to those two aspects, the heuristic would have M, h-signals cancel
My, f-signals. The symmetric case is the special case with M, = M, = 1. This then extends
the rule-stickiness result and the principle of probability approximation to the general case.
Moreover, as in Theorem 5.1, Theorem 5.2 also implies the “less-is-more” effect, as the
optimality is against a given size K which can be larger than N — 1.

Here we remark that all these results can be generalized to more than two signals. For-
mally, consider a general finite X with uf > 0 for all z > 0 and both 6 = H, L. If |r,|/|r,]
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is a rational number for all z,y € X, then we can find a DFSA that implements the un-
constrained optimum and an analogous result to Theorem 5.2 holds as well, that is, rule
stickiness still holds. This implies that signals of similar strengths will be treated as exactly
the same if they change the posterior in the same direction, and exactly cancel one another
if they change the posterior in opposite directions, and all this extends to other approximate
rational proportions as well.

One specific implication is that “small” signals, in terms of informativeness, will be
ignored. Again this follows from Theorem 3.1 and the fact that r,, € [F;_1, 7], which implies
that, for a transition to occur from ¢; when receiving a signal z, r, has to be sufficiently large
in absolute values to cross the threshold 7;_ or 7;. This suggests that, in contrast to the
unconstrained optimal rule, the optimal SFSA under constraint |@| < K will not respond

to small signals with likelihood ratios close to one, as the following corollary shows.

Corollary 5.1. Fiz an information structure, (i, i2).ex, satisfying (3) but r, = 0 for
some fizedy € X (that is, ﬂf = /15) Suppose that in all optimal SFSA under the constraint
Q| < K and under (i, il),ex, 7io1 < r(¢;) < 7 for all updating state q;. Then, there
exists some € > 0 such that for all information structures perturbing the original one with
max,exo—mr |10 — @l < e (and hence r, in the perturbed structure is close to zero), the

optimal SFSA ignores y, i.e., 7(q,y;q) = 1 for all g € Q.

The condition 7;_1 < r(g;) < 7; is satisfied in all the optimal DFSA we have identified in
this section, and hence if we add small signals in all such environments, they will be ignored
optimally. In fact, it is also satisfied by M («) when it is the optimal SFSA in the model
of breakthrough. Corollary 5.1 can then be interpreted as both an information-stickiness
result and a rule-stickiness result: the DM treats the signal y as if in a simple world where
y contains no information at all and hence does not respond to it, even though in reality it

is informative.

6 Concluding remarks

We set out to evaluate the Bayesian paradigm by imposing a limited ability to process
information in a problem that features finite learning. We identified two simple environ-
ments where Bayesian learning is feasible. First, when the information structure features
very asymmetric strengths between the two signals. Second, when the strengths of signals
relate to one another in rational proportions. Generically, however, we encounter complex
environments where simple rules according to finite automata cannot implement Bayesian

learning.
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We also identified two prominent features of constrained optimal rules. First, in the model
of breakthroughs, randomization is optimal whenever the memory constraint binds and the
DM optimally ignores informative signals from time to time, an information-stickiness result.
Second, in the more general case, it is optimal to use approximate probabilities without
randomization, and a simple rule that cancels signals according to their approximate relative
strengths is optimal for a range of parameters, a rule-stickiness result that justifies the use
of heuristics, or rules-of-thumb. In both cases, the DM’s beliefs are biased whenever the
information structures depart from simple environments where the unconstrained optimum
can be implemented, despite their optimality. Thus, heuristic rules can be both optimal and
biased for boundedly rational agents.

Finally, our rule-stickiness results imply that bounded rational agents use simple models
to derive optimal solutions, even though the reality (that is, the actual environment) can be
far more complex. This echoes Simon (1959)’s discussion of economic models in relation to
human cognition; he argues that “In actual fact the perceived world is fantastically different
from the ‘real’ world. The difference involves both omissions and distortions, and arise in
both perception and inference [...] The decision-maker’s model of the world is only a minute
fraction of all the relevant characteristics of the real environment.” We formalized these
concepts in a model with limited capacity for information processing. This formalization
would allow for future investigation beyond individual decision-making. Indeed, although
the biases we identified are features of constrained optimal rules, an agent with memory
constraints is still vulnerable to exploitation from a sophisticated principal. Our results
have identified novel sources of apparently behavioral biases in the economic agents’ belief

formation, and their full implications for wider economic interactions remain to be explored.
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Appendix: Proofs

Here we present all the proofs, except for two proofs which use techniques similar to the lit-
erature (Proposition 2.1 and Theorem 3.1) and one that is very technical in nature (Theorem

3.2), which can be found in the Online Appendix.

Proof of Proposition 3.1

We prove (17) here. Given 7y, we can rewrite the likelihood ration 7, /(1 — 7,) as

Tq o 7T-OED(C”]—I)

1—m  (1—mo)P(qlL)

Now, consider the term in (8) that begins with 6" for some n > 0. Let x be such that
Am(x) = ¢ with |x| = n. Then, that nth term is equal to the sum of 6" [T}, xf from all

such x’s. Moreover, (O1) implies that

To H?:1 Ng
(1 - 7T0) H?:l lu:%l

remains constant for all such x and for all n. Thus, we have

molP(q|H) _ mo [ 11y /‘g
(1 —mo)P(q|L) (1 —mo) [ T3y pk”

er(@) —

for any such x, and this implies (17). O
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Proof of Lemma 4.1

First, from (20) we can derive 7(9):

T op \u [ op e
1—ﬁ_<1—5)u_H_(1—5>1—7r0’ (36)

Thus, § > §°, the threshold below which taking an action immediately is optimal, if and

only if 7 > 7°, which is equivalent to § > 1/(1 + u) = 6°. Now we compute the sequence

{05, }55_, for the given prior my. Let Ty = mp, and, for each N > 1, define 7y as the unique

n e () () <37>

that is, rz, = 7, + Nrp—it requires exactly N h-signals to reach 7y from my. Note that

solution to

T strictly increases with IV and is always within (m,1). By (36), 7(§) strictly increases
with § and converges to one as § does. Thus, for each N > 0, there is a unique 8% such
that 7(0%) = 7y. Then, for § < 6°, @ < 7 < m, and hence the optimal rule takes
af’ immediately. For & € (6% _,0%), it takes exactly N h-signals to cross 7, and it is
straightforward to verify that M implements the optimal rule. The result that M®" for

n < N does not implement the optimal rule follows from the proof of Theorem 4.1 below. [

Proof of Theorem 4.1

Part (1) follows immediately from Lemma 4.1; we prove part (2). Suppose that § > §%. As
argued, it is optimal to take a* immediately after an (-signal. We first show that any optimal
SFSA takes the form of M*X(ay, ..., ax), and we may assume that there are no redundant
states. By Theorem 3.1, we can rank the updating states ¢, ..., gx so that r(¢1) < r(¢g2) <
.. <7(qK). Since receiving h can only trigger a transition to go up or to stay, V,,(#) only
depends on V,,(0) for j > 4, while 7(¢;) only depends on transitions from ¢; with j < .
Thus, we can take r(g;) as the prior and look for the optimal SFSA with K — i updating
states, and use the necessary conditions in Theorem 3.1 to characterize the optimal SFSA.
This allows for an induction argument starting from ¢ = K and then working backwards.
We first show by induction that the optimal SFSA the transitions from g¢;, ..., qx take the
form M®E="1(q, ... ag) (part (a)), and then we show that the optimal SFSA has a; =
as=..=ag =ac (0,1) (part (b)).
(a) For i = K this is immediate, as the only possible transition is either staying in gx or

going to qg after seeing an h-signal. Suppose that it holds for i +1 < K, and in the optimal
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SFSA the transitions from g;,1, ..., gx take the form M®X~% (a4, ..., ax). Below in (b) we
prove that it is optimal to have ;1 = .... = ax. This, by a simple computation from the
corresponding value functions, implies that for all j =¢+1,..., K — 1, 7;1; — 7; is constant
and

0 < 7jy1 —7; <1y, with equality iff a4 =0 = ... = ag, (38)

that is, 741 — 7; = rp, iff it is the DFSA M®»5~% Moreover, we have r(gii1) < Fii1:
otherwise, r(¢;+1) = 7i+1 and hence (g1, h) = 71 + 7 > Tiq1, that is, a;41 = 0 and, by
(38), this implies that the transitions follow the DFSA M*X~% and, furthermore, r(g; 11, h) =
Tix1 + rn = Ti12. This last equality also implies that from ¢;,; following signal h there is
indifference between moving to ¢;,» and ¢;,3, implying that there is a redundant updating
state. This concludes that 7(g;41) < Tit1.

Now, 7(¢i+1) < Tiy1 implies, by (38), that 7(¢i+1) + rn < Tiy2. Since r(q;) < 7(¢iv1)
and r(qg;, h) = r(q;) +rn < r(gig1) + rn < Tiz2, by Theorem 3.1, from ¢; and an h-signal,
randomization can only occur between ¢; and ¢; 11, or between ¢;,1 and ¢;o, but not both.
Now we show that if the latter happens, then we can eliminate ¢;;; without affecting the
ex ante expected payoff and there is a redundant state; as a result, only the former matters
and hence the optimal SFSA takes the form M%K~*1(q,, ... ak) from ¢ on. To see this,
suppose, by contradiction, that the optimal SFSA randomizes between ¢;,; and ¢;,o from
¢; after h. This implies that r(¢;)) < 7(¢i+1), and that, by Theorem 3.1, r(¢;,h) = Ti41,
which in turn implies that r(¢i41,h) > 7(¢;, h) = Tiy1. By Theorem 3.1 the last inequality

bR (g, ..., ) we have

implies that o;;1 = 0, and by the symmetry noted above, in M
;1 = ... = ag = 0. That is, we have a deterministic scheme from ¢;;; on. Moreover, this
also implies that at prior 7(¢;), M»%~% and M>X~~1 give exactly the same payoff, and hence
¢i+1 1s a redundant state.

(b) Now we show that the optimal M®X(ay, ..., ax) features a; = .... = axg = « for any
prior, and whenever § > &%, a € (0,1). To do so, we first compute the continuation values

in M*K(ay, ..., ar):

N i )
e T

Va (L) = 5MUL{ZAj+ZCAiAj+ > CQAiAjAk+---‘I’CK_gAl"'AK—Q}7

j i<j i<j<k

where A; = 1/[1—(1—p)a;] foreach j =1, ..., K —2 and C' = §(1—pu) — 1. Now, since both

V, (H) and V,, (L) are symmetric in (o, ..., ax) and strictly supermodular, for any prior the
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optimum must happen under a symmetric solution; indeed, by symmetry, any permutation
of the optimal solution is also optimal, but by Theorem 2.7.5 in Topkis (1998), the optimal

solutions form a chain and hence the optimal solution cannot be asymmetric. Hence, optimal

oy = -+ = ag = a. Under this symmetric solution, the expected payoff from M>¥(a) for a
given 7y is
Fi(a) = mVg (H) + (1 —m0)Vg, (L) (39)
K(1 _ oKy L 1 1— K
(1—-0da)k 1—0(1—p) 1—60(1 —p)a

It is straightforward to verify that max,cp,1] Fx () has a unique maximizer; indeed,

Fi(a) = WOK(_(SK)(l—(S)(l—a)K—luH

5(1 B u)(l B a) K-1 52#(1 _ u)uL
+ (1—7T0)K{ 1—-0(1—p)a } [1—=0(1 = p)a*”

and it has at most one zero between [0,1]. Since my > 7°, F(1) < (1 — m)ul < mouf! <
F(0). Moreover, F;(0) > 0 if and only if

(1 — mo)ou(1 — ) u® > mo(1 — §)u”, (40)

which, by (36) and (37), is equivalent to § > 6%. This proves that optimal o > 0. Clearly,

a = 1 is never optimal. Note that this also implies that we need all K updating states. [

Proof of Theorem 4.2

Note that we assume pf > § but can be strictly smaller than 1, and we use the notation
pk = p. Consider Mb!(a). Given m, the expected payoff is (note that the values differ from
(39) only because p! < 1 here)

6(1 — a)pufuf L

1—dula

O

. H _ -
F(aaﬂh75>—70 1_5(]—_/14)0[

+ (1 — 7T(]> (41)

Now, take « =1 — /1 — 9. We claim that
lim F(o; i, 0) = mou® + (1 — mo)u®,
6—1

uniformly across all uf > §. This proves the result by taking appropriate 6.
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Now we prove the claim. First, since a =1 —+/1 — 4, lims_,; a = 1,

R LS
=11 —8(1 — o =11 — da + Spa

Thus, by (41), we only need to show that

_ H

= 1.
s-1 1—oulla

Since a = 1 — /1 — ¢, this is equivalent to

5v/1 —opul!

ST ol -visg
Now,
oVI—om o oml i
1—opff[L —v1—=9] 0 1 st Do g sufl

Now, we show that if uff > §, then (1 — dui?)/+/1 — & converges to zero uniformly as §

converges to one. To see this, since pf >, we have

1—5,uhH< 1—6°

s S = = VT340,

which converges to zero across all uf! > § as ¢ converges to one. Note that we can consider
inf 25 pil as a function of 6. This converges to 1 as § — 1. Formally, lims_, inf 25 i =1.
O

Before the proof of Lemma 5.1, we present a result from the computer science litera-
ture that gives a characterization of the set of all decision rules that can be implemented
by a DFSA with |@Q| < K. This results is essentially the celebrated Myhill-Nerode The-
orem (Nerode (1958)), but we need some adjustment to fit our purposes. First define an

equivalence relation, R C X* x X*, to be right-invariant if for all x,y,z € X*,
xRy <= (x0z)R(yoz),

where o denotes concatenation. Given a decision rule f, Eg denotes the set of partial
histories under which action @’ is taken, # = H, L. The following is a simple extension of
the standard Myhill-Nerode Theorem. A DFSA M is non-redundant if each updating and

34



each action state can be reached by some partial history of signal realizations.

Theorem 6.1 (Myhill-Nerode Theorem). The rule f can be implementable by a non-redundant
DFSA with K updating states iff there is a right-invariant equivalence relation R that induces

K + 2 equivalence classes such that L’g s one of those equivalence classes for both § = H, L.

We give the proof for self-containment in the Online Appendix. The equivalence classes
correspond to the updating and the action states in the corresponding DFSA, and the equiv-
alence classes that make up Eg consist of those action states where action a’ is taken, for
both § = H, L. Thus, the DFSA gives a finite partition of partial histories that captures the
finiteness of the DM’s memory capacity. The right-invariance condition captures the fact
that if the DFSA enters the same updating state after two different partial histories, then it
will end up in the same updating or action state (although not necessarily the same as the
original one) after any consecutive partial history. The number of equivalence classes gener-
ated in this way has a one-to-one correspondence to the number of updating and updating
states in the DFSA.

Proof for Lemma 5.1

Let § > & be given, and let N = N(§) be given by (26). To show that M*N~! with ¢° = ¢4
with k satisfying (27) implements the unconstrained optimum, by Proposition 3.1, we only
need to show (O1) and (02). To show (O1), note that Aypsnv—1(x) = ¢;, 1 <i < N — 1, if
and only if there are (k — i) more ¢-signals than h for i < k, and if and only if there are
(¢ — k) more h-signals than ¢ for ¢ > k. (O1) then follows from 7, + 7, = 0. Similarly, (02)
follows from (27).

Now we show that any DFSA with less than N — 1 updating states cannot implement
the unconstrained optimum. By Theorem 6.1, we only need to show that for any right-
invariant equivalence relation such that, taking f as the optimal rule, E}; and E{ are among
its equivalence classes, it has at least N + 1 equivalence classes. To do so, consider the
histories x° = ), x* consisting of i h-signals for i = 1,..., N — k, and y’ consisting of j
(-signals for j = 1,...,k. For any two histories from the list, say, x’ and x* with i > ¢,
we can use the partial history x* consisting of N — i h-signals as the witness in the sense
that x’ o x' leads to action a” while x” o x*’ leads to waiting under the optimal rule. For
any other combinations we can use similar witness histories. This shows that each has to
be in a distinct equivalence class. Finally, this also shows that MV~ with ¢° = ¢, is the
unique DFSA that implements the unconstrained optimum among all DFSA with N — 1
updating states, as each of the histories from {x° x!,....x""* y! .. y*} corresponding to

one (updating or action) state in any optimal DFSA. [J
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Proof of Theorem 5.1

Note that by Lemma 5.1 and Proposition 3.1, when pff = 1 and when 6 € A%,
r(q;) = Try + (1 — k)1,

for all i = 1,..., N — 1. Since the proof of Lemma 5.1 also showed that M*"~! is the unique
DFSA with no more than N — 1 updating states, (29) and (30) follow immediately. Note
that they also hold for § = 6%

Proof of (1) Let § € A}, and K > N — 1 be given. We have shown that for the given K,
M*N=1 (with ¢° = g, that satisfies (27)) achieves the unconstrained optimum when pff =
and the optimal rule is unique by Proposition 2.1. Thus, for any SFSA M with no more
than K updating states, the expected payoff from M, denoted by Wj,, is no greater than
Wyssn-1, and it is equal if and only if it follows the same transition as in M*"~! except for
adding “replicate” updating states as the unconstrained optimal rule is unique. By replicate
state we mean for any ¢; in MV~ we can add ¢f to it so that 7/(¢f, z;¢') = 7(q;, x;¢') or
to the replicate of ¢’ for all ¢/, and 7/(¢/,z;¢f) > 0 if and only if 7(¢/,x;¢f) > 0. A small
extension of the proof of Proposition 3.1 shows that the beliefs associated with the replicate
state remains the same as the corresponding states in M*¥~! and hence (29) and (30) also
hold under the alternative SFSA with such “replicate” states. Since the continuation values
and the beliefs r(g;) are continuous in both the transition probabilities and parameter values,
there exist €; > 0 such that the inequalities (29) and (30) are maintained strictly for any
SFSA M with transitions different from those in M*™~! or its replica by no more than ¢,
and any uf! € [ — €1, 0+ €1]. Now, any such SFSA other than M*"~! or its replica has
strict randomization somewhere other than the replicate states, and hence its optimality is
excluded by Theorem 3.1 due to the strict inequalities, (29) and (30). Finally, for such ¢,
consider the set of SFSA M such that some of the transitions in M differ from M*N~! or
its replicate by at least €, a set we denoted by D,,. This set is compact, and, when ufl = p,
Wpsnv-1 > maxyep,, Wi Now, by continuity again, there exists e; € (0, €] such that for
any pif € [ — ea, 1 + €5], the inequality still holds.

Proof of (2) The proof follows exactly the same kind of argument as (1), except for taking
deviations upwards from 6%,. Note that K = N —1 guarantees that M*"¥~! is unique optimal
DFSA, even at § = §%,. O
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Proof of Lemma 5.2

Let 6 > dy be given and hence (31) is satisfied, and let N = N(6) = K}, + K, with (K}, K)
given by (33). To show that MMnMON-1 with ¢° = g, implements the unconstrained
optimum, by Proposition 3.1, we only need to show (O1) and (O2). To show (O1), note that
Apsv-1(x) = ¢, 1 < i < N — 1, if and only if there are (k — i) less “common” signals for
i < k, and if and only if there are (i — k) more common signals for ¢ > k, where one common
signal stands for log likelihood ratio of r. = r /M = —r;/M, and hence one h-signal counts
for M, common signals and one ¢ counts for —M, common signals. Similarly, (O2) follows
from (27). Now we show that any DFSA with fewer than N — 1 updating states cannot
implement the unconstrained optimum. By Theorem 6.1, we only need to show that for any
right-invariant equivalence relation such that, taking f as the optimal rule, EfH and Eé are
among its equivalence classes, it has at least N + 1 equivalence classes. This then follows
from the following two claims:

Claim (1) For each i = 1,..., N — 1, there exists a partial history x’ such that
Tro + Txi = 7(q), (42)

and such that for any y C X%, rp, +7y € (rz,72). Let x° be the one where action a” is taken
and x" be the one where action a is taken.
Claim (2) Each x" must be in a different equivalence class.

Proof of (1) First, note that for any partial history x, ry has the form
rx = (np My, — ngMy)re. (43)
Now, we give Claim (1a): for any (np,n,) such that
Ky < naMy — neMy < K, (44)

there exists a partial history x such that (43) holds and that for any y C x, rq,+7ry € (rz, 7).
Clearly, x has n;,, h-signals and n, ¢-signals. We construct the order backwards to ensure the
sub-histories never reach the boundaries. In particular, we construct a sequence {(n},n})}

inductively as follows. First, n; < n, and nj are determined by

np M, — H%Mg < Ky <nyM, — (né — 1)Mg,
n,lLMh — H%Mg > —K;, > (n,ll — 1)Mh — TLéMg
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Given (nf,nt), (nj™, nit') are determined by

ny My —nyt M, < Kj <nj M, — (n)"! —1)M,, and (45)
?”Ll;leh — TlZJrlMg > —K,> (nfl“ — 1)Mh — ?”LZ+1M5. (46)

We claim that n5™' < nf and n™ < nf. This follows because
Mttt < nl My, + My — Ky, < My, + My + Mynl, — Ky, — K, < Mynb,

where the first inequality follows from (45), the second from (46) but with ¢ instead of ¢ + 1,
and the last from (31); similarly,

Mynjtt < bt My — Ko < My, + My + Mynl, — Kj, — K, < Mynh,

where the first inequality follows from (46), the second from (45), and the last from (31).
Since ny, and n, are both finite, the sequence ends with zero. This proves Claim (1a).

To construct x’, we give Claim (1b): for each i, we can find (mj}, m}) € N such that
o + (M My, — miMy)re = 7(q5). (47)

Given this, we can then use Claim (1a) to construct x' to satisfy (42). Note that by (O1)
any solution to (47) satisfies (44) with (ny,n,) = (mi,m}). Since M, and M, are mutually
prime, by Bezout’s identity, there are integers n; and n; such that nj M, +n; M, = 1 and

hence for any k € 7Z,

mi, = (n} + kMg)—r(%)T_ ™ and my = (nj — k:Mh)—r(qi)r_ Tmo

solves (47). Note that 7(¢;) — rx
we only need to find appropriate k.

, is a multiple of r.. To ensure that the solution is positive,
Proof of (2) Let x" and x? be constructed from (1), with ¢ < j. Now, following the same
arguments as in (1), by taking my = m,,,, as the prior, we can construct a partial history y
such that Trgy Ty = Tmyy but never reaches 7 or 7 along the way, and hence Trg T Ty < Tp.
By construction, if we start from g, we will end up with 7, following x*, and hence starting
from m, following x’ o y the posterior never reaches 7, but for some y’ C y, x’ oy’ crosses
x for the first time. Since j > i, following x’ oy the posterior never reaches 7, but it may
reaches 7 before the end. If it does, let y” be the shortest partial history so that x/ o y”

reaches 7. Otherwise, let y” = y. In both cases, we have identified a partial history (the
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intersection of y’ and y”) that separates x* and x’ into different equivalence classes. (]

Proof of Theorem 5.2

The proof follows the same outline as that of Theorem 5.1; that is, we show that all the
transitions feature strict preferences, and local optimality is then guaranteed by continuity
and Theorem 3.1. Global optimality follows essentially the same arguments as those in
Theorem 5.1 and is omitted. Note that, as in the symmetric case, by Lemma 5.2 and

Proposition 3.1, when |ry|/|r| = M) /M, and when ¢ € A%M}“MZ)’

(@) = rx + (1 = Ko)re,

forall i =1,..., N — 1, and hence Tax, = To as ¢° = gk, Since the proof of Lemma 5.2 also
showed that M MrMe).N=1 i5 the unique DFSA with no more than N — 1 updating states, it
follows that

Trqz“/qz'(H) + (1 - qu)v;h(L> > WQi‘/;]j(H> + (1 - Trqz‘)‘/;lj (L) for aﬂ] 7£ i7 (48)
7TqN_1,cUH > WQN—LC‘/(]]' (H)+ (1 - 7TqN_1,C)V¢1j(L)a (49)

where 7,,_, . is the analogous posterior at gy_; if it were to receive a “common” signal. As

in the symmetric case, (48) follows immediately from the fact that 7, V,, (H)+ (1 —m,,)V, (L)

is the expected payoff of the unconstrained optimum when the prior is 7,,, and M (M, My),N=1

Mh7MZ)7N_1

with ¢° = ¢; implements that optimal value but not M with ¢° = ¢, for any j # .

Since for each i < N — My, r(qgi, h) = 7(¢i+a,), (48) implies that it is strictly optimal to
transit to ¢4, (when i+ M, > N —1, to gy) from ¢; when receiving signal h according to
(13). A symmetric argument holds for receiving signal £. Now consider (49). By (0O2) and
o€ A(NM*“MZ), r(gn—1,¢) > rz, and hence the left-side of (49) gives the optimal value under

the unconstrained optimum for prior equal to m,, ,., while the right-side is the expected

thM[)zNil

payoff from M with ¢° = ¢; under that prior, which is suboptimal. In particular,

§ = oy

even at the boundary ) and hence r(qgn-1,¢) =z (and so r(gn—_n, . h) = 7z), the

DM at that prior is indifferent between taking u immediately and waiting, but the latter

Mp,My),N+2

is followed by the rule implemented by M with ¢° = gy, as it takes N common

signals to across m instead of N — 1. [J
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Proof of Corollary 5.1
Let € be small such that
Figt+e<r(q) <r—e (50)

for all updating states ¢; under (7, i) ,cx. Since 7; and p(q) are continuous in (u, uk),ex,
for € small, 7; does not change by more than ¢/2 when max,exg—pmz |20 — 1] < € and
Ir,| < €/2 under (uf, u2),ex. It then follows from (50) that 71 < r(gi,y) = r(¢) +r, <7,
and Theorem 3.1 implies that 7(¢;,y;¢;) = 1 for all updating state ¢;. O
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A Online Appendix: Missing Proofs

Proof of Proposition 2.1

Let V*(m;0) denote the optimal continuation value when the posterior (after receiving the
signal) is 7 and the discount factor is § € (0,1). The existence of V* follows from standard
arguments. Define {V*}> | with V*:[0,1] x [0,1] — R by

Vi(mo) = max{ra”, (1 - m)ul},

forn>1, V2  (m;0) = max {ﬂ'uH, (1-— ﬂ)uL,5Z[7T,uf +(1—-m)(1- ,uﬁ)]V;(Wx;(?)} ,

rzeX

where 7* satisfies 7« = r, + r, for each x € X. Then, V' converges to V* uniformly. We
only consider sufficiently high §’s such that waiting for one period is optimal at least for
some 7’s. A straightforward induction argument shows that V*(; J) increases with ¢ for all

n, and hence V*(m;0) also increases with ¢, and satisfies

V*(m;d) = max {WUH, (1 —7)u*, o Z[Wﬂf + (1 —7)(1 — uHVv*(x%; 5)} . (51)

zeX

We claim that V* is convex in 7. Fix some 6. Let A € (0,1) and 7, my be given, and let

f{ be the optimal decision rule under m and fj under m,. For any decision rule f,

U(fAmy+ (1 = A)ma) = AU (flm1) + (1 = )U(f]72)
< AU(fflm) + (L= NU(f5]m) = AV (m1;6) + (1 = AV (23 ),

where U(f|r) is the expected utility from rule f when the prior is such that Po(H) = m, the
first equality follows from (4) as the payoff is linear in 7, and the inequality follows from the

optimality of f; and f;. This then implies that V* is convex in 7.
Now, for each ¢ € (0,1), let

[(0) = {m € [0,1] : V*(x,6) = mu'}.

Clearly V*(m;6) < wu®f + (1 — m)u® for all 7, and hence 1 € TI(§) for any § < 1. Moreover,
(51) also implies that I1(§) includes 7 close to 1 as well. Since V*(m; ) > 7uf?, as taking a*

is always an option, convexity of V* implies that II(J) is a convex set and hence an closed
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interval. Now, for 7° defined by (21), it is straightforward to verify that
V*(m;8) > mu® for 7 < 7% and V*(7;6) > (1 — m)u for m > 7°.

Hence, if we let 7 = minII(), then # > 7°. Now, 7 is determined by F(m;d) = 0 with

F(mo)=mu =64 > mullu + Y [wpl + (1= m)pl )V (7756) o,

reXH reX—-XH

where X consists of signals such that 7, > 0, and the first term is the expected payoff from
taking af! while second term from waiting when 7 is close to 7; note that V*(7%;d) = m®u?
when 7 > 7 and r, > 0. Now, we claim that, whenever F' is differentiable w.r.t. w, we
have %F > 0 and hence 7 is uniquely determined. For any x € X — X whenever V* is

differentiable w.r.t. 7w at 7%,

%{[Wﬂf + (1 - ﬂ')“:ﬂv*(ﬂ'm, 5)} = (Mf — ,U:I;)V*(ﬂ'x’d) + <7Txl“bz gv*(ﬂx’d)

x, L T
. Tyt T
< (= pbymtu + (T) ult = —[rpy + (1= mlu = pglu®,

where the inequality follows from the fact that r, < 0 (since z € X — X*) and hence
(ufh — ) <0 and that V* (7% 6) > nful?, ZV*(x%6) < uf’ as V* is convex in 7. Thus,

0 H H |, H H
a—FZu -9 Z,ux—k Z py | v =01 —=0)u" >0,

T
reXH reX-XH

since 0 < 1. Since F' is almost everywhere differentiable, it is then strictly increasing in 7.
This then shows that 7 is uniquely determined by F(7;6) = 0, and for 7 > 7, taking af
is strictly better. Finally, since F(7;d) strictly decreases § as V* increases with 4, it also

follows that 7 strictly increases with 4.

Proof of Theorem 3.1

Proof of multiself-consistency. The proof follows the idea in Piccione and Rubinstein (1997).

Let M be an optimal SFSA. We assume that ¢° € (), which is the only interesting case. For
any states ¢,¢ € QU {qu, qr.}, define the set W, , =", W7, where for each n = 1,2, ...,
Wi, = {w=1(q,x1;q1, %2} ....; Gu—1,7n;¢) : x; € X, q € Q}, that is, the set of possible state
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transitions from ¢ to ¢’. Given a state of nature § and w € W, define

Py(w) = 6" x HMZiT(Qi—hIi;Qi)a

i=1

where ¢y = ¢ and ¢, = ¢’. The expected payoff from the SFSA is then

V=> Po) > Pywhn'. (52)

0=H,L WGqu’qe

Note that we have shown (14) in the text. We now prove (13).
Suppose, by contradiction, that 7(¢, x;¢’) > 0 and that for some ¢ # ¢/,

Tga Vo (H) 4+ (1 = m40) Vi (L) < g0 Vor (H) + (1 — m4,2) Vo (L) (53)

We denote p' = 7(q,z;¢") and p” = 7(q,x;¢"). Now, fix all other transition probabilities
other than p’ and p”, each term Py(w) in V given by (52) is a polynomial of (p',p”) and,
since 0 < 1, V is differentiable w.r.t. (p/,p”). Since M is optimal and p’ = 7(q,x;¢") > 0,

the FOCs require that B,V > 6‘9,,‘/ However, we show below that (53) implies that

0 0
3p”v oy

v, (54)

a contradiction to the optimality of M. To prove (54), first note that

_V— Z PO Z Qp(q,x;q/)(w)P9<W)u9’ (55)

p/
0=H,L WEWq PNCESD)

where Wo o, (q,75q") = {w € Weo 4, : (¢, ,¢’) occurs in w} and ¢(g 4.y (W) is the number of
repetitions of (¢, x;¢") within w.
Now, we show that ;2 3,7V is proportional to g, Vy (H) + (1 — g, ) Ve (L) by multiplying
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the latter by ZQZHL Po(0)P(q|0)pl, a quantity independent of ¢’ and ¢":

2| [MaaVe (H) + (1 = 740) Ve (L)]

[Z Py (0)P(q|0)p

0=H,L

= ZPO P(q10)15V, (9):2})0(0) Z Po(wq) | 1 Z Py(wy) | v

0=H,L 4 WqEqu‘q w /EW/

- vl oy el

T i
WqEquyq,Wq/Equyqe <Q7 4 )

IP’ w 0
- ZP0(9> Z Pgaiq) (W 9< ) uezg—p/\/,
9

WGW o,

where the first equality follows from (11), the last follows from (55) and the second last
follows from p' = 7(¢,x;¢’) and the fact that for any w, € Wy, and any wy € Wy,
(Wg, 15 Wy ) € Weo o,(q,75¢") and that each w € W o, (q, 75 ¢) is counted (g .4y (W) times
3 -2V and hence (53) implies (54).

Proof of (15) First, we claim that, for all ¢,¢ € Q,

in that list. We have analogous expression for

w,Vo(H) + (1 — 7))V, (L) > 7,V (H) + (1 — m,) Ve (L) for all ¢’ € Q. (56)

To see this, for any = and any ¢1, g2, g3 € QU{qu, qr.} such that 7(q, x; ¢1) > 0 and 7(q, x; g2) >
0, by modified multi-self consistency and (11),

> Po(0)P(ql0)plV,, (0) = > Po(0)P(ql0)ulV, (0) > > Po(0)P(ql0)plVy, (6). (57)

0=H,L 0=H,L 0=H,L

Thus,

TqVo(H) + (1 — ) Vy(L)
=m0 > 13 (g, 254" )WVer (H) + (1 = m4)0 > pEr(q,2:q")Vr (L)

z€X,q"€QU{qm,qL} zeX,q"€QU{qm,qL}

B ZQZHL P0<0)P(Q|6>Mfc‘/q/'(8) Lo
=200 2 Sy Pol0 ) )

zeX q¢"€QU{qm,qr}

ZQ:H L P0<9)P(Q|9)/~52Vq” (9)
PR LEEDS ’ s (") o = Vi (H) + (1= 7))V (L),
reX q"€QU{qn.qr} ZGIZH’L Po(0")P(q|6")

v
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where the first equality follows from the recursive equation for V() for each § = H, L,
the second follows from (11), the inequality, which holds term by term for each x, follows
from (57): any term with ¢” in the numerator of the expression above the inequality with
7(q,x;q") > 0 has the same value and that value is no less than any corresponding term with
7(q', z;¢") > 0 below, and the last equality follows from the recursive equation for V().
Now, we claim that AVl < 0 and AVS > 0 for alli < j, and AV /AVE > AVE AV
for all i < 7 < k. To see this, let i < j be given. If i =0 or j = K + 1, this follows from the

fact that V,,(0) = u’, and V,(0) < du? for all ¢ € Q. Otherwise, by (56),
T, AV + (1 = 7, ) AV > 0, and m, AVT + (1 — 7, ) AV,E > 0. (58)

Since there are no equivalent states, either AVl > 0 or AVl < 0. By our convention it
must be AV} > 0. By the second inequality in (58), AV;% > 0. Now, if this last inequality
is an equality, then we can replace all the transition to ¢; to transition to g; and obtain
a higher ex ante payoff, which is a contradiction to the optimality of the SFSA. Now, let
i < j < k. Again, by (56), we have

T, AVIT + (1 — g )AV > 0, and g, AV} + (1 — my )AV/; > 0, (59)
and hence

AVE m. AV
B < J < Js .
AV L=mg = AV

Finally, we show (15). Let ¢ € @ be given. By (13), 7(q,x;¢;) > 0 only if
TaaVai () + (1 = mq0) Vo, (L) 2 mqo Vo, (H) 4 (1 — mq,0) Vg, (L)

for both j =7 —1 and j =i+ 1. This then implies (15). Conversely, it is straightforward to
verify that if (15) holds, then

gV (H) + (1 = g2 )V, (L) 2 7.0 Vo, (H) + (1 = m42) Vi, (L)

for any j = 0,..., K + 1, where ¢y = g, and qx+1 = qy. Note that we need the fact that r;
increases with ¢ for this, and we have proved this earlier. Moreover, if r(q,z) € (7;_1,7;),

then the above inequality is strict for any j # ¢ and hence 7(q, z;¢;) = 1.
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Proof of Theorem 6.1

(if part) Let R be a right-invariant equivalence relation with K + 2 equivalence classes,
I, ... Ig, Iy, I, where EfH = Iy and EfH = I;. Define M as follows. Let Q = {q1,...,qx},
with ¢; corresponding to I;. Define 7 as follows. For any updating state ¢; € @) and for any
re X, let 7(q;,y) = ¢q; ify € [, and yox € I;, where j = 1,...,K and j = H,L. This is
well-defined because R is right-invariant: if y,y’ € I;, then yRy’, but this also implies that
(yoz)R(y'ox) and hence j is uniquely determined. Let ¢° be the internal state ¢; such that
() € I;. Finally, M implements the rule f since x € Eg if and only if A\j/(x) = gp under M
by construction.

(only if part) Let M be a DFSA that implements f with |@Q] = K. We extend 7 so
that 7(gg,x) = qo for 6 = H,L and x € X, and hence extending Ay, accordingly. Define
R C X* x X* by

xRy <= Au(x) = Au(y).

We use [¢] to denote the equivalence class such that x € [q] if and only if A\y/(x) = ¢. R is
right-invariant. If x,y € [g], then Ay (x) = A (y) = ¢ and hence Ay (x02z) = Ay (y o z) for
any z, which in turn implies that (x o z) R(y o z). Moreover, non-redundancy of M implies
that R has exactly K + 2 equivalence classes. Finally, Lg = [go] and hence is one of the

equivalence classes from R.

Proof of Theorem 3.2

(1) By Proposition 2.1, 7 converges to one or m converges to zero as d converges to one. Since
ry, < 400 or rp > —o0, say the former is true, for any given =, it takes at least K’ > K + 3
good signals to reach 7 for § sufficiently large. We now show that under the optimal decision
rule, denoted by f, the sets £fH and £{ cannot be written as some unions of equivalence
classes from a right-invariant relation with K + 2 equivalence classes. Now, consider the
partial histories x*, k = 1,..., K + 3, where x* consists of k h-signals. We claim that each
partial history has to be of a distinct equivalence class. To do so, for any k& > £/, we only
need to show that there is a witness partial history y** such that x* o y** while x* o y**
leads to another. Take y"¥ = xX'=* Then, x* ox'~* leads to action a while x* o x®'~¥
leads to action ¢ (continue) under the optimal rule f. One can append y** with sufficiently
many /(-signals in the end so that x* o y**' leads to action a”.

(2) Suppose, by contradiction, that there is a DFSA that implements the optimal decision
rule, f*, with K states for some finite K. By the Theorem 6.1, there exists a right-invariant
equivalence relation R with K equivalence classes over X* such that the set E(];* is a union

of some of those classes for both § = H, L. To show that this cannot be the case, we need to
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show that for any right-invariance equivalence relation R such that Eg and 55 are unions
of its equivalence classes has infinitely many equivalence classes. To this end, we construct
an infinite sequence of partial histories, {x!,x? ..., x",...}, x® € X* for each n, and each
represents such an equivalence class. For any n # 7/, to show that x” and x" belong to
different equivalence classes, we construct a witness history, denoted by y™", such that
x" o y™™ and x" o y™" dictate different actions under the optimal policy.

To simplify notation, we normalize r, = p and r, = —1. This is with no loss of generality
as we can think of these numbers in terms of multiples of r,. Generically, p is a normal
number, that is, for any finite sequence jijo---j; € {0,1,...,9}, we can locate the sequence
somewhere in its decimal expansion.

2

We construct our sequence of partial histories, {x! x? ..x" ...}, as follows: first, let

x! = (h) and, for n > 1, let

(kn—Fkn_1) h’s

where k, is the largest integer such that k,p — (n — 1) < p. Note that for all n, any initial

segment y C x" satisfies

ry € (~1,p). (60)

Moreover, for each n,
ren = kop — (n—1) € (0, p). (61)
Since 1z — 1, > rp, = p and rp, — ry > 2|ry] = 2, it is optimal to wait along the whole

sequence following the partial history x". Note also that since p is a normal number and
hence irrational, r¢n # r . for all n # n’.

Now, we show that for any two partial histories x” and x” , we can find a witness history
y™" such that it is optimal to wait following x"oy™" (and hence optimal to take a” following
x" oy™" followed by sufficiently many ¢’s) but optimal to take a’ following x™ oy™" . Note
that (60) and (61) imply that it is optimal to wait following x™ for all n.

Without loss of generality we may assume ryn < 7. Let k be the unique integer that
satisfies

Txn +kp <1z — 72 <1y + (K + 1)p.

By (61) we know that k > 1. Hence, along the partial history x" followed by k high signals,
it is optimal to wait. We consider two cases.

First, suppose that r . + kp > rz — ry, i.e., along the partial history x" followed by k
high signals, it is optimal to take a’. In this case, take y™" to be k high signals satisfies
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the requirement.
Second, suppose that r, . + kp < rz — r,, i.e., along the partial history x" followed by

k high signals, it is also optimal to wait. Then, set
1= (15 —7x) — (1w + kp) < (15 —72) — (1xn + kp) = €. (62)

It then follows that ¢; > 0 as 7 v +kp <1z —rpand g < pasry — 71 <71+ (k+1)p. To
construct the witness partial history y™" in this case, we need the following lemma, whose

proof is given at the end and makes use of normality of p.

Lemma A.1. For given €, < €5 € [0, p|, there exists a partial history z such that
€1 < 1, < €. (63)

Moreover, for any initial segment y C z, —1 < 1y < p.

By Lemma A.1, we can find z with r, € (€1, €2) w.r.t. € and e given by (62), and, for
any initial segment y C z, —1 < ry < p. Thus, by (60) and (61), along the partial history
x" oz or X" oz, it is optimal to wait all along. Now, let y™" be equal to z followed by k

high signals, and hence
Tx"oy”’n’ = T'xn + Ty + l;:p < T'xn + €9 —|— ]%,0 S Ta — T7r;

where the first inequality follows from r, < €3 and the second from (62). Hence, it is optimal

to wait following the partial history x" o y™™. In contrast,
Pyt oynont = Txn + T+ kp > 1y + €1+ kp > 1z =,

where the first inequality follows from r, > ¢; and the second from (62). Hence, it is optimal

n,n’

to take a'’ following the partial history x" oy™"  and y™" is a valid witness partial history.

Proof of Lemma A.1

Let n be the largest integer for which e; — e; < 107", Then, if
€1 =012+ Jnfnsr - < 0J1j2 - Jn(nt1 +1) < €,
by normality, for some £,
p=041-9 Jijo - Jngn+1-c > 0410 J1J2 - JnJnt-
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Now, for Ny = 10* and My = iy - - - iy, Nip— M, € (€1, €5). We shall then define z inductively,
but from the end to the beginning. At the end, z has N; h and M; ¢, and we construct

it by an increasing sequence {nh nt

" nt}, where nl' is the number of h’s and n number of £’s

in its initial segment of length 7. Thus, we begin with n}](,lJer = N; and n§V1+M1 = M,.
We construct this sequence through another sequence, {Ns, N3, ..}, defined inductively as
follows. First, let Ny be the smallest integer such that Nop — M; > —1. Inductively, Ny is

the smallest integer such that
Nyp—[My—(k—2)] = Nyp— My + (k—2) > —1. (64)
Note that this is a decreasing sequence, and that
0< Ngp—[My—(k—=1)]=Npp— M, + (k—1) < p. (65)

The inequality on the left follows directly from (64), and the right follows from a proof by
contradiction: if Nyp— M+ (k—1) > p, then (Ny —1)p— M, + (k—1) > 0, a contradiction
to the fact that Ny is the smallest integer for (64) to hold. Moreover, since p < 1, it also
follows that IV} is strictly decreasing in k, and since NV; is finite, it ends in finite time.

Now we construct the sequence {n?,n‘} by induction, but backwards. First, for i =

N1+M1 to NQ—|—M1+1,
(”?—b”f—ﬂ = (”? - 1>”f—1) = (nf‘ — 1, My).

That is, we decrease the number of h’s by one but keep the number of ¢’s constant. Then,

we move the number of ¢’s by one:
(”7V2+M1—1»”§V2+M1—1> = (”}K@JFMN My —1) = (Na, My — 1).
Inductively, for i = Ny + My — k to Nyyq + My — (kK + 1),
(niy,miy) = (0 = Lng_y) = (nf =1, My — k).
It then follows directly from (64) and (65) that for all i,

that is, for all initial segment y C z, ry € (=1, p).
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