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Abstract

Dynamic heterogeneous-agent models share two features: 1) high-dimensional ag-
gregate states that are beyond the control of individual agents, and 2) low-dimensional
aggregate shocks. This paper exploits these two features using a deep learning-based
probabilistic approach and demonstrates that it is possible to solve for the global
solution of these models without compromising dimensionality reduction. The compu-
tational advantage of the probabilistic approach lies in converting a conditional expec-
tation equation into multiple equations of shock realizations, significantly enhancing
evaluation efficiency. As illustration, I solve two models: the continuous-time version of
Krusell and Smith (1997) with a two-asset portfolio choice and nonlinear debt market
clearing condition, and an extension of a search-and-matching model (Duffie, Garleanu
and Pedersen, 2007) with a continuum of heterogeneous investors and anticipated ag-

gregate risks.
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1 Introduction

The curse of dimensionality has long impeded economists from pursuing large-scale, and po-
tentially more realistic, models. This constraint poses a significant challenge for heterogeneous-
agent models with aggregate shocks, as the distribution of individual characteristics, such
as wealth levels, serves as a state variable. This paper will demonstrate that the infinite-

dimensional state variable is less formidable than commonly believed within the profession.

I will exploit two common features of heterogeneous-agent models to solve for global so-
lutions. Firstly, the infinite-dimensional state variable is uncontrollable from an individual’s
perspective. Therefore, the primary computational challenge is purely about calculating
conditional expectations while solving for dynamic optimization. Secondly, the dynamics of
the infinite-dimensional state variable are driven by low-dimensional aggregate shocks. This
paper will illustrate that the probabilistic formulation significantly enhances the computa-
tion efficiency of conditional expectations when the dimensionality of aggregate shocks is not
too high.

The probabilistic formulation, widely used in the study of stochastic controls, posits that
a forward-looking random variable can be expressed as the sum of its conditional expecta-
tion and the linear impact of exogenous shocks within a short time interval. This transforms
the equation for a random variable’s conditional expectation into infinitely many equations,
each corresponding to a realization of exogenous shocks. Consequently, the probabilistic
formulation yields a significantly greater number of equations to identify conditional expec-
tations compared to the conventional analytic approach. The trade-off involves estimating
the “coefficients” of exogenous shocks, which is generally less problematic when aggregate
shocks are low-dimensional. Moreover, since these “coefficients” explicitly influence agents’
portfolio choices, directly solving them proves to be a more efficient alternative to conven-
tional methods. In the remainder of the introduction, I will provide a one-dimensional state

variable example to exemplify the computational advantage of the probabilistic formulation.

Suppose X; is an uncontrolled It6 process described by
Xia = Xo + (X)) A+ 0 (Xy) (Wt+A - Wt)> (1)

where A represents the length of time period, and W;, o — W, follows a normal distribution

with a mean of zero and variance of A. In economics, we are interested in a forward-looking



process V(X;) defined as the fixed point V(-) of the following functional equation
V(Xy) =u(X) A+ E[V (Xipa)| Xi] (2)

where u(-) can be interpreted as the utility flow, and V(-) represents the value function. In
the discrete-time setting, it becomes increasingly more challenging to compute conditional
expectation if X; has higher dimensions.

In the continuous-time framework where A — 0, the evaluation of conditional expectation
can be simplified since the integration is pre-computed.! The coefficient of the A term yields

the differential equation
0=u(z)+ V' (z)p(x)+0.5V"(z)0* (x). (3)

Although only V'(z) and V”(x) need to be evaluated, the computational workload still in-
creases significantly if X;’s dimensionality rises. This issue becomes particularly challenging
in heterogeneous-agent models where the state variable, such as wealth distribution, has
infinite dimensions.

In contrast to the analytic approach, the probabilistic approach focuses on the integrand

of the recursive formulation. First, equation (2) can be rewritten as:
E [V (Xt—&-A)’ Xt] =V (Xt) —Uu (Xt) A.

According to the Martingale Representation Theorem in stochastic calculus, when A is

sufficiently small, there exists a function z() such that
V(Xipa) = V(Xy) —u(Xe) A+ 2(Xe)(Wipa — W) (4)

The coefficient of the shock, z(-), is an unknown function of the current state X, that
needs to be solved for, along with V(:). In mathematics, equation (4) is referred to as

a Backward Stochastic Differential Equations (BSDE), which effectively provides infinitely

!By substituting (1) with X; = x into equation (2), we obtain

O=u(@)A+E[V(z+p@)A+o (@) Wia — W) =V (2)| X; = 2]

:u(z)A+[m (V@@ +pu@) A+o(@w) - V(@) Q;Ae’%dw

u(x)A + /_Oo (V'(z)p(2)A + V' (z)o(z)w + 0.5V (z)0® (z)w® + o(A)) !

e
V2rA

where the last equation applies Taylor expansion, and o(A) denotes terms of order higher than A. Dividing
both sides of the above equation by A and taking A to the limit zero yields equation (3).

2
_ w2
2A dw’



many equations because it holds for any realization of Wy, o — W;. To demonstrate the
numerical advantages of this formulation, let’s consider using value function iteration to find
V(-). With V"(-), T only need to sample two realizations of Wy, o — Wy, w!' and w?, which

yield z! and z? according to equation (1). The two-by-two linear system
Vi(al) = Vi (2) — u(z)A + 2" (2w, j = 1,2.

is sufficient to determine V"*1(z) and 2"*!(z). In fact, regardless of the dimensionality of
X}, only two evaluations of V(-) to are required to determine V"*!(z) and z"*!(z). The
probabilistic formulation offers more equations or restrictions than the analytic formulation
(2), which facilitates the identification of conditional expectations.

To implement the probabilistic approach, I seek parametric approximations of V(-) and
z(+), represented as V(-;0) and Z(-; ©), respectively. Equation (4) suggests that the param-

eters © should solve the following optimization problem

N M
1 L . o N2
3 . 207 . 1 _ I _=(.- ,]
min: —— ;:1: ;:1: (V(m 10) + u(z)A — V(2 ) — 5( 0w ) (5)
s.t. 29 =" + p(a")A + oz )w™?

w"’ is sampled independently from N (0, A)

x' is from a given set.

This formulation makes the difficulty of solving the fixed-point problem (2) much less sen-
sitive to the dimensionality of the state variable X;. One only needs to increase the size of
the sample, i.e., N and M, to ensure the accuracy of the probabilistic approach when the di-
mensionality of X; increases. Moreover, this formulation can make use of parallel computing
as the evaluation of each sample path is independent of others.

In the discrete-time setting, if one uses Monte Carlo simulation to evaluate the conditional

expectation, the objective function becomes

% Z (% Z V(&%:0) +u(z))A — V(2 @)) . (6)

In this case, only N equations are utilized to determine the value function. However, the
probabilistic formulation takes advantage of N x M equations with the same number of V(+)

evaluations. In the continuous-time setting, the analytic formulation leads to the objective



function

N

% Z (u (z") + V' (2%;0) pu (2") + 0.5V" (27, 0) o* (27) )2. (7)
i=1

The number of V(-) evaluations increases with the dimension of X; because of numerical
derivative calculations. However, for the probabilistic approach, the minimum number of

evaluations remains unchanged regardless of the dimensionality of X;.
The volatility term, z(+), is crucial in transforming the conditional expectation equation
(2) into the probabilistic equation (4). It also plays a vital role in solving portfolio choice
problems in heterogeneous-agent models. To show this point clearly, I rearrange equation

(4) and apply Taylor expansion at X; = x

(1 (@) + V' (1) (@) D+ SV (1) 02 (@) (Wiga — Wi + V7 ()0 () (W — Wi) + o)
= z(x) (Wipa — W)

Taking the expectation or integration on both sides yields the differential equation (3).
However, the expectation hides a crucial relationship: V’'(x)o(z) = z(z). When solving
for optimal strategies, such as portfolio choices, it is necessary to capture the impact of
exogenous shocks on agents’ lifetime expected utility, i.e., V'(x)o(x). The conventional
approach is to evaluate V’(x) and o(z) separately, and calculate their inner product, which
becomes increasingly cumbersome if the state variable is high-dimensional. The advantage
of the probabilistic approach is that one can bypass the evaluation of V'(z) and directly

solve for its inner product with o(x), i.e., z(x).

To demonstrate the application of the probabilistic approach, I solve two models involving
distributions as state variables: an incomplete-market heterogeneous-agent model with two
assets and a nonlinear debt market clearing condition, based on Krusell and Smith (1997);
and a search-and-matching model of over-the-counter (OTC) markets with a continuum
of heterogeneous agents and anticipated aggregate risks, based on Duffie, Garleanu and
Pedersen (2007). The model in Krusell and Smith (1997) is more challenging to solve than
the one in the well-celebrated Krusell and Smith (1998) using their approximate equilibrium
approach. In Krusell and Smith (1998), the bond price is an explicit function of the first
moment of households’ wealth distribution. However, in Krusell and Smith (1997), the
nonlinear bond market clearing condition implies that the bond price is an implicit function
of households” wealth distribution, i.e., its moments. To solve the approximate equilibrium,

households’ perceived mapping from the moments of wealth distribution to the bond price



ought to coincide with the implicit function implied by the bond market clearing. However,
this challenge does not apply to the probabilistic approach, as households have the true

mapping from the wealth distribution to the bond price in their expectation.

In models with search and matching frictions, it is crucial for agents to understand
the distribution of potential counterparties’ characteristics, because the matching outcome
depends on the entire distribution rather than its moments. In the model I consider, the
cross-sectional distribution of investors’ characteristics follows a law of motion driven by
an anticipated aggregate risk, as the common shock influences the dynamics of individual
agents’ characteristics. Therefore, when investors solve their dynamic optimization problem,
it is necessary to consider the cross-sectional distribution of individual characteristics as a

state variable.

Literature. Given economists’ decades-long battle with the curse of dimensionality, it is
impractical to review all related papers. The spirit of my numerical scheme can be traced
back to the Parameterized Expectation Approach in Marcet (1988), which utilizes simulated
sample paths in equilibrium to train the parameterized conditional expectation. Notably, a
recent advancement in this area can be found in Judd, Maliar and Maliar (2011). Given the
recent, progress in Machine Learning, numerous authors have employed deep neural networks
to approximate the conditional expectation and solve optimization problems using techniques
like stochastic gradient descent, e.g., Maliar, Maliar and Winant (2021), Azinovic, Gaegauf
and Scheidegger (2022), and Han, Yang and E (2021). It is worth noting that most, if not
all, numerical methods in the economics literature rely on the analytic formulation (2). This

formulation gives rise to an objective function similar to (6) that needs to be minimized.

The probabilistic approach to the study of stochastic processes was suggested by Paul
Lévy and carried out by Kiyosi Ito in 1940s via the machinery of stochastic calculus and
Stochastic Differential Equations (SDEs). In the study of optimal stochastic control, Bis-
mut (1973, 1978) first introduced linear Backward SDEs, which characterize forward-looking
stochastic processes. The mathematical foundation for the probabilistic approach employed
in my paper’s numerical scheme, namely nonlinear BSDEs, was established in the seminal
work of Pardoux and Peng (1990). While theoretically appealing, numerically solving BS-
DEs poses challenges. Recently, E,; Han and Jentzen (2017) and Han, Jentzen and E (2018)
showcased the power of deep learning in solving high-dimensional BSDEs. The idea of formu-
lating the solvability of Forward-Backward SDEs as an optimal control problem traces back
to Ma and Yong (1995). My contribution, building upon the work of Han et al. (2018), lies in

adapting their algorithm to the Markov equilibrium of an infinite-horizon time-homogeneous



system.?

BSDEs were born for characterizing dynamic economic models. Independently of Par-
doux and Peng (1990), Duffie and Epstein (1992) introduced a nonlinear BSDE for ana-
lyzing recursive utility. Since then, economists have sporadically utilized BSDEs to derive
analytic results in studies such as Schroder and Skiadas (1999), Chen and Epstein (2002),
Williams (2011). A series of my works is the first in the economics literature to emphasize
the supremacy of the probabilistic formulation for numerical schemes, as well as its flexibility
in accommodating various modeling ingredients. Huang (2023) considers high-dimensional
macro-finance models with asset pricing and endogenous risks. Huang and Yu (2024) applies
the approach to combinatorial problems often encountered in fields like international trade,

industrial organization, and production networks.

The continuous-time setting is convenient as it allows for local approximation at any state,
making the pre-computation of integrals advocated by Judd, Maliar, Maliar and Tsener
(2017) in the discrete-time setting a natural fit for numerical schemes of continuous-time
models. Nevertheless, the curse of dimensionality still applies to the analytic formulation in
the continuous-time setting. Similar to the discrete-time setting, several authors have utilized
deep learning to solve high-dimensional partial differential equations arising from the analytic
formulation. Examples include Duarte (2018), Gopalakrishna (2021), Sauzet (2021), and Gu,

Lauriere, Merkel and Payne (2023), where the objective function to minimize resembles (7).

As its title indicates, my paper contributes to the dynamic heterogeneous-agent litera-
ture starting with Bewley-Huggett-Aiyagari models. Recently, Achdou, Han, Lasry, Lions
and Moll (2022) cast these models in the continuous-time setting using the analytic formula-
tion. Similar to my paper, both Fernandez-Villaverde, Hurtado and Nuno (2022) and Bilal
(2023) consider aggregate shocks. The former adopts the dimensionality reduction approach
proposed by Krusell and Smith (1998), while the later focuses on the local approximation
around the steady state. The mathematics community studies the dynamic heterogeneous-
agent models under the framework of Mean Field Games, initiated by Lasry and Lions

(2007). Both analytic and probabilistic approaches are widely employed to study mean field

2See Duffie, Geanakoplos, Mas-Colell and McLennan (1994) for the general treatment of time-
homogeneous Markov equilibrium within a discrete-time setting. To the best of my knowledge, corresponding
results in the continuous-time setting are still absent. I boldly speculate that it is plausible to establish the
existence and uniqueness of Markov equilibria for a specific class of heterogeneous-agent continuous-time
models with aggregate shocks, by framing these models within Forward-Backward Stochastic Differential
Equation (FBSDE) systems. For most economic models, the correspondent FBSDE systems are fully cou-
pled, and existence and uniqueness results for fully coupled FBSDEs are known to be extremely challenging
to obtain in a time-inhomogeneous setting. However, most economic systems are time-homogeneous, a set-
ting does not draw enough attention from scholars in BSDE and mean-field game communities. I reckon
that one could extend the proofs for the well-posedness of fully coupled FBSDEs in small-time duration, as
found in Antonelli (1993), to time-homogeneous Markov equilibria.



games (Carmona and Delarue, 2018).

Last but not least, this paper also contributes to the literature on search and matching
frictions. Taking the study of OTC markets as an example, due to the curse of dimensionality;,
the literature — beginning with the pioneering work of Duffie, Garleanu and Pedersen (2005)
— has primarily focused on the steady states of carefully constructed models in the absence
of aggregate risks. I hope that the probabilistic approach could lend scholars in the fields
of labor search, money search, and OTC markets more freedom to explore a wider range of

models for their research.

The organization of the paper is as follows. In Section 2, I provide a comprehensive
explanation of solving dynamic optimization using the probabilistic approach when dealing
with a high-dimensional uncontrolled state variable. Section 3 focuses on numerical methods
for addressing market clearing conditions and establishing the law of motion for distributions
driven by aggregate risks. Section 4 presents a detailed illustration of solving a modified
version of the Krusell and Smith (1997) model, incorporating a two-asset portfolio choice
problem and a nonlinear market clearing condition. In Section 5, I apply the approach
to an asset valuation model of OTC markets with a continuum of heterogeneous investors
and aggregate risks. Lastly, Section 6 contains some remarks on wider applications of the

probabilistic approach.

2 Dynamic Optimization of an Individual

This section focuses on the application of a deep learning-based probabilistic approach
in solving the dynamic optimization problem of an individual agent while facing a high-

dimensional uncontrolled state variable.

Consider an agent maximizing the objective function
4 (X07 GO) = max EO |:/ eipsf (Xs> G57 as) ds )
oy 0

where p is the discount factor, the unidimensional control variable a; takes values in a
convex set, and X; and Gy represent individual and aggregate state variables, respectively.

To simplify, assume that X; is one-dimensional and G; has N dimensions
— [ 2 N1T
Gt:[Gt>Gt7"'7Gt] )

where 7 denotes transpose. The controlled process governing the individual state variable



(X;) is given by
dXt = U (Xt, Gt, Oét) dt +o0o (Xt, Gt, Oét) th -+ UO (Xt7 Gt, CYt) thO, (8)

where W; and W are independent standard one-dimensional Brownian motions. W; and
WY represent idiosyncratic and systematic shocks, respectively. The uncontrolled aggregate

state variable (G;) follows the stochastic process
dG; = b (Gy) dt +  (Gy) dWY, (9)

where b (-) and X (+) are vector-valued functions with ranges in N-dimensional space.

I consider an N-dimensional aggregate state instead of an infinite-dimensional one for two
reasons. First, the differentiation in an infinite-dimensional space is technically challenging
for general audience in the economics community.® Second, when solving models numerically,
I will discretize the state space and convert an infinite-dimensional state variable such as

wealth distribution into a finite-dimensional state variable.

2.1 BSDEs

To convey the key insight of BSDEs, I eliminate the controlled individual state and discretize

time with a step size A. The recursive formulation of the value function V' (Gy) is
V(G = f(G) A+ E; [e_pAV (Grea)]

where G, follows
Gt+A == Gt + b (Gt) A —|— E (Gt) (W&A - Wto) .

To prepare for taking A — 0, I rearrange the above recursive formulation

e PR — ¢ - t
0= f(Gy) + Ei Tlv(Gt+A)+ V(G+A)A V(G)] ,

which leads to a partial differential equation (PDE) in the limit

PV = F(0) + VoV - blg) + 5t (2(0) 2 (0) Vo) (10)

3Readers who are interested in the differentiation of functions of probability distribution may find Chapter
5 (Vol 1) of Carmona and Delarue (2018) helpful.



where - denotes inner product and tr(-) represents the trace operator. The challenge in
solving PDE (10) lies in evaluating V,V and V,,V when the dimension of the state variable
G, is high.

The intuition behind BSDEs is to project the random variable V' (Gyya) — V (G;) onto
the deterministic trend (A) and the exogenous shock to the system (W7, — WY). This

projection becomes arbitrarily accurate as A approaches zero.
V(Gira) =V (Go) = (f(G) = pV(G)) A+ 2(Go) (Wiha = WY) (11)

The coefficient of the shock, z(-), is endogenous and depends fully on the current state
Gy. The solution of the BSDE consists of a pair (V (-),z(:)), where V (-) refers to the
fixed point as defined in the recursive formulation, and z (-) represents the volatility term.
The solution pair has the following intuitive interpretation: for any current state G; and
innovation W, o — W}, the updated Viya of V; = V (G;), according to

Viea = Vi = (f (Ge) = pVi) A+ 2 (Gy) (W) p — W)

always satisfies the mapping Vi1 a = V (G a) . The volatility term z () essentially controls
the impact of the shock W2 5 — W) on V;, ensuring that Vi hits the target V (Gyia) for
any current state G;. This insight is initially highlighted by Ma and Yong (1995), which
leads to the design of the deep learning problem shown later.

The Taylor expansion of V (Gyya) around G, (or Itd’s formula) reveals the connection
between z (-) and V (+), as well as the relationship between the analytic and probabilistic

formulations

V(Gipa) =V +V,V-b(G) A+ V,V-S(Gy) (Wha = W)

+ %tr (z (G) S (Gy)" vggv> (Woa =W +0(A),
where o (A) represents higher order terms. By combining this with BSDE (11), two obser-
vations can be made. First, the BSDE implies the PDE (10) when taking the expectation
and letting A — 0. Second, the coefficients of two W), , — W} terms, which vanish in
expectation, imply that

2(Gy) =V,V-E(Gy).

This observation indicates that when the shock is unidimensional, computing a single term
z (+) is sufficient to reveal the stochastic properties of a high-dimensional dynamic system.

While the exogenous shock W, , — W, affects the high-dimensional state variable G, through

10



¥ (Gy), what truly matters in a dynamic economic model is the shock’s impact on the forward-
looking stochastic process {V;}. This impact is fully captured by the inner product of ¥ (G})
and V,V or simply 2z (G;) in the language of BSDEs. The second observation reveals the

key idea of dimensionality reduction in the probabilistic numerical approach.

2.2 Dynamic Optimization

Next, I reintroduce the controlled state X; and apply dynamic programming to establish the

Hamilton-Jacobi-Bellman (HJB) equation

1 1
pV = max {f (z,9,a) + p(z,9,0) V.V + 502 (#,9,0) VarV + 3 (0° (2, 9,0))* ViuV

+ 0% (2,9,0) VgV - 5 (Gy) } + Y,V b(g) + %tr (2 (9)2 (9)" vggv>

The challenge in numerically solving the HJB equation arises from evaluating derivatives in
the space of aggregate state variables, which can have very high dimensions in heterogeneous-
agent models. However, among the three relevant terms (V,,V, V,V, and V V), only V,,V
plays a role in determining the optimal dynamic choice. Moreover, V,,V does not inde-
pendently affect the optimal choice; it is the inner product with X(G,) that impacts the
optimality condition. Therefore, it is ideal to compute V.,V - X(G,) directly as a single

term. Fortunately, the stochastic maximum principle can serve this purpose.

To apply the stochastic maximum principle, I define the generalized current-value Hamil-

tonian
H(z,9,0,y,2,2°) = f(z,9,0) + p(z,9,0) y + 0 (x,9,0) 2+ 0° (x,9,) 2°.
The optimal control &; satisfies
oy = Arg max : H (Xt,Gt,a,Yt, Zy, Zto) ,
where (Y;, Z;, Z?) follows the BSDE
—dY; = (VZH (Xt7 Gy, oy, Yy, Zy, Zf) — pY;) dt — Z,dW, — Z)dw7.

Combined with SDE (8) under the optimal control (o = &) and SDE (9), the above BSDE

11



gives rise to the function Y (Xi, G;). 1t6’s formula implies

Zt = VIY (Xta Gt) g (Xt, Gt, dt) >
ZtO = va (Xt, Gt> O'O (Xt, Gt, (3615) + VgY (Xt, Gt) . E (Gt) .

Given the optimal control process (&), the principle of optimality indicates that the

value function can take the following recursive form
T
V (X, Gy) = E, [ / e P (X, Gy, b)) ds + e PTIV (Xr, Gr)
t
for an arbitrary 7. The stochastic process V (X;, G;) satisfies a BSDE
—dV; = (f (X, Gr. ) = pVo)dt = Z AW, — Z}"" aW.

Assuming the smoothness of V' (X}, G;), there exists an important relationship between Y (+)
and V (-)*
Y (Xt7 Gt) == V:EV (Xta Gt) )

which implies

Zt =0 (Xta Gt, dt) VMV (Xt, Gt) y
ZE = O'O (Xt, Gt, dt) VIIV (Xt, Gt) + ngV (Xt, Gt) DY (Gt) .

It is straightforward to observe that the HJB equation and the Hamiltonian yield the same

optimality condition w.r.t. oy

0= Vaof (Xi, Gy, &) + Vau (Xy, Gy, 64) Vi,V 4 0 (X4, Gy, 64) Voo (Xy, Gy, 6y) Vi,V
+ 0% (X4, Gy, &) Va0 (X, Gy, 64) VauV + Va0 (Xi, Gry 6) ViV - S (Gy) - (12)

To numerically compute &, I need to evaluate V,V and V.,V (or Y and V,Y') as well as
ViV -2 (Gy). A key insight from BSDEs is that the volatility terms like Z are part of the
solution. Therefore, I explicitly calculate o° (Xy, Gy, &) V.Y (X;, Gy) and treat V,,V -3 (Gy)

as part of the solution, as shown by

ViV X (Gy) = Z) — 0° (X4, Gy, &) VY (X4, Gy)

4For nonsmooth cases, a similar relationship still exists, and readers are referred to Chapter 5 of Yong
and Zhou (1999).

12



In this way, I can avoid the computation of the high-dimensional object V,,V. Hereafter,
the inner product term V,,V - (G,) is denoted as Z° (X;, G;). The previous subsection has
indicated that evaluating both V,V and Vg,V are unnecessary if I solve for V (X, G;) via
its BSDE.

2.3 Numerical Scheme

The probabilistic numerical scheme takes advantage of the property that the dynamic paths
of forward-looking variables (e.g., Y; and V) generated by BSDEs and the dynamic paths
of backward-looking variables (e.g., X; and G;) generated by SDEs always satisfy the fixed-
point mapping defined by the Forward-Backward SDE system. For the above dynamic
optimization problem, the FBSDE system is

—dV, = (f (X,, Gy, &) — pV,) dt — ZY AW, — ZV aw?,

—dY; = (V. H (X4, Gy, &4, Yy, Z4, Z)) — pYy) At — ZdW, — Z)dW),
dX; = p (X, Gy, &) dt + o (X4, Gy, &) AW, + 0 (X, Gy, 6y) AW,
dG, = b (G,) dt + Z (Gy) dWY,

Y=Y (Xy,Gy), Vi =V (X, Gy),

where &; is given by the optimality condition (12), Y (x,¢g) and V (z, g) are the fixed-point
mappings defined by the FBSDE system. The solutions of BSDEs include their volatility
functions (Z (z,9),2° (;E,g)) and (ZY (z,9),2%" (z,9)).

To handle the high dimensionality of Gy, I will use deep neural networks to approx-
imate these functions. The approximations are denoted as y (-, ;0),2(-,+;0),2° (-, 0),
v(0),2° (-, 0), and 2% (-, -;©), where © represents the set of parameters that identify

the neural network.

For an arbitrary 7, I discretize time interval [0,7] evenly into I subintervals: 0 =

tg < t; <ty < --- <ty =T, Then, I simulate M sample paths of Brownian motions
{Wi7m, Wi?m f;;nj\j: ) and initial states {zg ., gom}%zl. Here, I drop the subscript m to sim-

plify notation. Let A = t;41 — t;, w; = Wiy — W, and w? = I/Vﬁrl — W?. Initialize
vo = v (Zo, g0; O) and yo = y (g, go; ©). Next, I will repeat the following procedure for i

ranging from 0 to I — 1.

1. Compute 2 = z (2, 9:;0) , 2 = 2% (4,1 0) , 2¢ = 2* (24,95 ©) , and 2" = 2% (w;, gi; ©)

2. Evaluate y,; = V,y (2:,0;;0) = 5= (y (z;i + k,9:;0) — y (z; — k, g;;0)) and

Vpi = Vv (2, 950) = o (v(z; + k,9:;0) —v (2 — k, g;;0))

2k

13

I



3. Compute ¢; according to the optimality condition (12) and compute 2 = ¢ (x4, g, &) Yo it
50
2%

4. Calculate v;11,y;+1,Ti+1, and g;+1 according to

Vigr = v — (f (24, G, &) — pui) A+ 27w, + Z?’Uw?a
Yi+1 = Yi — (va (wi,gi, a4, Yis Zis Z?) - Pyi) A+ zyw; + z?w?,
Tig1 =T; + 4 ($i7gi, @z‘) A+o (xz',gm @i) w; + o’ (xia Gis @z’) w?,

Giv1 =09 +b(g:) A+ X (Qi)w?;

5. Compute U;11 = v (Tit1, gi+1;0) and Jip1 = y (Tiy1, gir1; ©).

Given the simulated paths, the loss function is constructed as follow:

M I-1
I-1,M 1 . _
Loss (@; {20, 90.m> Wi.m, w?’m}izlymﬂ) = i Z Z v — Ba||* e |y — Bl *+we lys — vail)®
m=1 i=1
where ||-|| denotes the square norm and w; and wy are weight parameters.

The core of the numerical scheme is to construct the loss function, and the minimization
of the loss over the parameter © is outsourced to deep learning packages in Python, such as
TensorFlow or PyTorch. Goodfellow, Bengio and Courville (2016) is the standard reference

for deep neural networks, optimization algorithms and related topics on deep learning.

3 Aggregation and Dynamics of Distributions

In this section, I will first discuss the numerical treatment of market clearing conditions.
Second, I will present how to use the finite volume method to approximate the law of motion
for an infinite-dimensional state variable, such as the wealth distribution. The finite volume
method was first introduced to computational fluid dynamics in the 1970s (McDonald, 1971;
MacCormack and Paullay, 1972).

3.1 Market Clearing

In many heterogeneous-agent models, the distribution of individual states, which I denote
as Gy (+), influences an individual’s dynamics through market-clearing prices. A common

equilibrium price is the risk-free r;, which directly affects the law of motion for a household’s

14



wealth. Consequently, SDE (8) can be expressed as
dXt = U (Xt, T, Oét) dt +o0 (Xt, Tt Oét) th + O'O (Xt, T, CYt> thO
instead. The optimality condition (12) can then be written as follows

0 = vaf (Xt7 Tt, OAét) + Va/,l/ (Xt7 T, dt) VCEV +o (Xt7 T, &t) Vaa (Xt7 T, OAét) vzxv
+ 0'0 (Xt, Tt éét) Vaao (Xt7 ¢, (Sét) VmV + vaO'O (Xt, Tt éét> ngV - (Gt) y

which defines the policy function & (x, 7, Gy). Aggregating individual policy functions re-

quires satisfying a market clearing condition

0:5(/@um%aga%@yao, (13)

where S(-,-) is a function dependent on the integration of &(x, ry, Gy) over Gy(-) and the dis-
tribution of individual states. Thus, given the policy function, the market-clearing condition

establishes a mapping from the distribution Gy(+) to the equilibrium price r;.

In some models such as Krusell and Smith (1998), the equilibrium price can be written

as an explicit function of the distribution or its moment like

n:s(/ma@ﬁ.

This characteristic simplifies the numerical computation process. However, not all models
offer such simplifications. For example, in Krusell and Smith (1997), households allocate
their wealth between risky and safe assets while facing a borrowing constrain and a short-
sale constraint on the risky asset. As a result, the policy function & (z,r;, G;) becomes
nonlinear with respect to the risk-free rate r;, and no explicit function of r; is available. In
such cases, it is possible to leverage the analytic properties of the policy function & (x, ¢, Gy)
and S (+,-) and develop specific model algorithms to solve for the equilibrium r; given Gy (+).
For instance, in Krusell and Smith (1997), households’ demand for the risky asset decreases
with r;. Hence, a simple bisection method is sufficient to determine the market-clearing
r¢. Unfortunately, there is no universally effective numerical treatment, except using neural
networks to approximate the price function of aggregate state variables and incorporating
the error of the market-clearing condition into the loss function. A crucial consideration
for implementation is determining the weight assigned to the loss of the market-clearing

condition.
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In asset markets, returns are typically not locally deterministic. As a result, investors’
demand for an asset is influenced by both its instantaneous return and volatility. Simul-
taneously, the asset price and its return are endogenously determined within the general
equilibrium framework. Consequently, one must solve for investors’ policy functions, as-
set pricing equations, and market clearing conditions collectively. This implies the need to
incorporate BSDEs, which describe the forward-looking processes of asset prices, into the
Forward-Backward SDE framework. Those interested in resolving large-scale asset pricing or
macro-finance models can refer to my paper Huang (2023) for further details on establishing
BSDEs for asset prices. In Appendix B, I consider a variant of Krusell and Smith (1997)

with durable assets and asset pricing.’

In models with search and matching frictions, the absence of centralized markets
prohibits any simplification of individual states’ laws of motion (8) because their dynamics
depend on the outcomes of search and matching, which in turn rely on the entire distribution
instead of on a clearing price of a centralized market. In Section 5, I consider an asset
valuation model of OTC markets based on Duffie et al. (2007).°

3.2 Kolmogorov Forward Equation and Finite Volume Method

Given that equilibrium prices are expressed as functions of aggregate states and individual
policy functions, the law of motion for an individual household’s state X; depends on X, itself
and the distribution of X represented as Gy (+) in the economy. To simplify the notation, I

rewrite the SDE governing X; in Section 2 as follows
dXe = p (X, Go (1) dt + 0 (X, G (1)) AW, + 0 (X4, Gy () AW,

The law of motion for g, (-), the density function of X, is governed by the stochastic Kol-

mogorov forward equation (KFE), also known as the Fokker-Planck equation”

dgi (x) = =V ( (2, G (-) g1 (x)) dt = Vo ((0° (z, G, () AWY) g1 (2))
+ %Vm { [(J (x, Gy ()))2 4 (00 (x, Gy ()))2} Gt (x)} dt.

A recent paper by Gopalakrishna, Gu and Payne (2024) solves the heterogeneous-agent asset pricing in
an incomplete market via the analytic (PDE) approach and deep learning.

6A recent paper by Payne, Rebei and Yang (2024) solves a labor search model with aggregate risks via
the analytic approach and deep learning.

"This KFE is stochastic due to the influence of an aggregate risk {Wto}, which represents common noise
in the study of mean-field games. A heuristic derivation of the stochastic KFE can be found on Page 111 in
Volume II of Carmona and Delarue (2018).
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As it is impractical to input an infinite-dimensional object into a computer, I need to
discretize the individual state space and the density function. I employ the finite volume
method for this purpose, which involves dividing the space domain of g¢; (-) into a finite
number of intervals, such as (zg,x1), -+, (xny_1,2y), and approximating the density g; ()

using a finite number of probabilities over these intervals, denoted as G}
Tn
G} = / gt () dt.
Tn—1

The cumulative distribution function G (-) can be approximated as

N
Gi(x) =) Gi1{w,y <a}.
n=1

By performing integration on both sides of the KFE over an interval (z,,_1,x,), we obtain a
forward SDE with respect to G}

dG} = = (1 (@n, Ge (+)) ge (2n) = p (201, G1 () gt (2n-1)) di
- (UO (Tn, Gi () gt (x0) — o (Tn-1,G: (%)) gt (ﬂfn—l)) thO

+ %vm {0 @0 Ge 0 + (0° (@G ()] 1 ()}

1

_ EVI { [(a (€01, G () + (0° (201, Gy (.)))2] g (xn,l)} dt.

Thus, the flow of the distribution g, (-) can be approximated using a finite number of for-
ward SDEs with respect to G}, and the accuracy of the approximation increases with finer
intervals.

Figure 1 and the law of motion for G} highlight that the dynamics of households near
the boundaries at z,-; and z,, influence the evolution of G} over time. For example, if
p(xn, Gy (+)) or o (z,, Gy (-))dW? is positive, households in the vicinity of x, will move
upward and exit the interval (x,_1,2,). Consequently, the probability G} will decrease.
This intuition also explains the application of the upwind scheme to approximate g; (x,,).
Specifically, if the sign of u (z,, Gy () or 0° (z,, Gy (-)) dWY is positive, then g; (x,) is ap-
proximated by Gt'/(z,—z._1); otherwise, if u (x,, Gy (+)) or 0° (z,,, G¢ (-)) AW} is negative, then
¢ (x,,) is approximated by & /(w,s1—an).

Next, I outline the numerical scheme for updating G}’ over time, using the same time

discretization as in the previous section. For brevity, I only display the case 1 <n < N with
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Figure 1: Finite Volume Method

boundary cases left in Appendix A
Giia = GY

il G (DA

G (e G () < 0+ —

Tn+1 — Tp Tp — Tp—1

L {1 (00, G () 0})

ar Gt
1 GO A (21 o, G ) <0+ 1 (1,6 () 2 0}
Ty — Tp_q Tpn—1 — Tn-—2
0 0 G;H_l 0 0
— 0" (2, Gy () AW [ ——1{6° (,,, G (1)) AW? < 0}
Tn4+1 — Tn
4 1{0° (20, G, () dW0 > 0}
Tpn — Tp—1
+ 0% (2p_1, G (+)) AW (Ll {0 (21, G () AW < 0}
Tp — Tp—1

b {00 (5, G () AW O}>

Tp—1 — Tn-2

(0 (. G () (0" (g, G )] G5 [(0 80 G ()P o+ (0 (0, G ()] €

+

(xn—&-l - xn—l) (xn+1 - xn) (mn—l-l — Tp— 1) ( — Tn— 1)
(0 (@ Ge (D)) + (0 (0, G (D)’ G [(0 (o, Ge ()P + (0° (0, Ge ()] G
B ("En - xn—2) (xn - mn—l) * (mn - xn—2) (xn—l - mn—Q) 7
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where %, = 0.5 (z, + z,,_1). ®

3.3 Numerical Implementation

The numerical scheme for solving a heterogeneous-agent dynamic general equilibrium model
is based on that of solving an individual agent’s dynamic optimization, as outlined in Section
2.3, with three main differences. First, the law of motion for aggregate state variables is
endogenous in dynamic general equilibrium (as shown in step 5 of Section 2.3), and their
numerical updates are demonstrated in Section 3.2.

Second, when simulating samples, I will track M economies and simultaneously simulate
the dynamics of H heterogeneous households for each economy. In other words, the H
households share the same aggregate states. Therefore, individual state variables or choice
variables have three subscripts: ¢ captures time, h represents the household index, and m

indicates the economy.

The third difference, which also presents the most computational challenge, involves
solving for equilibrium prices. With the state discretization of the finite volume method,
I integrate individual policy functions using the simple midpoint rule. Step & in Section
2.3 requires solving for equilibrium prices and agents’ policy functions simultaneously while
maintaining market clearing conditions, such as equation (13). As discussed in Section 3.1,
one must exploit the property of the market clearing condition to simplify the procedure of

jointly solving for policy functions and equilibrium prices.

4 A Variant of Krusell and Smith (1997)

In this section, I will present how to apply the probabilistic approach to solving a modified
version of Krusell and Smith (1997). Compared to Krusell and Smith (1998), the model

8

V. { |(0 (@, G))* + (00 (xn, G0)*| g1 () }

(0 (0.5 (xps1 + ) + (62 (0.5 (zn41 + n) Gt))ﬂ 9t (0.5 (211 + 24))

0.5 (Tn41 — Tp—1)
(005 (@n + 20-1) GO + (° (05 (@0 + 70-1),G)) ] 91 (0.5 (i + 20-1))
0.5 (Xnt1 — Tn-1)
(0 (@1, GO+ (0° (@011, G0))?| GEFE - [(0 (0, G + (00 (2, G))?| G

0.5 ($n+1 - JCn—l) (CCn+1 - xn) 0.5 ($n+1 - xn—l) (xn - xn—l)
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I consider incorporates a portfolio choice between a risky asset and risk-free debt, as well
as a nonlinear debt market clearing condition. These two features often present significant

challenges for other numerical algorithms intended for heterogeneous-agent models.

4.1 Model

The economy consists of a continuum of households who supply labor inelastically. The
aggregate production function takes the aggregate physical capital K; (in efficiency units)

and aggregate labor supply L; as inputs
Y, = zK*L;™°,

where the TFP parameter z remains constant over time. The labor wage is determined by

w(Kt,Lt):(l—a)z(%)a,

and the return to physical capital is given by

K a—1
r (Kt, Lt) = Qaz (L—:) .

Households can transform final goods into physical capital or reversely at the one-for-one
ratio. Hence, the price of physical capital is a constant one over time. In Appendix B, I
relax this assumption and introduce durable assets and asset pricing to Krusell and Smith

(1997). The net supply of risk-free debt is zero in the economy.

A household’s life-time expected discounted utility is

E, { /0 T et (c1) dt] .

The employment status of a household follows a two-state Markov chain: ¢, € {0,1}. When
€, = 1, the household supplies [ efficiency units of labor inelastically; when ¢, = 0, the
household is unemployed and receives an exogenous amount g of goods. The transition
intensity from ¢, = 0 to ¢, = 1 is \; while the intensity from ¢, = 1 to ¢, = 0 is A\!. Assuming
A? and A! are constants, I posit that the aggregate labor supply reaches a stationary level of
i/ (xo+x1) without loss of generality.

Households can only allocate their wealth between risky physical capital and risk-free

debt. Therefore, the idiosyncratic risk is partially insurable. The instantaneous rate of
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return for holding physical capital is r (K, L;) — 0, where § represents the depreciation rate,
and the risk of holding physical capital is driven by an aggregate Brownian shock W, with a
constant percentage volatility o. Given the holding of physical capital k;, consumption rate

¢, and risk-free rate r;, a household’s wealth x; evolves as

di['t = (Ttxt -+ (7” (Kt, Lt) — (5 — Tt) kt + thw <Kt7 Lt) -+ (1 — Et) g — Ct) dt + O'ktth.

(. S

=t (:L',_])

Additionally, households are not allowed to short physical capital, i.e., k; > 0, and there is
an upper bound for borrowing such that k; — x; < b. Considering these two restrictions,

there is a constraint on a household’s individual state variable: x; > —b.

Remark on the Aggregate Shock. In Krusell and Smith (1997), the aggregate shock is
driven by the Markov chain of the TFP z;. An implicit assumption in discrete-time models
is that agents cannot adjust their holdings of physical capital for a “long” period, such
as a quarter or a year. Under this assumption, the capital holding decision made at the
beginning of a period (or, equivalently, at the end of the previous period) is risky because
the realization of TFP in the current period is stochastic, and agents cannot adjust their
holdings throughout the period. In the continuous-time setting, unless explicitly stated,
agents can adjust their capital holding choice instantaneously, making it locally risk-free.”
As a result, I incorporate the aggregate capital quality shock into the model to introduce

local risk into the households’ capital holding decision.

4.2 Markov Equilibrium

I will solve for the Markov equilibrium of the model. With the presence of both idiosyncratic
and aggregate shocks, market incompleteness implies that the distribution of households’
wealth levels x; will serve as an aggregate state variable denoted as Gy (-, j), where 7 =0, 1.
The Markov equilibrium will be characterized by value functions and policy functions of
individual wealth level x;, employment status ¢;, and the aggregate state variable G;, as well

as price functions.

I follow the procedure outlined in Section 2.2 and apply stochastic maximum principle

9To understand this point clearly, let’s consider the expected output of a firm with a given capital stock
k¢, labor I, and the pre-production TFP z,. The realized TFP can be either z; with a probability of 1 —e=*%
or z, with a probability of e=*2. The expected output is

e Mk IITOA + (1- e*)‘A)zlkf‘ltPO‘A.

The second term above, which captures the risk of capital holding k;, approaches zero at a rate of (AQ).
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to characterize the optimal decisions of a household. The Hamiltonian function is

H(t,z,c,k,y,z) =1In(c) + (Tt:v +(r(Ky, L) =0 —r) k+elw (K, L)+ (1 —€) g — c)y
+ okz,

when the state constraint x; > —b is not binding. The co-state variable of type-j household,
denoted by Y/, follows a BSDE

dY{ = = (re = p) Yt 4+ U aN] + 294w, 1)

where A{ represents a Poisson process with an arrival rate of A’. The solution to the BSDE
is given by (Y;j NIAENAL ) The first-order conditions are

Vi
O'Zt’]

T(Kt,Lt)—é—T’t: lfk<k<xt+é

¢

Next, I analyze the portfolio choice k;. In the Markov equilibrium, there exists a mapping

from (z;,G;) to Y/ denoted as Y7 (z,,G;). By applying Ito’s formula, I decompose the
oys

volatility term ZtY’j into two components: %~ (z;, Gy) ok;, which represents the contribution

of x;, and ZtY 7 which represents the contribution of G,
Z07 =V, Y7 (2, Gy) oky + Z)17.
If the excess return r (Ky, L;) — 6 — r is high enough,
r (K L) —0—1, > —% (VoY (20, Gy o (w0 + 1) + 27
then the optimal choice of k; is k; = x; + b. If the excess return is too low,
r (K L) — 0 — 1y < —% (VoY (20, Go) ok + 27
t

then the optimal k; = k. In cases where it falls between these boundaries, the optimal k; is

determined by

1

kt - _UQVIYJ' (xt, Gt)

(Y;] (T (Kt, Lt) — 5 —_ Tt) + UZtY’]>
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Overall, the policy function for a household’s portfolio choice k (x4, G;) is given by

K (24, Gy, 7¢) = min {max {ff] (x4, Gy) ,@} , Ty +l_)} , where (15)

1
B O'2V1Yj (SCt, Gt)

K (w0, Gy, i) = (Ytj (r (K, L) =6 — ) + UZtY’]) :

Given the consumption and portfolio choice policy functions, a household’s life-time
expected utility can be characterized by the solution to a BSDE, i.e., stochastic differential

utility
AV = — (In(c) = pVY) dt + U7dN], + 2,7 AW, (16)

The recursive utility defined above yields a Markov solution V7 (x;, G;), which has a tight

connection with the co-state variable Y/
Y7 =V, V7 (2, Gy) .

Given a household’s demand for risk-free debt, represented as x; — k7 (x4, Gy), the zero

net debt supply condition is expressed as
> / (v — K (2, Gy, 1)) dGy (2, §) = 0. (17)
j=0,1

The risk-free rate r; will adjust the aggregate demand for physical capital and ensure equi-
librium in the debt market. It’s important to note that both the aggregate physical capital
and the aggregate labor supply are entirely determined by the state variable G

Ko=) /xth (z,7) . Lt:_/th (2,1). (18)

7=0,1

To fully capture the dynamics of the economy, it is necessary to characterize the law of
motion of Gy(+,j) or its density function g; (z,j), with j = 0,1. This is determined by the
stochastic KFE

dgt (n7.7> = _vx (:u’t (SL’,]) gt ((13,])) dt — V:Jc ([Ukt (LE,]) th] Gt (SL’,])) (19>

1 , ,
+ évxaz {O_th2 (l’,j) Gt (:Ea])} dt — )‘]gt (l’,]) de + Ali]gt (.’L’, 1 _]> dt.

Here, p; (x,j) and ok (x, j) represent the drift and volatility terms for an individual house-

hold of type-j, with wealth z. It is crucial to emphasize that the dynamics of a household’s
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wealth depend on the distribution G, through the return to capital r (K}, L;), the wage
w (K, Ly), and the forward-looking variables Y/, along with their volatility terms V,Y7 and

ZY3. Consequently, I need to solve a fully-coupled forward-backward dynamic system.

4.3 Finite Volume Method

To implement the finite volume method, the individual state space is divided into N in-
tervals or cells using N + 1 points: —b = zg < 21 < 23 < --+ < xn. It is assumed that
Gy (zn,j) = Gy (x,j) for any = > xx, where 7 = 0,1. Previous research, such as Achdou
et al. (2022), suggests that the distribution G; (-,0) for type-0 households has a mass point
at xo. Interval n refers to (x,_1,2,]. G¢(-,0) is approximated using N + 1 scalars, while

Gy (+,1) is approximated using N scalars.
6= [ a6 @)= [ g
Tn—1 Tn—1

Civen the stochastic KFE (19), the law of motion for G}/ with 1 <n < N

Tn

/ T g yde=— [ V. G (0,5) g () de) do — / " Ve ok (2, ) AW g, (z, ) de

Tn—1

+ / §Vm {azkt? (x,7) gt (a:,j)} dtde — )\Jdt/ gt (z,7) dx
Tn—1 Tn

-1

+)\1_jdt/ gt (x,1 —j)dz

Tn—1

AG7T = = (e (s 1) 90 (@, §) = 10 (@n1,3) 9o (w01, 7)) dt
—0 (k't (xm]) gt (33”,]) — ky (xnfl’j) gt (’T”*l’j)) d;

o2 . . o? . .
+5Ve {7 (20, 5) gt (20, §) } dt — 5 Ve {k} (@n-1,7) g¢ (xp_1, ) } dt
— NGHdt+ NG dt

Assuming that the probability density within an interval is constant, the upwind scheme
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leads to the numerical scheme

rin = G
Gt G’
= A [ 1 O 1 (@) 2
1t (Tn, J) P— {pe (xn,j) <0} + Pa— {ut (zn,j) = 0}
G Gy
e ae19) A | 21 i (a1,) < 0+ — S (a0m1.5) > 0}
LTp — Tp—1 -1 — Tn-2
GnJrl,j Gn,j
— kg (T, §) AWy | — 1 {ky (20, ) AW < 0} + ————1 {ky (20, ) AW; > 0}
Tn+1l — Tn Tpn — Tpn—1
Gn,j Gn 1,5
+ O'kt (xn_l,j) AWt #1 {kt (:Un_1, ) AWt < O} + 7331 {kt (:L’n_l,j) AWt > 0}
n — 4n—1 Tpn—1 — Tpn-2
+ 0_2 k? (-’in+la ]) G?+17j . kth (‘,i.na j) G?J A
(ﬂfn—i-l - xn) (SUn-‘rl - xn—l) (ﬂjn - xn—l) (SUn-‘rl - xn—l)
2 (a . n,Jj 2 /A . n—1,7
_ g2 ki (@n,7) Gy ! _ ki (#n-1,7) Gy ! A — )\jG?,jA + Alij?,l—jA
(xn - xn—l) (SUn - xn—2) (xn—l - xn—2) (SUn - xn—2)

for 1 < n < N, where %, = 0.5 (2, + z,_1)."° Section A in Appendix contains the detailed
law of motion for boundary cases such as n = 0,1 or N, and the matrix operations used for

updating vectors G? and G} in the algorithm, where

T T
GY = 61,6106 Gl= |Gl G

4.4 Numerical Implementation

This section sketches the numerical implementation of the probabilistic approach for solv-
ing the model. The state variables of the numerical solution are individual wealth level x;,
individual employment status €;, and aggregate state G; = [G); G}|. A Markov equilibrium
is characterized by functions V(-), Y(-) and the volatility terms U" (-), ZV(-),UY (), Z¥(-) of
corresponding BSDEs (16) and (14). These functions are approximated using a feedforward

neural network. Specifically, the state variables x; and G; are inputs through two shared

10Tn particular, to approximate

Ve {kf (Tn,7) gt (.ij)}
k(0.5 (g1 4+ 20),5) 9e (0.5 (@p41 + xn) J) = k2 (0.5 (zp +2n_1),7) gt (0.5 (2, + 20_1),5)
B 5 (Tng1 — Tn-1)
2k (&n41,4) Gy T 2k2( §) Gy

(xn-l—l - xn) (In—i-l - JCn—l) ( — Tp— 1) (xn—i-l - xn—l)
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hidden layers, which then produce outputs for three independent sets of two hidden lay-
ers. The first set generates V,° and V;'; the second produces Y;° and Y;!; the third yields
U/ g Uty’j A 7 and Z,;y’j ,J = 0,1. Each hidden layer comprises 256 nodes with sigmoid acti-
vation functions.!'’ The most critical component of the numerical scheme is to construct the
loss function, which takes the initial individual and aggregate states, as well as the paths of
aggregate and idiosyncratic shocks, as data inputs. Minimization of the loss is implemented
with TensorFlow in Python.

Section C in Appendix contains the detailed procedure for calculating the loss. Here,
I outline major steps. Since the state space of G; is large, I generate a large number of
samples, and each sample refers to an economy of a given initial G;. For a sample point or
within an economy, I also consider a large number of households to cover the individual state
x; and €. Along the time path of an economy, I first use G; and conditions (18) to calculate
the aggregate stock of physical capital and labor while entering a period. Aggregate K; and
L, give rise to the return on physical capital r(K;, L;) and the wage w(K;, L;). To determine
individual demand for physical capital, I evaluate VaY7, ZY’j, and Y;j (from the equation
15). Since demand for physical capital decreases with the risk-free interest rate 7, I use the
bisection method to find the r; that clears the debt market (from equation 17). Given ry,
it is straightforward to calculate the drift and volatility terms of a household’s wealth x;,
as well as the law of motion for G;. While deriving state variables for the next period, I
also update forward-looking variables according to their BSDEs (14) and (16). The values
of state variables and forward-looking variables are supposed to satisfy the mappings V'(-)
and Y'(+), which give rise to the primary components of the loss.

There are several boundary conditions used to fix the solution. Due to the state con-
straint z; > —b, the drift term of x; at —b cannot be negative. Moreover, Achdou et al. (2022)
shows that the drift term of x; at the state constraint is zero for unemployed households.
When households’ wealth levels are high enough, the effects of their borrowing constraint
become negligible, and the logarithmic utility function implies that their consumption is
linear in wealth with coefficient p. The last boundary condition of my numerical scheme is

to impose an upper bound on the consumption policy function for large z;.

4.5 Numerical Solution

In this section, I illustrate some details of the numerical exercises and present the numerical

results. Parameter values that are annualized follow Krusell and Smith (1997): z = 4, =

HRefer to Goodfellow et al. (2016), particularly Chapter 6, which discusses feedforward neural networks
and deep learning terminology.
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0.36,p = 0.04,\° = 2.667,\! = 0.111,] = 0.3271,9 = 0.8,b = 2.4, and ¢ = 0.023. To
cover the aggregate state space, I simulate 8,000 economies, and each economy contains 150
households of each employment status. While the support of households’ wealth distribution
is [—2.4,25], T also consider those with wealth level from 25 to 100 whose policy and value
functions must satisfy boundary conditions. The length of each period A is 0.01, the arbitrary
T = 0.4, and the number of bi-section iterations is 25 while solving for market-clearing risk-
free rate. The training process or the numerical implementation is undertaken on two Nvidia
A800 GPUs, and each GPU is allocated with 64 samples in each batch. All variables take

values of float64. The average loss is at the magnitude of 1075,
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Figure 2: Policy and Value Functions
Figure 2 displays households’ value and policy functions under a specific aggregate state
G, which leads to r(Ky, L;) = 0.145, w(K,, Ly) = 9.316, and the risk-free rate r, = 0.047.

Top panels show that households’ propensity to consume is higher when their wealth or

income levels are relatively low. For employed households, they choose to hold risky physical
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assets when they are sufficiently wealthy, and unemployed households only hold risk-free

bonds instead (see the second row where the dashed line is k;, = x).

5 Scaling up Duffie, Garleanu and Pedersen (2007)

This section focuses on an asset pricing model of over-the-counter (OTC) markets with
search-and-bargaining frictions. Specifically, I extend Duffie et al. (2007) to allow for a
continuum of heterogeneous investors and expected aggregate shocks. In this model, the

cross-sectional distribution over investors’ types and asset ownership is a crucial state vari-
able.

5.1 Model

There exits a long-lived indivisible asset with a total supply denoted by #. These assets
generate nondurable consumption goods in each period. The asset’s cumulative dividend

process, represented by Dy, evolves according to
th = /LDdt + UDdBta

where B, is a standard Brownian motion, and up and op are positive constants, character-
izing the drift and volatility of the dividend process, respectively.

There exits a unit measure of infinitely-lived agents, who have constant-absolute-risk-
averse (CARA) additive utility characterized by the absolute risk aversion coefficient v and
the time discount rate 3. Agent h is equipped with a stochastic flow of consumption goods,

governed by the cumulative endowment process 1, which evolves according to

dﬁ? = pndt + Jnﬂ?dBt +op/ 1 - (p?)QdZth’

where 1, and o, are the same positive constants across all agents. Here, Z" denotes the
idiosyncratic shock derived from a standard Brownian motion, while pf is a stochastic process
driving the asset’s hedging motives. Notably, Z! is independent of both B; and Z] for j # h.
The dynamics of pf follow

dpf = =¢ (p} — ) dt + od B,

where B, "is a standard Brownian motion and 1 alternates between two states, g or pq,
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governed by a two-state Markov chain.'> The shift in p,; constitutes an aggregate shock,
affecting all agents uniformly. The transition intensity of j is 0 in both directions. B, hoan
agent-specific idiosyncratic shock, remains independent of By, Z[, th , Btl 7 for j # h.

Due to the idiosyncratic shock, there exists a cross-sectional distribution of type p? at
any time ¢, which is denoted as G, (-). Given the asset’s indivisibility, an agent’s holdings of
the asset can either be 0 or 1. Thus, G¢(+,0) specifies the cumulative distribution of types
among non-owners, while Gy(+, 1) outlines that of the owners. The asset’s market-clearing

condition is

Gt (1, 1) - 6
In essence, the aggregate state of the economy is determined by p; and Gy(+).

Search and Matching. Agents trade the indivisible asset in an OTC market. During
the time interval (¢,¢ + dt], an agent meets a counterparty with a probability of Adt. A
transaction is initiated if it enhances the welfare of both participating parties. The final

transaction price is determined through the process of Nash Bargaining.

Suppose each agent has access to a liquid money-market account that offers a constant

risk-free rate r. Then, the wealth of agent h, denoted by W}, follows the law of motion
AW} = (rWl* — ¢') dt + 67dD, + dny — Pdey,

where ¢! represents the consumption flow, 8 denotes the agent’s asset holdings, and P is
the transaction price when the agent adjusts their asset holdings. Note that the transaction
price depends on the aggregate state and the types of both the agent and the counterparty.

Following Duffie et al. (2007), I utilize the CARA utility and conjecture that an agent’s

continuation value function can be expressed as
J] (w7 p? G7 ILL) - _eiT’Y(eraj(p’G’u))' <20)

Hereafter, I will omit the agent index, and the superscript j indicates asset ownership, which
can take two values: 0 or 1. J° (wy, ps, G, j1¢) represents the continuation value of an asset
non-owner with wealth w; and type p; under aggregate states Gy and p; and J* (wy, ps, G, 1)

represents that of an asset owner.

12 ol has the reflecting upper bound 1 and the reflecting lower bound —1.
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5.2 Bargaining

When an asset owner of type p; encounters a non-owner of type p?, a Pareto optimal trans-

action is feasible if there exists a price p such that
J? (wt + D, P%a Gta,ut) > J! (whpz}?Gt?Nt) and J' (U~Jt —Ds pg;Gth) > J° (wtypz?thnU/t) 5

where w; represents the asset owner’s wealth, and w; denotes the non-owner’s wealth. Given

the functional form of J7(-), the condition above is equivalent to the following inequality

al (p?;th,ut) - aO (P?a Gta,ut) > al (pt17 Gtmut) - aO (p%a Gtalut) ) (21)

which implies that the non-owner’s willingness to pay exceeds the owner’s reservation value.

The transaction price results from Nash bargaining, wherein the owner is assumed to have
bargaining power denoted by q. Let P (p{, pt, G4, i1;) denote the transaction price, which is
well-defined if condition (21) is satisfied. Then, P (p?, pl, Gy, j1;) solves

Hl;iX (JO (wt +pa ptlv Gta;“t) - Jl (wtvpgathut))q (Jl (U]t - D, p1(5)7Gtvlut) - JO (whp&GtaMt))liq .

Given the functional form of J"(-), the first-order condition of the above optimization implies
that P (p?, pi, Gy, pi) satisfies

g _ L—exp(=ry (=P (p},pi, G, pue) +a* (py, Go, pu) — a° (pi, G, p1r)))
L—q 1—exp(=ry(P(p},pi, G, ) — (at (07, Gy, ) — a® (pf, G, 1))

Note that when an agent owns the indivisible asset, the volatility of the agent’s wealth
increases by 0% + 2p:0poy,, which increases with p,. Given that agents are risk-averse, I
conjecture that the difference a' (ps, Gy, jus) — a® (ps, Gy, pie) decreases with p;. This suggests
that the reservation value of asset owners (and the willingness to pay of non-owners) decreases
with p;, the correlation between the asset’s payoff and their endowments. This conjecture
will be validated through numerical exercises presented later. It implies that if an asset
owner’s type is p;, they will prefer to trade with non-owners of type p < p;. Next, I will

leverage this property to simplify the characterization of the law of motion for G, (+,0) and

Gy (-, 1).
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5.3 KFE

To characterize the law of motion for the cross-sectional distribution, I start with the KFE

of density functions without matching, g; (-,0) and g; (-,1). They are represented as follows

2

dg. (p,J) = a% (¢ (p— 1) ge (p,g)) dt + %aa—pQ (ot (p, ) dt. (22)

As Hugonnier, Lester and Weill (2022) demonstrate, it is more convenient to work with the
cumulative distribution function. For non-owners, denoted as j = 0, taking integration of

both sides of equation (22) over the interval [—1, p,,| yields:

/_ Age (p.0) = Gy (pn, 0) — G (—1,0))

0
= ¢ (pn — 1) Gt (pn, 0) At + %8_p (g (pn, 0)) dt.

Let G}/ denote
Pn
/ gt (p,g)dp, j=0,1.

—1
Taking into account the effect of matching, the law of motion for G;"° becomes:

2

n g (9 n n
AGE? = 6 (pu = 1) g1 (pn: 0) dt + -0 (a0 (o, 0)) df = 2GP (6 — G)

where § — G"! is the measure of owners with type p > p, and 2AG}"° (0 — G?’l) represents

the outflow of non-owners with types p < p,, who become owners due to matching and trade.

For owners j = 1, taking the integration of both sides of equation (22) over the interval

[—1, pp] yields:

/_in dgt (p7 1) =d (Gt (17 1) - Gt (pnv 1)) = ¢ (pn - //Jt) Gt (pnv 1) dt + %agp (gt (pn’ 1)) dt.

Considering the effect of matching, it follows that

2

n o° 0 n n
AGP" = ¢ (pn — 1) e (pn, 1) dE + 2 dp (9¢ (pns 1)) At + 2XGF(0 — Gyt

where 2AG7"°(# — G'') represents the inflow of non-owners of types p < pn, who become
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owners due to matching and trade. The law of motion for GG; can thus be summarized by

th = ,LLg (,ut) di

AN [ & (p = 1) 0 (0.0) + 5 35 (91 (0,0) = 22Gi(p, 0)(0 ~ Gulp, 1) |
G (p,1) ¢ (p— 1) g (P, 1) + G2 (90 (p, 1) + 20G(p, 0)(0 — Gi(p, 1)) |

5.4 Dynamic Optimization and BSDEs

This section will begin with HJB equations that illustrate the dynamic optimal choices of
both owners and non-owners, while also highlighting the challenges associated with numeri-
cally solving HJB equations that contain the infinite-dimensional state variable G;. Subse-
quently, I will introduce the probabilistic formulation of the value functions for owners and

non-owners.

5.4.1 Analytic Formulation
The HJB equation for owners is given by

5J1 (wu pe, Gy, /Mc)

1
= max {—e+ Jy (rwy — 4 pp + py) } + §Jjjw (03, + 07 + 2piopoy)

2\ [
+1—5 | (P (wt P00 Grope) s prs Gy pix) = " (we, pr, G, ) 4G (p°,0)
—0vJa
1
— ¢ (pr = ) o (pr, G, i) + 502 Tpp (1, G, i) + (VoI (pr, Gy i) 5 1 (1))

2
+9 (Jl (U)t, Pts Gt7 ,LL1,]<:> - ']1 (wt7pt7 Gt7/va)) ) where k = 07 L.

The second line of the HJB equation captures the expected change in an owner’s contin-
uation value due to transactions resulting from random matching with non-owners, whose
willingness to pay is high enough. The term (V,J', 49 (ux)) in the third line characterizes
the instantaneous impact of changes in the cross-sectional distribution G}, which is stochas-
tic due to the randomness of the aggregate state u;. If no aggregate shock occurs, i.e.,
remains constant over time, the change in the cross-sectional distribution becomes determin-
istic, allowing the infinite-dimensional state variable G; to be replaced by the unidimensional

variable t.
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The HJB equation for non-owners is given by

ﬂJO (wt7pt7Gt7lLLk)
1
= max {—6_70 + JO (rw; — ¢+ Nn)} + 5‘]1001110727
2\ !

+ 0 (Jl (wt - P (pt7p17 Gtulfbk) y Pty Gta,uk) - JO (wt7pt7 Gt7ﬂk)) th (Pl’ 1)

p
1
— ¢ (pe — 1) Iy (pr, G, i) + 502J2p (pt> G, i) + (Vg J° (pr, G, i) s 11 (11r) )

+0 (JO (wt7 Pt, Gta :ul—k) - JO (U)t, Pt, Gt7 :U’k)) ) for k = 07 L.

The second line of the HJB equation captures the expected impact on non-owners’ welfare
due to random matching with asset owners, provided their reservation values are sufficiently
low.

Given equation (20) and the functional form conjecture of J7 (w, p, G, ), the first-order

condition with respect to consumption c is

log (1)
v

c=— +7r(w+d (p,G,p),

which implies that the two HJB equations can be reduced to differential equations for the

functions @’ (p, G, j1):

log (r 1
—B=—r+ry ( ")t (puy G ) + 1 + Nn) =5 (M) (0h + 0y + 2popoy) (23)
+ 12)\9 g (1 _ e*?"’Y(P(PO:pt,Gmuk)Jrao(PmGtwk)*al(Pt,thuk))) dG, (,007 0)
- —1

oat 1 0%a! oat 2
— o (pr — ) (Wa—p (Pt,Gt,Mk)> + 502 (Wa—pQ (pi, Gy, i) — (1) (8_p (pts Gu#k)) )

+ ry <v9al (pta Gt7 Hk’) 7:“? (:uk)> + 0 <1 - e—T’Y<(l1(Pthtall‘l—k)—al(pt,Gt#k))) k= 07 17
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and

lo 1
5= =rtry (B (G ) = () (24
2)\ 1 _ (—P( 1 G ) 1 _.0
an Ty pe,p",Gropr ) +at (pt,Ge,p) —a (Pt»Gt#k)) 1
9, (1-e ) dGi (p1)
da° 1 02a° da® 2
=0 ) (5 (0 G ) + 3 (vw (s Goap) = (79 (G 01 G )

+ 1y (Vea® (pr, Ge, i) , 1 (1)) + 6 (1 - 67”(“0(“’Gt’“1*’“)*“0(“’G““’“)>) k=0,1,

which verifies the conjecture regarding the functional form of J7 (w, p, G, ). The analytic for-

mulation’s numerical challenge lies in evaluating the high-dimensional object V,a’ (p, G, ).

5.4.2 Probabilistic Formulation

The functional form of J7 (w, p, G, i) indicates that it is sufficient to solve for a? (p, G, u).
Hence, I will focus on the BSDE of a/

da’g = :U’?,jdt + O-zl,detl + (a’j (pt7 Gtv ,ul—k) - CL{ (pt7 Gt7 ll’k)) thk

where dMF denotes the Markov switch from py to puy_p, k = 0,1. Next, I will derive ,ut“’j ,
which identifies the BSDE. For the owners’ continuation value function, applying Ito’s for-

mula to to

Jt1 = —exp (—r”y (wt + a%)) ,

1 - w- a. a 2
dJ} = Tve*”(“’f*ai) (rw—c+ pup + p,) dt — 3 (ry)?e 7(witat) (o‘% -+ 0727 + 2popo, + (Jt’l) ) dt
i 12)\9 p (_e—r’y(wt+P<p0,pt,Gt,ﬂt)+a0(pt7Gt7Mt)) + e—T’Y(wt+al(pt,Gt7Mt))) th (,00,0) dt
—VJa
+ T,yefr'y(wt+at1),uztz,1dt 4. :
and the BSDE that J} follows is

thl — (_e—vc + Befr’y<wt+atl)) dt + ... ,
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where I omit the stochastic terms for both dJ} expressions. Since the drift terms of dJ}

under the two representations above are supposed to be identical,

_ lo 1
pet = Tryﬁ — ( gV(T‘) —ra, + pp + Nn) + 57 (0’% + 0727 + 2piopoy, + (Uf’l)2> (25)
B (1 el ag (9,
ry(1—=0) J_, T

where the optimal consumption is plugged in. Similarly, for non-owners
r—p_ (log (r)
Ty 8

1
_ 2 (1 - e—m(—P(Ptupl»Gt#t)*“%_a?)) dGy (p',1)
0 J,

a70 —_
My =

1
_ m? + Mn) + 57’7 (0,27 + (0570) 2) (26)

5.5 Numerical Implementation

The numerical procedure, which primarily involves simulating forward- and backward-looking
stochastic processes, can be divided into two parts: 1) updating the cross-sectional distribu-
tion of agents’ types, denoted as Gy; and 2) updating forward-looking variables, represented
by a{, where j =0, 1.

To approximate the infinite-dimensional G, (-, j), I divide the state space of p;, denoted
by [=1,1], into N + 1 intervals: —1 = p < p! < .-+ < p < pN*1 = 1. The cumulative
probability functions over the N points, i.e., G?’j = G, (p",j), serve to approximate the

cross-sectional distribution. The law of motion for G/ is given by:

Gila | _ | GF | | @ (on = 1) 90 (pas0) + 535 (g1 (on, 0) = 20G° (0 = G) 1}
G?.;_IA G?J ¢ (pn - Nt) gt (pm 1) + %a%) (gt (pm 1)) + 2/\G:€l’0 (9 - G?yl) ’

given the asset owners and non-owners’ policy functions and condition (21). To solve for

@’ (p, G, ), I simulate the forward-looking process al according to its BSDE:
da{ = :u?’jdt + O-z(fl’detl + (aj (pt7 Gtv :ul—k) - ag (pt7 Gt> :uk‘)> thk

The key to uncovering a’ (p, G, i1) lies in calculating the drift term p 75 =0,1, which,
in turn, hinges on the transaction prices from random matching, as indicated by equations
(25) and (26). Since there are infinitely many possible matches, I consider the outcome of
the matching with the midpoint of an interval as the average outcome across all types of

agents within that interval. For instance, for the matching between an owner of type p; and

35



a non-owner from the interval [p"~!, p"), the matching outcome is considered between the
owner and the non-owner of type p" = 0.5 (p" ! + p"), representing the average outcome
across all non-owners within the interval. Given the owner’s a}, the corresponding s

calculated as

r=p8 <log (r)
ry Y
2\ n(pt)—1

o 1 — —r'y(P(ﬁnth,Gt,ut)—s—a?—a%)) Gn,O . anl,O
ry (1 —0) Z ( ¢ ( ¢ t ) ’

n=1

1 a,1\2
it ) o (ot )

where n(p;) is the minimum n such that p" > p;.

5.6 Numerical Solution
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Figure 3: Bargaining Price
In this section, I present some basic properties of the model’s numerical solution. The
parameter values are chosen from Duffie et al. (2007), except for those I introduce: v = 200,

A =625 8=005r=005qg=05 u =05 0,=05 up =1, 0p = 0.5, and 6 = 0.8.

Regarding idiosyncratic risk, ¢ = 0.25 and ¢ = 0.1 are specified; for parameters related to
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aggregate risks, po = —0.5, uy = —0.25, and § = 10 are set.

Figure 3 displays some features of the model, given the same cross-sectional distribution
G under two possible aggregate states: po and p;. The x-axis of all plots represents an
agent’s type p. The two plots in the first row indicate that an owner’s reservation value or
a non-owner’s willingness to pay decreases as the correlation between his or her endowment
risk and the asset’s risk increases. The comparison between the two plots reveals that asset
owners’ reservation values are higher when the asset payoff is less correlated with the average
agents’ endowment risks.

The plots in the second row of Figure 3 show that a non-owner of type p, = —0.5 pays
a lower price if he or she encounters an owner with a lower reservation value, that is, when
the owner’s type p is higher. Similarly, under the state y; = —0.25, non-owners tend to pay
lower prices to acquire the asset. The bottom two plots illustrate the relationship between
the price at which an owner sells the asset and the buyers’ types p. As expected, when
buyers’ willingness to pay increases — i.e., when a buyer’s type p decreases — the seller can

charge a higher price.

6 Final Remarks

The applications of the deep learning-based probabilistic approach go beyond dynamic
heterogeneous-agent models. To the best of my knowledge, all dynamic economic models
can be cast in the Forward-Backward SDE framework or its variants. Dynamic optimiza-
tion with transaction costs and optimal stopping decisions can be characterized by reflected
BSDEs. The set of equilibrium payoffs in dynamic games could be captured by set-valued
BSDEs. Even the static combinatorial discrete choice can be approximated with dynamic
optimization in a continuous-time setting.

When the number of state variables becomes a secondary concern for model construction,
economists can treat parameters as time-invariant state variables, which paves the road for
confronting models with data. Although the continuous-time setting currently is not the most
favorable choice for quantitative models, it does have the advantage of accommodating data

of various frequencies within a single model, which is still under-exploited in the literature.
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Appendix

A Algebra of the Finite Volume Method

In this section, I will first outline the law of motion for the boundary cases GY°, G;°, GN° of

type—0 households and G; L Giv ¥ of type-1 households. Second, I will illustrate the matrix

operations of updating vectors

The law of motion for G%O, i.e., the probability mass of type-0 at the boundary xy = —b,
is
1,0

G
Gyt — G = —puy (w0,0) A <x1 ixol {1t (20,0) < 0} + G°1 {1y (20,0) > 0}>

G170
— oky (x0,0) AW, ( L1 {ky (20,0) AW; < 0} + GY°1 {k; (20,0) AW, > 0}>

1 — o

A= \GYOA,

2 [k2 (#1,0) Gy K (20,0) G}

(xl — .%‘0)2 1 — Xo

where V, {k? (z¢,0) g (79,0)} is evaluated according to the following procedure.

k2 (0.5 (21 + 20),0) g¢ (0.5 (21 + 20) , 0) — k2 (0, 0) G°

Vo {k? (20,0) g¢ (0,0)} =

0.5 (:L'1 - 1‘0)
2 (4 1,0 2 0,0
2k (21,0) Gy _ 2k (20,0) Gy
(1‘1 — $0)2 1 — Xo
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The law of motion for G% 0 the probability of type-0 households over (xg, 1], is

1,0 1,0
Gt+A - Gt

GQ,O Gl,O

t t

— _ >

pe (1,0) A (@ - xll {1 (21,0) <0} + p xol{’“ (21,0) > 0}>
G

1 — Zo

2,0 1,0
Gi 1{k; (21,0) AW, <0} + Gt o 1{k; (z1,0) AW; > 0})
0

T2 — X1 xry —

+ gt (20,0) A ( 1 {4 (0,0) < 0} + GYO1 {4 (0,0) > 0}>

— ok (z1,0) AW, (

Gl,O
+ okt (0, 0) AW, (93 L —1 {ke (0,0) AW < 0} + GYO1 {ky (0,0) AW, > 0}>
1 — 40
2 kt2 (‘%27 0) G?’O th (3}17 O) Gi70

A

T o —a1) (w2 —20) (o1 — 0) (w2 — 70)

A= XGPA +MGHA.

_ 02 kt2 (jlao) G?O _ ki&2 (330’0) G?,O
(.’El — x0)2 xr1 — o

The law of motion for G% 1 the probability of type-1 households over (xg, 1], is

thlrlA -G
a2l bl
= —p (21,1) A ( : s {e (21,1) <0} + ——1{py (21,1) > 0}>

T2 — 1 — Zo

o2 Gl
—O'kt(l‘l,l)AWt ( ¢ 1{kt($1,1)AWt<O}+ ¢ . 1{]4315 ($1,1)AWtZO}>
0

T2 — X1 xry —

k2 (29,1) G2! k2 (21,1) G

(2 —x1) (12 —20) (21 — 20) (T2 — T0)

2

+o A=NGHA+X (G0 +G0) A,

The law of motion for Giv 7 j = 0,1, the probability of both types of households over

(walaxNL is

N,j N.j
Gt-i—A - Gt
GN,j N-1,j

. . G }
= (xn_1,7) A (tl {pe (xn—1,)) < 0} + ————1{ps (xn-1,J) > 0}>
TN — TN-1 TN-1— TN-2
GN7.] N_Ih]

. . G .
+ ok (xn—1,]) AW} <t 1{ki (xn—1,7) AWy < 0} + ————1{k; (xn_1,)) AW; > 0}>
TN —TN—-1 TN_1— TN—2

« .\ ~Nj . N\ ~N—1,
_0_2 ]{:tQ (xN?J)Gt ! _ th (xN—lﬁj)Gt ! A_)\jGiV,]A_‘_/\l—jGiV,l*]A
(xn —an—1) (zn —2zN—2) (zn—1—2N-2) (TN —TN_2)
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Next, I rewrite the law of motions for these probabilities in a compact vector-matrix
format to fully take advantage of GPU’s high performance on matrix operations. Let u,, ;
denoije 1 (2, §), pay; denote max {0, pn;i}, py,; denote min {0, i}, kn; denote k; (2, 7),
and k, ; denote k; (Z,, 7).

Gy =GP0 (~M20) GO 4 (—M20) GO = WOAGY”, where

k2,02 A
MJ?O = 115,02 + {ko, 0AW;} o + 017%300
2700 tood  {kooAW} ™ I%%,OUQA
- = + o — 5
1 — X0 1 — Zo (1 — x0)

Gl =GO+ (M) GO+ (=M + MO0) GO 4 (— M) 670 = XOAGE + NAG), where

+ + 2
k1o0AW, k2 02A
Mi,o _ Hi10 At {k10 t} o4 1,0
1 — X Ir1 — X0 (1'1 — xo) (1‘2 — 1‘0)
T - k2 02A
MO SN n {k1,0AW:} . 2,00
Ty — T 9 — T (r2 — 21) (w2 — 20)

Gily =GP+ (M) G 4 (P G- NAGH + 00 (G0 + GO, where

+ 72 2
k11 AW, k¥ 0°A
MJlr,l _ Hi1 At {k11 t} o4 1,1
1 — X Tr1 — X0 (:L'l — ZL‘Q) (1‘2 — :Eo)
n - k2 02A
M= M1 At {k1 1AW} o 210
o2 — 1 Tro — 1 ($2 — .1‘1) (ZL‘Q — $0)

Gy = G 4 (Mﬁ‘lvj) Gl (—Mﬁ’j i Mf—m) G4 (_Mf7j> Gt

— MAGH 4+ AFHAGHT where

+ + 12 2
Ln — Tp-1 Tn — Tn-1 (Ccn — Tn— 1) (xn+1 - xnfl)
Mi’aj _ ’u;:j A + {kn,jAWt}_U . kn+1 ga 2A
Intl = In Tn+1 = Tn (@n+1 = @n) (Tng1 — Tn-1)

Gl = G 4 (M) G 4 (M) G - N AGYT AT AGH

To group the coefficients of G}/,

M_?_’O ME’O B 1.1 ] r 1,1

0 0 My Mz
+ - ) )

_ : _ : _ 1 _ 1
ME=| o | M= o | ME= |t M=ot
+ - )
: : N-1,1 N-1,1
AN-10 AN-10 | M i i M ]
L My i | M i
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the update of GJ"/ has a compact form

0 0 0 0 M 0 0 0
Gtra = Gg + MO ©Gg + | — 0 + MO —ANAOGy
+ -
MO 0
- T oG +X'A :
0 Gl

0 M1 0
GLA:G,}JF(MI)@GLJF(—( O*)Jr(Ml)—AlA)@G%
+ —

GO+ G
—~ - JoGL +x°A ! ,
0 :
GN,O
t
where ® denotes element-wise product, and
0] e 0] oG]
aYo eh ehs oyt
ehe a0 ehs Gt
Gh=| G |.6l=| : |.G6h=| G |.6t=|
: Y10 s gy
GiV_M Giv,o Gi\f—Q,l Giv’l
i Giv_l’o | o0 | i Giv_l’l ] 0|

B Krusell and Smith (1997) with Asset Pricing

In Section 4, the capital adjustment cost is zero, which implies that households can always
convert one unit of final consumption goods into one unit of physical capital, and vice versa.
With the consumption good as the numeraire, the price of physical capital is one, due to
the no-arbitrage condition. In this section, I introduce technological illiquidity to physical
capital, transforming it into durable goods. Consequently, its price, ¢;, becomes a forward-

looking stochastic process.

B.1 Model

Building on the model considered in Section 4, I introduce a capital adjustment cost. A

household holding k, efficiency units of physical capital can convert ¢k; units of consumption
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goods into ®(¢)k; units of physical capital, and vice versa, where ® (1) = i In(¢pt+1). Suppose
the market price of physical capital is ¢, i.e., a household can exchange 1 unit of consumption
goods for q—lt units of physical capital in the market. Since the opportunity cost of capital
production is qlt (in units of physical capital), the household’s optimal investment rate, ¢,

satisfies

L
1 = argmax ®(v) — —,

4
_ %~ 1
(8
Given the optimal investment rate ¢;, the capital stock held by a household follows
dk—k;t = (@(LO — 6) dt + O'th.
t

The price of physical capital, ¢;, and its dynamics affect the demand and supply of both
consumption goods and physical capital goods in the current and future markets. The current
capital price determines the conversion of final goods to physical capital. The expected return
on capital and its risks influence households’ portfolio choices and their demands for the risky
asset. Hence, the asset pricing of physical capital is an intricate subject. At this moment, I
conjecture that ¢; follows a BSDE

d
e _ pidt + ofdWi.

qt

Given the law of motion for ¢, the return of holding physical capital is

k_
(Tt . o D(1) — 0+ pf + aaf) dt + (o + of)dW,.
¢

J/

-~

ERt

Note that the financial market is incomplete; there is endogenous risk as households who
take leverage to hold physical capital are disproportionately more exposed to aggregate risks,
which is captured by of.

Suppose the dollar amount invested in physical capital is k;, the consumption rate is ¢,

and the risk-free rate is ;. Then, the law of motion for a household’s wealth, x;, is given by
dxt = (Ttxt + (Rt - Tt) Kt + €w (Kt, Lt) + (]. — Gt) g — Ct) dt + (O' + O'g) l‘itth.

Note that k; = qk; if k; represents the efficiency units of physical capital held by the
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household. There are three differences from the physical capital holding described in Section
4: (1) the production of capital —2 +®(s;), (2) capital gain i +00y, and (3) the endogenous

risk of. As in Section 4, households are not allowed to short physical capital, i.e.,

K 2> K

_ 2

and there is an upper bound for borrowing:
Ki — oy < b

These two restrictions imply a constraint on the net worth of a household: z; > —b.

B.2 Markov Equilibrium

As in Section 4, I will solve for the Markov equilibrium of the model with the aggregate
state variable Gy(+,j),j = 0,1, representing the distribution of households’ wealth x;. In
this section, I will first outline a household’s optimal dynamic decisions, then discuss the

market clearing conditions, as well as the law of motion for Gy(-, 7).

The Hamiltonian function for an individual household’s dynamic optimization is
H(t,z,c,k,y,2) =In(c) + (rx + (Ry — 1)k + eldw(Ky, L) + (1 —€,)g — ¢)y + (0 + o})k2,

when the state constraint x; > —b is not binding. The co-state variable of a type-;7 household
is denoted by Ytj ,7 = 0,1, which follows the same BSDE depicted by equation (14). The

first-order conditions are

k q\ r7Y.J
Y —1 o+0,)Z
L t+®(bt)—(5+,u§+aaf—rt:——( t,) ¢

p v if K<k<z+0b
t t

Note the Euler equation with respect to x; is more involved than the corresponding one
in Section 4 because of capital production, capital gain, and the endogenous risk. Next, I
characterize the portfolio choice ;. Similar to Section 4, I apply Ito’s formula and decompose
the volatility term Z” into two components: %(wt, Gy)(o + o} )k:, the contributions of z,
and Z7 | the contribution of G,

oY’

Z = %(xt, G)(o+ o)k + 27,
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Then, when the excess return R; — r; is sufficiently large,

Rt—rt>—

(o +af) (aw‘

% B (21, Gy) (0 + o) (z, +b) + ZtYa) ’
t

the optimal k; = x; + b. If the excess return is too low,

Ry~ < —

(o +o0f) [OYI v
v (e e Glo 0+ 27 )
the optimal k; = k. In between, the optimal k; satisfies

Y/ (R, — 1) + (0 +0) 2,7
(a—i—af)ﬁa%(xt,Gt)

I‘{/t:_

Overall, the policy function of a household’s portfolio choice k(z;, G;) satisfies

K (x,, G;) = min {max {E;j(xt, Gt),ﬁ} LTy —H_)} , where
Y/ (Ry =) + (0 + o) 2
(0 + 05)2%(95::»(;1&) ‘

’%] (.ft, Gt)

With the optimal consumption and portfolio choices, a household’s value function V7 (x;, Gy),
j = 0,1, is characterized by the same BSDE as equation (16), and Ytj is still equal to
V. Vi(xe, Gy).

Given a household’s demand for risk-free bonds x7 (x4, G;) — x, the condition of zero net
bond supply is
Ejfumaag—xmaug)zo
j=0,1

The aggregate stock of physical capital satisfies

%mZEZ/M@@m@@ﬁZEZ/ma@ﬂ

J=0,1 Jj=0,1

In this model, the bond market clearing condition depends not only on the risk-free rate
r; but also on the instant return and risk of physical capital, pf and of. The consumption

goods market clearing condition is

2. / d(x, G)dGy(x, j) + qt; L, = erpri,

§=0,1
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gt—1
P
the consumption goods market clears automatically as households can convert consumption

where K represents the aggregate investment expenditure. In the model of Section 4,
goods into physical capital on a one-for-one basis and vice versa. However, in the current
model, the investment expenditure depends on the endogenous asset price ¢;.

The stochastic Kolmogorov Forward Equation, which captures the dynamics of the ag-

gregate state variable G, or its density function g,(z,j),j = 0,1, is given by:

Agi(,3) = = Valpule, ), )t = 2 (0 + o)l W) g, )

1 . . - . s .
+ 5 Var {0+ 00)’ k7 (2, 5)gu(w, ) } At = N gi(w, )t + N gy, 1 — j)dt.

The term p(z, j) and (040K (z, j) represent the drift and volatility terms of an individual

household with wealth x;, respectively.

B.3 Numerical Implementation

There are two major differences between the numerical procedure for solving the current
model and the one for the model considered in Section 4, whose detailed numerical steps
are displayed in Appendix C. First, since the price of physical capital is forward-looking,
the algorithm ensures that its corresponding BSDE is upheld. As a by-product of solving
the BSDE of ¢, I need to approximate 0%(Gy; ©) with a neural network. Second, I directly
capture the risk-free rate r; as an approximated function of the aggregate state variable,
i.e., 7(Gy; ©), instead of solving for r; via the consumption goods market clearing condition.
Next, I outline the construction of the loss function concerning ¢,’s BSDE.

Given the aggregate state variable Gy(-,j) and the forward-looking variable Y7 (x, G;)
approximated by a neural network, the market clearing condition for consumption goods

yields the price of physical capital ¢;. Let X; denote:

> /xth(x,j).

7=0,1

Then,

> [ (i@ 6) " 46w+ 2t = (i)L

=01 Y g G
. _ X, 1X X\
Yi(2,G))  dGy (2, ) + L = =2 4 (—t) L=
]‘20,1/( (@ t)) t(.9) (G Y : 4 !
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In particular, I use the Newton method to solve for the root of the above nonlinear equation
with respect to ¢;. Let ¢(Gy; ©) denote the mapping from Gy to ¢;.
Starting with the initial go implied by ¢(Gy; ©), I calculate the dynamics of ¢, with its
BSDE:
Giy1 = @i + G(pi A + ofw;),

where o is given by the neural network 0?(Gy; ©), and ! is solved for by clearing the bond
market. Given that the households’ demand for physical capital increases with pf, the value
of u! is found using the bisection method. The finite volume method updates G; according
to the KFE and the policy function. The BSDE loss with respect to ¢; is

I

> (4 —q(Gi;©))%.

i=1

W
T

N W = Ot
T

Figure 4: Policy and Value Functions
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Figure 4 shows the properties of a few endogenous variables given an aggregate state. The
average price of the durable asset is 1.249, the average volatility of the asset price is 0.5%,
and the average risk-free rate is 3.3%. Due to idiosyncratic risk and market incompleteness,
employed households choose to hold risky assets when their wealth level is sufficiently high,
while unemployed households opt not to hold risky assets.

C Algorithm: The Construction of Loss Function

This algorithm section covers the details of how to construct the loss function for a deep learn-
ing package to minimize. Subsection C.1 considers the continuous-time version of Krusell
and Smith (1997), and Subsection C.2 is dedicated to the example of the search and matching

model.

C.1 Loss Function of Krusell and Smith (1997) in Section 4
C.1.1 Generating Initial Wealth Distribution

I generate the initial wealth distribution of households based on Beta distribution, Beta (a, ).
Taking M as the number of economies, I select M random draws of ay and «; uniformly
from [1.5,2.5], and M random draws of §y and (1 uniformly from [2,4]. Given the density

functions of two Beta distributions go ~ 5 («o, 5o) and g1 ~ B (aq, 1), I construct

G"’OZ/ go(x)dx,G"’lz/ g1 (x)de, n=1,--- N
Tn—1 Tn—1

Since the distribution of type—0 households has a mass point at = —b, I use the maximum
point of the series G™°, denoted by (nmax, G™*°) and construct the mass point G*° at
o = 0 as G*0 = 0.8G™=<0  Accordingly, the overall G™"’s are modified according to the
following scheme: 1) for the n-th interval, 1 < n < npa.y, increase the probability over it
as G0 = G0 + 0.3 (Gmax0 — G™Y); 2) for the n-th interval, n > ny.y, do no adjustment.

Given the adjustment, I rescale the series G™° to have their sum equal one,

Gn,O
N
Zn:O Gn,O

In the end, I adjust G™° and G™!

=G n=0,---,N.

)\1 n,0 n,0 )\0 n,l n,l
>\0+)\1G =G /\0+A1G =G
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so that the proportion of type-0 households is at the stationary level A1/ (,\0+,\1).

C.1.2 Initializing Exogenous Shocks

In a heterogeneous-agent model, I need to simulate both aggregate Brownian shocks and
idiosyncratic employment shocks. Given a simulated path {I/Vi’m,i =0,--- ,I—l}, let w; m =
Wis1,m — Wim, where m is the economy index. Along the time path of an economy, I always
focus on households of both types at certain fixed wealth levels, i.e., z;,,h =0,1,--- , H, in
any period. In other words, within period i I consider the dynamics of household A from
the beginning of the period to the end. And, in Period h + 1, I will go back to a household
whose wealth level is x;,. Since there are two types of households, the sample size of overall
households in an economy is 2H. The idiosyncratic shock to household h of economy m in
period 7 is denoted as Ig’h,m if she is of type-j,7 = 0, 1. Iij’h,m is set to 1 with probability
AN, where A is the length of a period; otherwise, If;hm = 0. When I, . = 1, household h
of type-0 switches to type-1 in period 1.

C.1.3 Computation within Period ¢
1. Calculate aggregate capital supply K;

N
Zi' n0+z Gnl
n=0

n=1

Recall that z,,n = 0,--- , N are points that discretizing the individual state space of

the finite volume method, o = ¢, and %, = 0.5 (z, + 2,_1) for n > 1. Given K,

wi:(l—a)z<%)a

and the return to physical capital

K. a—1
K _ B
T —QZ<L>

2. Given inputs (z,, G;), (Zn, Gi), (zn, G;), the network generate outputs Y;l, ZZZ, Yia, Zzynj,
P
and Yif,w Vif,w Zh,f» Uh,i]7 Zh,f» Uh,i]'

3. Use the finite difference method to evaluate V.,V (z, G) along xy,

calculate the labor wage
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e for h = 0, use forward difference

Y
Vi = Vio

1 — X

Vo Viy =

2

e for 1 <h < H — 1, use 3 points difference:

; ; Th — Tpgt . 2Xp — Xp—1 — Tha
V.V, =V B Vg
Tkl (Th—1 = on) (Tho1 — Thia) U CT ) (), — Tpyq)
i Th — Th-1
+ Vi

(The1 — 2p-1) (Thp1 — o)

e for n = N, use backward difference

J J
\VA Vj . Vi,H - V;,H—l
zVeN — T
TH —TH-1

Define the loss that corresponds to condition Y;j = V. Vi(zs, Gy)
LA ' .
Losspp = oH Z (Y — VaVih)™

h=0 j=0

4. Calculate
. -1
Cj’,h = (Y;]h)

()

Fix h that xj, is large enough. Calculate

H . . 2
Logss:; Z Z(M_p>

1

1 T 2
LOSSH: E <maX{CZH—12p <IH+le) ,0})

, ’ P

7=0

Loss, captures the linearity of the policy function when a household’s wealth level is

and

so high that the borrowing constraint has negligible effects. And, Lossy ensures that

the policy functions are bounded from above.

5. Evaluate v/,Y (z, G) for both z,, Z, and xy,
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e for n =0 or h = 0, use forward difference

7 %
Yy — Yo,

Tr1 — X

v:c)/fjo -

e for1<n<N-1lorl<h<H —1, use 3 points difference

Tpn — Tp+l j 23771 —Tp—-1 — Tp+1
V.Y, =Y/ +Y,
’ Bl (xn—l - xn) (-Tn—l - xn—i—l) o (-Tn - xn—l) (-:En - In+1)
; Ty — Tp—1
+ Y] n n
bt (xn—i-l - xn—l) ($n+1 - xn)

e for n = N or h = H, use backward difference

i i
j YN,t - YN —1,t
yJ = Nt TNZLt
Va¥yo
TN —ITN-1
For midpoints &, the corresponding derivative terms are denoted as v7,Y};

6. Use the bisection method to find the risk-free rate r;, whose upper bound is 7 and lower
bound r. Since ny;]n is supposed to be negative and Yl]n is supposed to be positive,
each household’s capital holding should be monotonically decreasing in the risk-free

rate r;. Iterate 25 rounds of the following bisection

T+r

e setr; = at the start of each round

e calculate

~s 1 N JUp
ki, = min {max{ pry—— (Yn’,t (rf—6—mr;) —|—0ng> ,E} Ty —I_)}
o VZU i,n ’

e calculate aggregate capital demand Kqemand = k5 REr NS DN N E A S WG ot

n=1 "i,n

e if Kqemana > K, the risk free rate is too low, set r = r;
o if Kyemana < K, the risk free rate is too high, set 7 = r;

7. Given r;, calculate

4 1 o
kf.’h:min{max{ (ﬂv—YJ<Y’jh( —(5—7"@-)+UZZ,’3) k} h—b}
T i,h

8. Calculate the drift of households’” wealth /ﬁ’hj

ui‘,’;bj:rﬂ:h%—(TZK—(S—T,-)kih—irjwi—ir(l—j)g—cgh

)
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9. Update G, according to Section A, and update individual wealth level
o =+ (1— B,) (4595 + ok, 0)

10. Calculate Zzyhj
75 =<Yookl + 2,7

Update the BSDEs at point zy,

Yz]+1 h= Y;]h +(1- Iij,h) <_ (i )Y;]hA + Z ) + IghUz‘Yf}j

Vz'il,h = Vz]h +(1- Iij,h) <_ (In (CZh) - PVZJ ) A+ Zth] ) + IjhUthj
Taking (xil, Gi—i—l) as the inputs of network, generate ?;JH B ‘Z‘i—l,h according to

Vo= (1= ) V" (1, Go) + 15V (45, Gu)
Vi = (= 1) Y (), Gip) + 13,Y" (2, Gis)

Vz+1 p=1=1)V° (2}, Gisr) + I,V (27, Gisr)
V:i-l,h = (1 - [il,h) Vi (53;1w Gi+1) + [Z-l,hvo (iUh Gi+1)

where Y7 (-,-) and V7 (-, -) denote the function approximated by the network.
11. Calculate the loss of period ¢

H 1 2 . . 2
Loss =Loss + —— H ) Z Z [( i+1h H—l h) + wy <Yij+1,h - Y;]+1,h> ]
h=0 j=0

\2
+w8 (g ?n 0) "’Wo ({wtl m:o} > + wpp - Losspp

+ w, - Loss, + wpy - Lossy

_ N2
Losses (g c?n 0) and <{wtl — Czl,n:O} ) ensures that boundary conditions for house-

holds with wealth level x; = —b.

C.2 Loss Function of Search-and-Matching Model in Section 5

In this section, I outline the construction of the loss function for a deep learning algorithm.

This function is used to find the approximations of a (p, G, u) and their volatility terms
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o% (p,G,u), where j = 0,1. These are denoted as a’ (p, G, u; ©) and %’ (p, G, u; ©), re-
spectively, for 7 =0, 1.

C.2.1 Initialization

I will simulate the cross-sectional distribution of types and ownerships for 1,000 years, based
on the decision rule that an owner (or a non-owner) of type p; would trade with counterparties
of types p < p¢ (p > pt), and save the distribution in the final period for the subsequent
construction of the loss function. In particular, I randomly generate the initial cross-sectional
distributions, G?;jo’m, j = 0,1 for 10,000 economies, where each m refers to an economy,
m = 1,...,10,000. For each economy, I simulate the Markov chain of s, over 1,000
years. Given the path of the aggregate shock, I simulate Gfﬂn for 1,000 years and retain

:;jIOOO,m for the computations that follow. Hereafter, I will suppress the subscript m since

the construction of the loss function is parallel for each economy.

For a given economy, I consider H agents, who could be either owners or non-owners.
Ownership does not affect the law of motion for an agent’s type p;. The initial pg; values
of the H agents are uniformly distributed between —1 and 1. For agent h, I simulate the
path of idiosyncratic shocks to his or her type, denoted as {Bil’h,i =0,...,I— 1}, and let
b, = B}, — Bl),. The aggregate state of an economy is set to be constant over I periods.
This setting does not eliminate aggregate risk because its impact on the continuation value is
taken into account by the analytic formulation, the details of which are deferred to Subsection
C.2.3.

C.2.2 Match and Bargaining

Given that an agent of type p; , meets a counterparty in period ¢, the probability that the
counterparty’s type falls within the interval [p", p"~1) and they own (do not own) an asset
is G — G (G0 — G0, T will use the bargaining outcome with the midpoint agent
P = 0.5(p" + p"!) of the interval as the average outcome over all counterparties coming
from the interval. Suppose the agent in question is a non-owner and p;;, < p"; then, the

transaction price, denoted as p?’,? , is solved by the first-order condition

Y

0= q (1 — e_TV(p?,’}?_(ag,h_a?,h))> — (1 _ q) (1 _ e—TV(—p?;;:L-i—al(PATL’Gi,#)—aO(ﬁn’Gi,,u)))

where a;, and af, are obtained through the simulation of corresponding BSDEs. I em-
ploy 15 rounds of Newton-Raphson iterations to obtain p?”,? , with the initial value given by

(1—1q) (a}, —ad,) + q(a' (p", Gi, p) — a® (p", G, ). Using a similar procedure, I obtain
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pi1 " when the agent is an owner and the counterparty’s type p" < p; .

C.2.3 The Loss of Analytic Formulation

It is more efficient to use the analytic formulation to account for the impact of jump risks on
the conditional expectation. Taking the jump from pg to p; as an example, a large number
of paths would need to be simulated to yield an accurate average effect of the jump following
the probabilistic formulation. With the analytic formulation, a single evaluation at the new
state puy is sufficient. This evaluation is then weighted by the arrival rate § to account for
the average impact. Next, I will rewrite the PDEs for o/ (p, G, ;1) as displayed by equations

(23) and (24) for constructing the loss of the analytic formulation

0= p® — %TV (J?,J’)Q _ WLA (1 _E, |:€*T'Y(aj(Pt-&-A:Gt-&-A»#k)*aj(Pt»Gtvﬂk))])
_9 <1 _ e—w(aj(pt,Gmul—k)—aj(puGt,uk))> j=0,1;k=0,1,
ry
where
1

— <1 B, |:e_7”7(aj(pt+A7Gt+A7Mk)_aj(ptht7llk)):|)
A

0 0

o) (2 G} + 20 (2L (o o) — 07 (22 (oG
= Pt — Kk ’Yap Pt; G, Lk 20 78/)2 Pt; G, i v ap Pt Gty ke
+ 1y (Vya (pr, Gr, ) s 11 (1)) + 0 (D)

and ¢ and pf"' are given by equations (26) and (25). To evaluate the conditional expec-

tation, I employ Gauss-Hermite quadrature, i.e.,

Et e—T’Ya](Pt+A7Gt+A7l/«k):| — (6_7"70“] (p?_’_A)Gt#»AnUJk) + 6—7""1&] (pi_’_AaGtJrAnuk))

2

Y

where

Prin :Pt—¢(Pt—Mk)A+U\/Zv
Pfe+A :Pt—¢(Pt—Mk)A—U\/Za
Girn = Gy + pf () A
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C.2.4 Computation

For a given economy, the initial aggregate state is specified by G:"]O, =1,...,N,7=0,1,
and py, k = 0,1, where p does not change over the following I periods. Let G; denote the
vector [G In=1,. . N,7 =0, 1}. The initial state of agent h is pgp,h = 1,..., H, and
the initial ao,m] = 0, 1 are given by the network a’ (pg , Go, pix; ©).

Given the aggregate and individual initial states, I calculate the loss based on the analytic

formulation:

H
1 a,j ]' a,j 2 1 - aj 1 7G ) _aj 7G )
Loss = 57 E 5 (,uojI -5 A A (1 — E, [ (a7 (p1,0,G1ox ) —a? (po,n,Go Mk))])

h=1 j=0,

Y

_ i (1 _ e—TW(aj (m,mGl,ul—k)—aj(Po,meuk))>2
ry

where a&’ﬁ are generated by the network o7 (pos, Go, p; ©) and pg, ' j=0,1 are calculated
based on equations (27) and (28) below. Next, I start the iteration over I periods. Entering

period i, three steps of calculation follow.

1. Calculate uZ’hj,j =0,1,

a r—= 5 IOg (7") 1 a,0\2
Hin = - ( S Tt i | 5y (024 (o))

S DS (1 et agl, @

C)
el n=n(h,i)
a r— 6 IOg (T) 1 a 2
u”} = - ( 5 — ra}’h + up + gy | + 57‘7 <02D + 0,27 + 2/)2‘,;101)077 + (thl) )
2\ n(h,0)—1 ( )
S - 1 — e Bohtaln-al )AGO 28
ry (1 —0) ; ( ¢ (28)

n(h,i) =min{n: p" > p;n},

where o h,j =0, 1, are generated by the network o (pg 5, Go, lix; ©).
2. Calculate

Pisth = Pin — O (pin — ) A+ ob} ),

ag+1,h = ag,h + M'L A + O-z;zbz h’j = 0’ 1

3. Calculate G, according to its law of motion specified in Subsection 5.5, and calculate
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the loss of the probabilistic formulation

H
1 ‘ .
Loss = Loss + THI Z Z (a§+1,h — & (pit1n Gitrs s @>)2 .

h=1 j=0,1

Then, move to the next period until reaching period I.

The calculations above are for a single economy. The ultimate loss function is the average

loss across all 10, 000 economies.
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